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1 Introduction23

A paradigmatic example of a computational task that is based on competitive network24

dynamics is the Winner-Take-All (WTA) problem, together with its direct generalization, the25

k-Winner-Take-All (k-WTA) problem. In these problems, the goal is to select the maximum26

input, or the k largest inputs respectively, from a collection of input values. On the one27

hand, these modules are computationally powerful enough that together with linear units28

they can approximate arbitrary continuous functions or compute arbitrary boolean functions29

[23, 24]; at the same time, they are considered biologically plausible and are conjectured to30

be a fundamental primitive of certain cognitive functions in the brain [36, 7, 28, 13].31

Although winner-take-all problems are trivial in a centralized setting, the solution of32

WTA or k-WTA in a decentralized setting or via neural networks has been the subject33

of much research. Previous works have studied networks and circuits that implement34

WTA and k-WTA using a wide range of primitives, dynamics, and network topologies35

[25, 15, 11, 34, 20, 37, 22, 32].36

In this work, we propose and study a network dynamics for computing k-WTA that aims to37

strike a middle ground between hardware-oriented k-WTA implementations based on strong38

primitives (such as step-like activation functions [25, 34]) and k-WTA implementations that39

are more plausible from a biological perspective, but also much more complicated to model40

and analyze, such as those based on spiking neuron models [22, 32]. We propose a k-WTA41

dynamics that is based on leaky memristor units [6]: computational elements that operate42
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like resistors with a short-term memory effect, much like non-spiking neurons. Specifically,43

we exhibit a leaky memristor network with 2n units that dynamically converges to a k-WTA44

solution for any input of size n in time O(log n). Such leaky memristor units, as well as some45

of our techniques, are inspired by another biologically motivated computation model, that46

of Physarum computing, which is based on the observed computational capabilities of the47

acellular slime mold Physarum polycephalum [33, 16, 17, 4, 30].48

1.1 Main Contributions49

Our contribution is a dynamic network model for the k-WTA problem based on leaky50

memristor units, and its analysis. We prove two main properties of this model, which we51

state here informally:52

1. Correctness and self-stabilization. Initialized from any positive initial state, the network53

dynamics converges asymptotically towards the correct k-WTA solution (Theorem 5).54

2. Convergence time. Initialized from the symmetric state, the dynamics falls within relative55

distance ϵ of the correct k-WTA solution in time O(ϵ−1 log n), for any ϵ > 0 (Theorem 6).56

Conceptually, one way to summarize our results is that k-WTA can be solved effectively by57

a self-stabilizing network without recourse to harsh nonlinearities (such as step functions,58

thresholds, or spikes). In other words, unlike previously studied models for k-WTA, our59

model does not rely on high-gain activation functions, thresholds, or spikes: leaky integrators,60

coupled through a network mechanism, are enough to construct an effective k-WTA network.61

1.2 Related Work62

Significance of k-WTA. As mentioned in the introduction, k-WTA modules are important63

because they can be used as basic but relatively powerful building blocks for arbitrary boolean64

or continuous computations. Maass [23, 24] proved that in combination with neurons that65

compute weighted sums, k-WTA units have universal computational power for both digital66

and analog computation. For example, any boolean function can be computed by a single67

k-WTA unit applied to positively weighted sums of input variables [24, Theorem 2]. A68

1-WTA module, in particular, can be viewed as a neural leader election unit [22]. For a69

general overview of k-WTA mechanisms, see Yuille and Geiger [35].70

k-WTA networks based on step-like or high-gain activation functions. Much interdisci-71

plinary work has been devoted to implementations of WTA and k-WTA [25, 19, 11, 34, 20, 37],72

starting with the seminal work of Majani et al. [25], which showed that k-WTA can be73

implemented in a continuous Hopfield neural network model – the so-called additive model74

[14, Chap. 13]. This line of work focused on network models that are based on step-like75

or high-gain activation functions and are often designed for implementation in electronic76

hardware; see [11, 34] and references therein. In particular, Wang [34] constructs an effective77

k-WTA neural network with a single state variable, based on a hard-limiting Heaviside step78

activation function. Li and coauthors [20, 37] propose a distributed protocol for k-WTA79

on an arbitrary connected graph, and prove its global asymptotic convergence under the80

assumption that the algebraic connectivity of the graph is sufficiently large.81

k-WTA in spiking neural networks. A more recent line of work considers WTA and82

k-WTA implementations based on spiking neuron models [22, 32]. In this case, the focus83

is on biological, rather than artificial, neural network models. Lynch et al. [22] discuss the84

importance of self-stabilization for WTA networks and study how the number of inhibitory85

neurons affects the network convergence time for 1-WTA, presenting upper and (near86

matching) lower bounds on the number of required synchronous communication rounds.87
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x/c

q

dx
dt = q − x

Figure 1 Circuit symbol for a leaky memristor of conductance x/c (equivalently, resistance c/x)

Su et al. [32] study a stochastic k-WTA model wherein n randomly generated input spike88

trains compete with each other based on their underlying firing rates, and characterize the89

minimum waiting time required for a given success probability to be reached.90

Memristors and leaky integrators. Memristors are circuit components that operate like91

resistors with a short-term memory effect [6]. The general memristor equation [6, Eq. (4)]92

(see also [5, Eq. (1a-1b)], [29, Eq. (2)]) takes the form: dx
dt = f(x, q), p = R(x)q, where x is93

a state variable, the dynamic variables p and q denote the electrical potential and current94

across the memristor, and f and R are continuous functions; the latter equation is just95

Ohm’s law, while the former dictates the state dynamics. A special case, which we call the96

leaky memristor, is as follows:97

dx

dt
= q − x (1)98

p = c

x
q, (2)99

where c is a constant (Figure 1). Some authors have discussed memristor units as abstractions100

of biological neurons [5, 29]. Indeed, leaky integrator neurons, as defined in computational101

neuroscience [13, Eq. (1.5)], follow an equation that is mathematically compatible with102

Eq. (1):103

τm
du

dt
= −(u − urest) + RI, (3)104

where the dynamic variables are u, the membrane potential, and I, the current, while the105

constants are R, the membrane resistance, urest, the rest potential, and τm, the membrane106

time constant of the neuron. Note that setting τm = 1, R = 1, urest = 0, Eq. (3) boils down107

to Eq. (1) if we identify x with u and q with I.108

Physarum dynamics. Networks of leaky memristors described by Eqs. (1)–(2) have been109

studied in the bio-inspired optimization literature, in the context of the so-called Physarum110

network dynamics. Physarum polycephalum is a slime mold known for its computational111

capabilities, which has been studied both in wet lab experiments [26, 33] and as a computa-112

tional model; for the latter, several theoretical guarantees have been proved [16, 17, 4, 30].113

In particular, it has been shown that a network dynamics based on a system of coupled114

differential equations of the form (1)–(2) converges to an optimal solution of any shortest115

path problem defined on the network and, more abstractly, that such a dynamics converges116

to an optimal solution of any positive linear optimization problem [16, 17]. The convergence117

time of these Physarum dynamics has also been bounded [31, 1, 3].118

Self-stabilizing distributed algorithms. A self-stabilizing distributed system is a system119

that can automatically recover after the occurrence of transient faults [8]. In terms of its120

allowed dynamics, this means that the system should be designed to converge to a desirable121

DISC 2026
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state or behavior regardless of its initial condition [21, 9]. Self-stabilizing algorithms have122

been designed, in particular, for the leader election problem [10, 12]. For the importance of123

self-stabilization in the context of WTA problems, see Lynch et al. [22].124

Distributed k-selection and Top-k. A relative of k-WTA is the distributed k-selection125

problem, where, given a connected graph of diameter D consisting of n nodes in which126

each node holds a numeric element, the goal is to determine the k-th smallest of these127

elements. Kuhn, Locher, and Wattenhofer [18] discuss a randomized algorithm solving the128

problem in time O(D logD n) with high probability, and prove a matching lower bound for129

any synchronous randomized algorithm when each message can contain solely a constant130

number of both node IDs and elements, and also at most O(log n) arbitrary additional131

bits. A related problem is the distributed top-k problem, see for instance [27] for a possible132

formulation.133

2 Our Contributions134

2.1 Problem and Notation135

▶ Definition 1. For an integer k > 0, the k-Winner-Take-All (k-WTA) problem is as follows.136

Given: a ∈ [−1, 1]n, for some positive integer n (n > k).137

Find: x∗ ∈ {0, 1}n such that x∗
i = 1 if and only if ai is one of the k largest entries of a.138

▶ Definition 2. Given an input vector a ∈ [−1, 1]n, its k-WTA set is139

WTAk(a) := {i ∈ [n] : ai is one of the k largest entries of a}, where[n] := {1, 2, . . . , n}.140

In this terminology, the k-WTA problem is the problem of computing the characteristic141

vector x∗ of the k-WTA set, given an input vector a. We remark that for the k-WTA set to142

be well-defined, it is not essential that all the inputs be distinct: the existence of a positive143

gap between the k-th largest input and the (k + 1)-th largest input is sufficient.144

▶ Definition 3. Given an input vector a ∈ [−1, 1]n, let a↓
i , for i ∈ [n], denote the i-th largest145

of its coordinates, so that a↓
1 ≥ a↓

2 ≥ . . . ≥ a↓
n. Then the k-WTA gap of a is defined as146

γ := a↓
k − a↓

k+1.147

In the following, we tacitly assume a nonzero k-WTA gap. This gap parameter arises often148

in the analysis of k-WTA networks: for example, Wang [34] studies a network where the gain149

of the activation function is assumed to be Ω(γ−1) [34, Eq. (28)].150

Our convergence result is in terms of the (relative) L1-distance between the characteristic151

vector x∗ encoding the optimal k-WTA solution and a candidate vector x, defined as follows.152

▶ Definition 4. The L1-distance between two vectors x, x∗ ∈ Rn is L1(x, x∗) :=
∑

i∈[n] |xi −153

x∗
i |. The relative L1-distance between x and x∗ is ℓ1(x, x∗) := L1(x, x∗)/

∑
i∈[n] |x∗

i |.154

2.2 The Dynamics and its Properties155

Our dynamic network to solve the k-WTA problem is schematically depicted in Figure 2. For156

inputs of size n, the network consists of n + 2 nodes and 2n edges; the nodes are sources or157

sinks of current flow, while each edge corresponds to a leaky memristor. The signed incidence158

matrix of the network is the (n + 2) × 2n matrix159

B =

 I I

−1⊤ 0⊤

0⊤ −1⊤

 ,160
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Figure 2 A dynamic network for k-WTA: conductances (left) and current flows (right)

where rows correspond to nodes and columns correspond to edges, namely Bij = 1 (respec-161

tively, −1) if the j-th edge leaves (resp., enters) the i-th node, and Bij = 0 otherwise. Nodes162

n + 1 and n + 2 have a prescribed current in-flow equal to k and n − k respectively, while163

all other nodes have a prescribed current out-flow equal to 1. Thus, the vector of currents164

q = (q1, . . . , q2n) obeys Kirchhoff’s current rule [2] Bq = b′, where b′
i = 1 for i = 1, . . . , n,165

b′
n+1 = −k, b′

n+2 = −(n − k). The (n + 2)-th equation is linearly dependent on the others166

and can be discarded, resulting in the equivalent system Aq = b, where167

A =
(

I I

−1⊤ 0⊤

)
, b = (1, · · · , 1, −k)⊤

168

and A has full row rank. Since the network elements are leaky memristors, according to169

Eqs. (1)–(2) the conductances in the network are dynamic and proportional to a state170

vector z = (x, y) ∈ Rn × Rn. Namely, the conductance of the j-th edge is defined as171

xj/cj for j ≤ n and yj−n/(1/n) for j > n (right side of Figure 2), where cj := 2 − aj172

for each j ∈ [n].1 Let G = G(z) ∈ R2n×2n be the diagonal matrix with the conductances173

x1/c1, . . . , xn/cn, ny1, . . . , nyn on its diagonal. By Ohm’s law, q = GA⊤p where p ∈ Rn+1 is174

the vector of electrical potentials at nodes 1, . . . , n + 1.2 Therefore, the electrical potentials175

satisfy AGA⊤p = b; note that the matrix AGA⊤ is symmetric and positive definite (since A176

has full rank), and one can recover p = (AGA⊤)−1b. Finally, the memristor states follow a177

leaky integration dynamics as in Eq. (1):178

żj(t) = qj(t) − zj(t), for j = 1, 2, . . . , 2n, (4)179

in the open domain Ω = R2n
>0, where we used the shorthand żj = (d/dt)zj(t). Any initial180

condition z(0) ∈ Ω is allowed. Substituting Ohm’s law in (4), the dynamics can then be181

summarized in vector notation as182

ż = GA⊤(AGA⊤)−1b − z. (5)183

1 We use the definition cj := 2 − aj for concreteness, but other monotone decreasing functions of the aj

can also be used here, as long as the resulting cj are positive and fall in a bounded range.
2 The potential at node n + 2 is implicitly zero due to the removal of the (n + 2)-th equation.
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We show the correctness of the dynamics – that is, that the state variables of our dynamic184

network converge to the correct solution of the k-WTA problem. Moreover, the dynamics is185

self-stabilizing in the sense that the initial condition is irrelevant.186

▶ Theorem 5. The network dynamics (5) solves the k-WTA problem in the sense that, as187

t → ∞, xi(t) → 1 if i ∈ WTAk(a) and xi(t) → 0 if i /∈ WTAk(a), for any i ∈ [n], and for188

any initial condition z(0) > 0.189

We also analyze the convergence time in terms of the L1-distance between x(t) and190

the optimal k-WTA solution x∗ when the dynamics is initialized from the symmetric (and191

non-informative) configuration x(0) = (k/n)1.192

▶ Theorem 6. For any ϵ′ ∈ (0, 1), for all t ≥ t0 with t0 = O(ϵ′−1
γ−1 log n), ℓ1(x(t), x∗) ≤ ϵ′.193
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