=—=ROMA
-A:TRE

UN[VLRS[TA DEGLI STUDI

Dipartimento di Matematica e Fisica
Laurca Magistrale in Matematica

Reducibility of PDEs
with quasi-periodic in time coefficients

Candidata:
Shulamit Terracina
Matricola: 492325

Relatrice:
Michela Procesi

Anno accademico 2020/21






Kot fjydmnoav ol dvipwmol
HBAAOV TO GXOTOG 1) TO P&
E gli wvomini preferirono

il buio piuttosto che la luce.






Abstract

The thesis starts from the study of a classical question namely the spectral properties
of linear operators on Hilbert spaces. In particular, the thesis focuses on close to di-
agonal operators with simple spectrum but in which the difference of the eigenvalues
accumulates to zero. We are looking for conditions (on the perturbation and on the dif-
ferences of the eigenvalues) that guarantee that the spectrum is still discrete with simple
eigenvalues. Interesting applications are related to the reducibility of linear partial dif-
ferential equations (PDEs) with quasi-periodic dependence on time. More precisely, we
want to reduce the PDE to constant coefficients, by means of a quasi-periodic change of
variables. The technical problems that arise are related to the presence of small divisors.
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Introduction

The study of the spectral properties of linear operators on Hilbert spaces is one of the
first successes of functional analysis in the end of 1800, starting from the classical result
of the spectral decomposition theorem. A great source of motivation came from the
development of the quantum mechanics, indeed the study of the spectra of hermitian
operators on Hilbert space was central in the explanation of the spectra of atoms.

Here we work on separable Hilbert spaces that we can identify with sequence spaces (e.g.
/%) or weighted sequence spaces (e.g. the Sobolev space h”) and we would like to under-
stand the properties of the spectrum of an operator on those spaces and in particular
the characteristics of the operator that guarantee that it has pure point spectrum. We
consider this problem in the perturbative case, namely we consider a family of operators
of the form

L(e):==A+¢cP

where A is diagonal and we ask whether this family is diagonalizable and if its spectral
properties depend continuously (or more regularly) on €.

This problem is interesting and it is deeply studied both in finite and in infinite dimen-
sion. We will work in infinite dimension and we will focus on the case in which A has
pure point and simple spectrum.

In finite dimension this property is called ”"regular semi simple” and it is an open prop-
erty, namely if L(¢) has simple spectrum for ¢ = 0 then there exists a neighbourhood of 0
in which L(e) has a simple spectrum. Therefore, if L(0) is diagonalizable then L(e) also
can be diagonalized and the eigenvalues and eigenfunctions will be analytic functions
of . In infinite dimension the situation is really more complicated, even if we know
that the operator L(0) has simple and pure point spectrum, and spectral properties of
L depend strongly on whether the spectrum of A has accumulation points.

Let L(g) be defined on a sequence space contained in ¢2, from the Kato-Rellich Theorem
we know that if L(e) is an analytic family (in the sense of Kato) of operator-valued
functions and A\(9) is a nondegenerate pure point eigenvalue of L(0) then for every € near
to 0 there exsists exactly one A(¢) € o(L(¢)) near to A() and this point is isolated and
non degenerate.

Unfortunately, even if every eigenvalue of L(0) is isolated and simple, is not true that
we can iterate the Kato-Rellich Theorem and that L(e) can be diagonalized. Indeed,
the radius of convergence goes to zero with the spectral gap between Ao and the other
eigenvalues, so some problems occur due to the non uniformity of the distance between
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the eigenvalues. Actually, to obtain that result we have to suppose that the difference
between the eigenvaulues is uniformly bounded from below, that is a really strong prop-
erty to ask. Under such a strong assumptions one can also prove the diagonalization as
an application of the Implicit Function Theorem.

If L(0) has simple and pure point spectrum such that
0 0 .
A =AY > a0 vk (1)

and P is small in operator norm then L(e) can be diagonalized, namely there exists a
change of wvariables that conjugates it to a diagonal operator, and the spectrum of the
diagonalized operator is still simple and pure point.

Finally, the eigenvalues and the eigenvectors are curves in ¢ in the sense that the eigenval-
ues forms a denumerable family of smooth functions A7°(g). Same for the eigenvectors.
Indeed, one can compute the Taylor series expansion for eigenvalues and eigenvectors
and it turns out that the difference of the unperturbed eigenvalues appears at the de-
nominator. So the radius of convergence of the series is inversely proportional to «.

It is interesting and natural to consider operators satisfying assumptions weaker than (1).
For instance, we can consider the case when the difference of the eigenvalues accumulates
to zero. In this case, if one has some lower bound on the difference of the eigenvalues one
can still hope to achieve convergence. However, in general to require the boundedness
of the perturbation is not enough, and typically one should impose further conditions
on the perturbation.

For instance, in this Thesis we ask to control (in an appropriate operator norm) some
”commutators” of P with the ”derivative” operator dy which we shall define below.
Given two linear operators, we will denote (adA)B := [B, A] where [-,-] is the usual
commutator.

This type of situations, where the unperturbed operator has accumulating eigenval-
ues, appears in the context of linear operators with quasi-periodic in time coeflicients.
Indeed, a source of motivation comes from the study of quasi periodic solutions for
non linear PDEs on a compact manifold close to an elliptic equilibrium point. KAM
(Kolmogorov-Arnold-Moser) theory, born to analyze the dynamics of nearly integrable
finite dimensional Hamiltonian system, provides us useful tools to deal with the problem
discussed above in the Hamiltonian context.

The main difficulty appearing in KAM theory is to deal with the possible loss of deriva-
tives that arise from the presence of small divisors, which prevents the use of a classic
Implicit Function Theorem. A possible way to overcome this problem is to apply a fast
convergent KAM iterative scheme.

The core of this algorithm is the invertibility of certain linear operators (obtained lin-
earizing the PDE at some approximate quasiperiodic solution). Typically in the appli-
cations the spectrum of such linear operator accumulates to zero and this is the so-called
small divisor problem.
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The idea of the Thesis is to prove diagonalization Theorems with an eye to their appli-
cation in a PDEs context. We then use such result to study two linear PDEs with quasi
periodic in time coefficients and show that they can be reduced to constant coefficients.
We work only in the context of linear PDEs, however the estimates that we obtain are
exactly the ones needed, in the non linear context, on the linearized equation at an
approximate quasiperiodic solution.

In conclusion, we shall be interested in operators acting on function spaces which are
perturbation of a diagonal one, namely of an operator that has pure point and that can
be written in diagonal form with respect to a countable basis. Therefore it is convenient
to work directly in that basis, thus identifying the space with a sequence space. In this
thesis we shall confine ourself to Hilbert Spaces.

In our application we shall consider operators acting on the torus T¢ such that the
unperturbed part is diagonal with respect to the Fourier basis and hence our sequence
spaces are indexed in Z¢.

Consider the scale of Hilbert spaces

n* = 1*(Z) = {{Uk}kezd Ll = SR uf? < oo} , (k) := max{|k], 1}

In the space £(h* h*") of bounded linear operators from h® to h* we use the standard
operator norm
|M||s,s := sup |[Muly .

uls<1

For 1 < h < d we define the unbounded operator 9y, as (ux)cza = (ikpug)peza-

We consider a parameter family of operators

L(&) = Ao(§) + Po(§) (2)

with Ag diagonal with distinct eigenvalues'. The parameters & are in a compact set

Oy in R™ with the only condition n > 0. They will be modulated in order to avoid
resonances, so our result will not hold for all £ but only on a subset defined implicitly.
Of course it is very important that this set is not empty. In order to prove this we shall
need some Lipschitz dependence both for Ag and Py. For the precise condition see the
hypotheses (Hy), (Hz2) in Section 2.1. To make the Lipschitz dependence quantitative,
we shall work with a weighted Lipschitz norm (see definition 1.1.13) denoted by? || - ||:

S

Theorem 1. Fiz s > %,’y >0,7>d—1 and by > bd+ 17+ 1. Consider an operator as
in (2) satisfying the hypotheses above and such that

Py, (addg,)" Py € L(h*,h%) foralll < i < d.

!Clearly this means that it has pure point spectrum. Moreover, returning in the functional space
setting we are implicitly requiring that Ao(€) is diagonal respect to the same basis for all £.
2Here ~ is a positive number and O the set where we want that the operators are Lipschitz.
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There exists €, such that, if

1Pl 280, |(ad 9p, ) T Ry 70 < €, foralll <i<d

then there exists Lipschitz functions )\goo) (&) such that in the set

C:={£€00: AE) = A ©)] > 29[k — K77}

L is diagonalizable, namely there exists a change of variables close to diagonal that

conjugates it to the diagonal operator Ay = diag)\é,oo).

This result is proven with a quadratic KAM algorithm. The first step is to define the
majorant norm (see (3)) and reformulate the Theorem 1 in terms of that norm (see The-
orem 5). Then we introduce an iterative scheme in which at each step we conjugate the
operator to a diagonal operator plus a reminder whose norm is quadratically small with
respect to the previous step. Then we prove that this algorithm is convergent. At each
step the change of variables is of the form e where A is the solution of an Homological
Equation (see Lemma 2.1.2). To solve this equation we have to impose some conditions
on the difference of the eigenvalues. In the end we will prove that it is enough to impose
the condition only on the final eigenvalues.

The second result that we prove regards the regularity of the change of variable that,
by Theorem 1, diagonalizes the operator L(£). Namely, we consider an operator as in
(2) where Py is small in some ”low norm” h* and bounded in ”higher norms” h*® with
s < s < s1, for a fixed s;. The theorem above implies that the operator that diago-
nalizes L is bounded from h*° to h%. We ask whether this change of variables is more
regular, for instance bounded from h?® to itself.

This type of result is crucial for application to PDEs and typically is achieved by re-
quiring that Py is bounded in a stronger norm with respect to the operator one. For
example, in [ | the authors work in the decay norm (see definition 1.2.1). Of
course, working in a strong norm imposes restriction in the class of applications. To
avoid this, a strategy is to use the setting of Modulo-tame operators (see 1.3.1). This
idea has been implemented for instance for the Water Waves and Degasperis-Procesi
equations (| 1, 1 ). In the next Theorem we introduce norms that are
weaker then the decay ones and behaves essentially as the Modulo-tame constants.

To do that we need to define a functional structure.

Denoting by e®) the standard orthonormal basis of ¢2(Z%) = h%(Z?) (namely 61(5) =
O k’), we may identify an operator with the matrix coefficients M,f/ = Me) . k)
where - denotes the ¢2-scalar product.

Given an infinite matrix M we define its majorant matric M as

(M)} = M.



then we define the space of bounded majorant linear operators as
M(@*,0%) ;= {M € L(b* 1) s.t. |M|,y < oo},

where
|M’8,S’ = ”MHS,S’ . (3)

is called magjorant operator norm.

In Proposition 1.1.9 we provide an embedding® of the bounded linear operators in the
bounded majorant linear operators. Hence we could also state the following Theorem
with the operator norm instead of the majorant norm. We prefer to use the second one
to have a more readable statement.

Fix sg, s1 such that s; > sg > %. We introduce a new space Fy of couples (M, R) of
linear operators such that

Me (] M@®,1), ReME®D") sp<s<s.

so<p<si

On this space we define a norm | - |, . ., that it is essentially the natural norm on the
product space defined above (for a precise definition see (1.3.2)). Such norm can be used
to control the majorant norm (or, since Proposition 1.1.9 hold, the operator) of both the
operators of the decomposition. We call ”low norm” the norm | - | (namely when
we only require that R is bounded as operator from h*° to itself).

Moreover, as in the previous Theorem, we need to control the Lipschitz dependence of
the operators. With this purpose, we define a Lipschitz weighted norm | - |7’O

5,50,51 "

50,50,51

Given an operator L € ﬂso <p<sy M(hP, hP) we can always decompose it in a couple
(Mg, Ry) that is an element of Es in such way that My + Ry, = L. One can show
that | - |z§251 controls the norm of L in a similar way to the Modulo-tame constants
(see Remark 1.3.10). This decomposition is not unique, for instance one can trivially
associate to L the couples (L,0) and (L — J, *', 9, *"). The interesting point is to find a
”good” representation of L.

After building all this new functional setting we obtain this second result:

Theorem 2. Fizr sg,s1 such that s > sg > g. Fiz v, 7 and by as in Theorem 1 and
by > by sufficiently large. Consider an operator L as in (2) satisfying the same hypotheses
of Theorem 1 and consider a couple (Mp,, Rp,) € Es such that Py = Mp,+ Rp,. Suppose
that for some sy < s < $1
o b b 7,00 ;
|(Mp,, Rp,) 7%, » |((addy,)?* Mp,, (addy,)”* Rp,) | <oo foralll<i<d. (4)

5,50,51 7 5,580,851

There exists €, < €4 such that if

‘l (Mpoa RP()) |%OO < Exn

50,50,51 —

30ne needs to require that the operator maps h® in h*+# for some 8 or control a norm of commutators
with the derivative 0.
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then for all £ € C of the Theorem 1 the change of variable U that diagonalize L maps h®

in itself. Moreover, one can control |Uls s with the norm |(Mp,, Rp, )|, 4, 5, -

Applications

As explained before, a source of interest of the diagonalization theorem is its application
in KAM theory. In this context we are interested in reducibility, namely the possibility
to find a change of variables quasi periodic in time (with frequency vector w € R%1)
that reduce in constant coefficient a linear PDE. The role of the external parameters
¢ is assumed by the frequency w. We will impose some arithmetic assumption on the
frequency w, for instance we will ask that it is diophantine.

Definition 1. w is a (v, 7)—diophantine frequency, if for 7,7 positive constant the
following bound holds

\w-l|2ﬁ Viezd1\ {0} (5)
In order to illustrate the connection between the diagonalization and the reducibity,
consider a partial differential equation of the form

w(z,t) = Alwt)u(z,t) (6)

where A is a linear operator (which in our example is typically unbounded) quasi-
periodic in time with diophantine frequency vector w € R~! namely A(wt) = A(yp) with
@ € T . Recalling that we identify the function space H*(T) with the corresponding
sequence space h®(Z), we assume that A is a sufficiently regular map from T to
M(*(Z),h*(Z)) (¢ — A(p)). We look for quasi-periodic solutions, namely functions
u(z,t) = v(wt, x) with v(p, z) that solves

Lv=(w-0,+ A(p))v=0. (7)

We can associate to A a Toplitz in time (see the definition 1.2.8) operator A acting on
M(b3(Z%), 0% (Z%)).

In this way we associate to £ a linear operator L acting on h*(Z¢) that is not bounded.
In Section 3.1, we shall prove that reducing the operator A is equivalent to diagonalizing
the linear operator L via a bounded change of variables with the special property that it
is Toplitz in time. This fact is proved in Corollary 2.1.7 under some assumptions on the
operator L = A+ P. In particular, we ask that A is diagonal with eigenvalues Ay = A( ;)
(with k = (1,) € Z%! x Z) that are linear in [ and that the perturbation P is Toplitz
in time.

In conclusion, if we can diagonalize then we can prove the existence of a change of
variables quasi periodic in time that reduces to constant coefficient this class of PDEs.

It is important to observe that is not obvious that the change of variables is To6pliz in
time and that in general, if the change of variables is not T6pliz in time, is not clear
whether reducibility and diagonalization are equivalent.
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A concrete application that we will consider in this Thesis is the Airy Equation:
Up + Uggy + V(wt,z)u, =0, €T (8)

The (7) becomes:

L(u) = (w < O0p + Oz + €V (i, :E)@x)u =0, (9)

Ve H® = H(T) = {u = D une™PD s ulf =y (k)P uf? < OO} |
kezd
where (k) := max{|k|,1}.
Observing that in this operator the perturbation is not bounded, we do a well-known
change of variables (Iooss-Plotnikov and Toland, | |) that put it in the form:

W+ Op + Opge + MmOy + f(@, ) + g(p, z)9; ! + Lo.t.

After this pseudo-differential transformation, the operator assumes the form £ = A+ P
with £ = w - 0y + Oyze + md, and P = f(p,x) + g(p,2)0; * + L.o.t.. We represent L, P
as matrices acting on h*(Z%), denoted respectively as L, P.

The perturbation P is bounded so we can diagonalize it applying Theorem 1 and im-
posing non-resonance conditions on w € R?~!. We obtain the following result:

Assume that w € O, with O compact set of R?~! contained in the set of (y, 7) —diophantine
frequencies (see (5)).

Theorem 3. Fix b > 47 + 2, s¢p > %l. There exist s = $(s,T) > so and ro such that for
all r < ry the following hold:
If

V € B.(H*)n H**?

then there exists a lipschitz family

d3°(w) = i(5* = mj) — r°(w) (10)
with
] + [r2°(w)] Sso IVIZC (11)
and a set G C O with
O\G| Sso v (12)

such that for w € G there exists a map ® : H% — H?® invertible, bounded and such that
u solves (8) if and only if z := ® 'u solves z = diag(d3°)z.

Reducibility results can be used in order to control the time evolution of the Sobolev
norm of solutions of (6). To do that we have to require further conditions on the operator.
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Consider the space of real functions

Z = {u(p,z) = m}v

and of even (in space-time), respectively odd, functions

X = {u((pvx) = u(_(pa —.’L‘)} Y = {u(cp,a:) = —'LL(—QD, _‘T)} (13)

Definition 2. An operator R is said real if R : Z — Z and reversible if R: X — Y.

If the operator L is Hamiltonian or Reversible, a Dynamical consequence of Theorem 3
is a stability result:

Lemma 3. For any s > 1 and ug € H*(T), the unique solution of the equation (6)
with initial datum wu(z,0) = ug(z) satisfies the estimate |lu(-,?)|gso(r)y < [[uollaso(r)
uniformly w.r. tot € R

To prove this consequence, we show that the equation satisfies the hypotheses of the
Theorem 1 and therefore the operator L can be conjugated to a diagonal one. Moreover
the hypothesis on the Hamiltonian/Reversible perturbation guarantees that the final
eigenvalues are purely imaginary and then we have the stability.

Another aim of this thesis is to provide an application of the Theorem 2. In principle we
could also apply the second Theorem to the Airy equation; This was done in [ ]
using the Decay norm. We preferred to use a more interesting example where we do not
know how to estimate the perturbation in decay norm.

For a € H*(T%) denote @ := (,0,...0) € R? and consider the linear operator
Cou(0) :==u(f + a(h)).

whose matrix representation is given by

(Coz)]l:l = (eikz’-d’(ﬁ))k_k/ (14)
where §j, is the h*™® Fourier coefficient of the function g.
Let us consider the equation
U + Uggy + (caa;N)u =0 (15)

As before assume that w is (v, 7)—diophantine. In the Section 3.3 we prove the following
result:

Theorem 4. Fix b > 47 + 2, s¢ > % and s1 > so. There exist s = 5(sg,T) > So, 7o and
No = Ny(b) such that for all r < rg and N > Ny the following hold:
If

o € B.(H%)n H* T
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then there exist a lipschitz family d3°(w) = ij3 — 3% (w) with

O
3o (w)] Sso lald (16)
and a set G with

[O\Gl Ss0 7 (17)

such that for w € G C O there exist the map ® : H — H®° invertible, bounded and
such that u solves (15) if and only if z :== ® 1u solves z; = diag(d3°)z.

Some Literature

The behaviour of the spectrum of linear operators on Hilbert spaces under perturbation
is of course an interesting problem in itself. Many authors studied what happens to the
spectrum of a linear operator after a perturbation. For instance, a theorem by Weyl-von
Neumann ensures that any selfadjoint operator (in a separable Hilbert space) can be
perturbed by a (arbitrary small) compact (Weyl 1909) or Hilbert-Schmidt (von Neu-
mann 1935) selfadjoint operator so that its spectrum becomes pure point (see [[X66]).
Also counterexamples are studied, for example see in | ].

In this Thesis however our motivation in the choice of hypotheses, different from the
theorems that we quote above, is due to the possible application to PDEs.

There are two main contexts that we have in mind:

— The control over time of the Sobolev norms of solutions of linear PDEs whose coefhi-
cients depend quasi periodically on time;

— The search of quasi periodic solutions for non linear PDEs on a compact manifold.
In both contexts the first results were on PDEs whose perturbation (respectively the
nonlinear part) does not contain derivatives. Recently, thanks to the development of
new techniques from pseudo-differential calculus, there have been a series of new results
covering also unbounded perturbation; We give an example of these methods in the sec-
tion 3.2.1.

Let us give a brief description of some of the relevant results.

One of the pioneers in the study of the problem of control of Sobolev norms was Bourgain,
that proved an upper bound of the Sobolev norm for Linear Schrédinger operators, both
in the case of quasi-periodic bounded potentials with a Diophantine frequency [ ]
and for general time dependent potentials | |. His result was developed by many
autors, among them [ , ) , , , ].

In parallel to the study of the growth of the Sobolev norm there is the study the re-
ducibility of equations with quasi-periodic in time coefficient. This is a key argument in
KAM for PDEs. The first results in KAM theory for PDEs are due to Kuksin [I[<87] ,

Wayne | ], Craig-Wayne | |, Bourgain | | and Poschel [P96], for semi-linear
1-dimensional PDEs with no derivatives in the nonlineariy, later extended for unbounded
nonlinearities (see for instance [I[<98], | I, [ L N ]. and references
therein).

More recently, KAM theory has been developed for quasi-linear equations, namely PDEs



whose nonlinearity contains the same number of derivatives appearing in the linear part.
quasi-linear PDEs arise from various physical scenarios such as fluid dynamics and quan-
tum mechanics.

In this case to apply a KAM/Nash Moser scheme one has to deal with the combined
problem of small divisor and of the presence of derivative in the nonlinearity. Indeed,
the linearized operator is an unbounded perturbation of a diagonal operator and its in-
vertibility is harder to prove since the perturbative effects are stronger.

We mention a series of papers of loss-Plotnikov-Toland [ | which constructed pe-
riodic solution for the 2d Water Waves equation. Later, Baldi-Berti-Haus-Montalto
[ | proved the existence of quasi-periodic solutions for the 2d Water Waves by
extending techniques introduced in KdV.

The breakthrough idea developed in the paper mentioned above is to combine tools from
microlocal analysis, like pseudo-differential operators, with the classical iterative scheme.
In other words, before applying the scheme, one has to perform a pseudo-differential re-
duction of the operator to an other which is a regularizing perturbation of a diagonal
operator.

The difficulties of implementing KAM theory drastically increase when consider equa-
tion posed on higher space dimension due to the presence of much stronger resonance
phoenomena.

For instance, for KAM thoery most of the existent result regards PDEs with no deriva-
tives in the nonlinearity (Bourgain | ) ], Eliasson-Kuksin | , ],
Procesi-Procesi | |, Berti-Corsi-Procesi | ]). The extension to the unbounded
case is really much more recent and involves pseudo-differential calculus and equation
with ”special structure”. We refer for instance to the reducibility results of | s
[ I, [ I, [ |, [M17], [M19] and the KAM result for Kirkhoff and Euler
equations in [ ] and [ .
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Chapter 1

Functional setting

In this chapter we introduce some spaces that we will use along the proofs of chapters 2
and 3. In particular, we will work on scales of Sobolev spaces on the torus H*(T%) and
with operators that are linear and bounded between these spaces.

In the first Section we will introduce a first type of operators, the majortant operators,
that guarantees us a more strong structure. We will also introduce an operator that will
behave like the commutator with the derivative.

In the second Section we will introduce the Decay norm that we will use in the application
on the Airy equation (see the Section 3.2). We will see that this norm satisfies an
important property that we will call tameness. Then we will generalize this property in
the third Section, defining a general class of “tame” operator. We will use this space for
the second KAM Theorem.

1.1 Space of sequences and majorant operators

We work in the setting of Lipschitz families of linear operators on the scale of Hilbert
spaces:

h® = h¥(Z%) := {{Uk}kezd cJul? = Z<k>25|uk|2 < oo} , (k) := max{|k|,1}.

Remark 1.1.1. In our notation h*(Z%) is a sequence space contained in l2(Z%,C). Of
course working of sequence spaces is equivalent to the usual functions space definitions,

provided that one works in the Fourier basis (eik'e)kezd. This gives the identification

(Uk)peza o u(f) = Z uge®*
kezd

With this notation the norm |- |s is equivalent to the usual Sobolev norm on functions.

Remark 1.1.2. Ifs > g the norm |- |s satisfies the algebra and the tameness properties.

Following the notations on function spaces, given u,v € h*(Z%) we denote by uv the
convolution of the sequences (wv)y := Y pcyd UnVk—h-
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— foru,v €h’®  |uvls < |uls|vls

— for s1 > s > 4 and for u,v € B |uvls, < c(s)|uls,[v]s + c(s1)|uls|v]s,s the
constants can be explicitly computed (see | | and reference therein).

Denoting by e®) the standard orthonormal basis of ¢*(Z%) = h°%(Z¢) (namely e](c]f) =
Ok k'), we may identify an operator with the matrix coefficients M,fl = MeH).e®) | where
- denotes the £?-scalar product. In the space £(h?, hsl) of bounded linear operators from
h® to h¥ we use the standard operator norm

|M||s,s := sup |[Muls .
\u|3§1

Lemma 1.1.3. Let A € L(h*? 058) such that AJS € L(h¥7 h5B), then A is smooth-
ing and A € L(h*, h%*8). Moreover

1Alls,5+8 = 1407 llsg,5+6 + | Alls+5,5+5 (1.1.1)
Definition 1.1.4. Given an infinite matrix M we define its majorant matrix M as'
(M)F = [Mf].
Definition 1.1.5. We define the space of bounded majorant linear operators as
M(@%,0%) = {M € L(*, 1) s.t. |M|,. < oo},

where

[Ms,s = [ M]]s,s -
is called majorant operator norm.
Remark 1.1.6. One has that

Mgy > [ Mo
Moreover M(h*, 1) endowed with the norm | - |4y is a Banach space.
We have a partial ordering relation i.e.

M<N & M<N & |M| <|NF| Vk, K.
Note that
M<N = |[M|sy <|Nl|s,s -

and that
N<MN=MN.

This implies that M(h*®,h*) is a Banach algebra, namely
[MN|s < [M[s|N|s.

L This is defined in terms of a preferred basis, say the standard ¢2-basis above, on the other hand the
other definitions are intrinsic.




Definition 1.1.7. For every 1 < h < d, we define the operator dj:
(M)E = (@ M) = i(ky, — kp) M}
and the operator (dy,)
(M)} = () M)} = (kn — kp) MY
Remark 1.1.8. i. dyM = —ad(0)M = [0, M)?, Oy = diagycza ikp

1. Note that it is in general not true that dp maps bounded matrices into bounded
matrices.

1i. Note that dy, satisfies the Leibniz rule

dp(MN) = dp(M)N + M4y (N).

iv. Note that M < ()M = (d)M
=

v. Note that {d) A+, dnA

Let us finally denote by dz the composition of d;, with itself b times
(ap M)y =i (kn — ky,) " ME

and in the same way

((dn)? MY = (kn — Ky, )" M

w and v of remark 1.1.8 hold also for dl;L.
We now state a crucial result that allows to move from the majorant norm to the operator
norm. The proof of that result is the Appendix.

Proposition 1.1.9. (L. Biasco) Let A, d’gA IS ﬁ(hs,hsl) for every 1 < h <d, and
Bi=1[d/2] +1,
then A € M(h*,h%) (i.e. A€ L(0%n%)) and

Alsw < Allsw + ca Y |1y Alls.e < Ca(l|A
1<h<d

ss'+8 T | Alls—p.s7) 5 (1.1.2)

for a suitable cq, Cq > 1.

Lemma 1.1.10. For b,n > 1 and 1 < h < d, we have the following estimates

jad(A)"Blss < 2|A,|Blss. (1.1.3)
(@A, Bllos < 2 ((@)° Als| Blus + Al (@°Bls) (L.1.4)
(@°ad(A)"Blos < 2" (nl(@P Al | AT Bles + AL (@°Blos)  (115)

*We denote ad(A)B := [B, A].



Proof. We have that
|[A, Bl|s,s < 2|4l B

8,8 3

then (1.1.3) follows by induction over n. (1.1.4) follows by

kn—knl*1 > ABY < Y Cln—kuIAIBY 1+ Y @lka—inl)’|4311B] |-
J Jilkn—nl<lin—Fk;l gt lkn—dnl>lin—k),|

Finally (1.1.5) follows by induction over n, (1.1.3) and (1.1.4). O

Definition 1.1.11. We define the projections®

o [ MF i k—-K|<K I
(L M)y '_{ 0 otherwise Mg =T—1Tlk
Note that
M, TIxM < M. (1.1.6)

Lemma 1.1.12. Let K € N, then
M M|se < K YdM]|,y .

Proof. We have that

O]

Lipschitz families of matrices Given ¢ € O compact set of R”, we consider a Lipschitz
family O 5 £ — M (&) of bounded operators and for v > 0,.

Definition 1.1.13. We define the Lipschitz norm

. M — M ,
E£NEO 1€ —n

and the weighted Lipschitz norms

Mg _M 7'] /
MIS 5= sup M (©)lsr + 7 sup [M(€) = M)l
S

£#1€0 €=l
By || - HZS we shall define the weighted Lipschitz norm corresponding to the usual
operator norm || - || ¢ -

Remark 1.1.14. By definition we immediately have that the weighted Lipschitz norm
satisfies the same bounds of Lemma 1.1.10.

3This is an intrinsic definition.



=0

Lemma 1.1.15. (Monotonicity of the norm |- |~ ).
2.0 20
My > My = |A[:181, < |A\SMS2
Y1 > Y2 - ’A > ‘A M’
01 C Oy = |A[§fsl > \A|SMS; o2

As the same way we define the weighted lipschitz norms for lipiscitz functions f(&) € h®

|f|Z’O = sup |f(£)|s s+ sup ’f(g) — f(n)|s,s’ ‘
39 ’ £#n€0 ]

1.2 Decay Norm

We now introduce a special class of linear operators with ”off-diagonal” decay. We shall
prove that this property guarantees the boundness in majorant norm and some ”tame
estimates”.
This space of operators is defined by the s-decay norm defined as follow:
1/2
A[dec = [ Y () sup. A7 |2 : (1.2.1)

hezd =
Note that

A[See = AfSee.
In the following Lemma we prove that the decay norm control the majorant norm intro-

duced in the previous Section.
Lemma 1.2.1. For A € M(h® h®) we have that

|Als,s < C(s)Al5*. (1.2.2)
Proof. Let a € h® with a :=sup;_;_, ]Af\ Note that |a|s = |A]9%. Given u € h*, define
u € h® through w;, := |uy|. Note that |u|s = |u|s. Then

2

2
(A2 =Y 0% > Aluy| <D 0P| aiju;| = lauf2 < (C(s)lalsluls)?
j i i

i
since h® is a Banach algebra when s > d/2, see Remark 1.1.2. O

Informally a matrix with bounded decay norm is a linear operator which can be ”well
approxiamted” by the multiplication operator M, : u — au according to the definitions
of Remark 1.1.2. Using the Fourier series to identify h® with H*, the operator is u(6) —
a(0)u(f), where a(f) € H? is the function associated to the sequence a € h®.
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Remark 1.2.2. Note that by the reasoning above, given v € h® with s > d/2, the
multiplication operator M, : u > vu is bounded in decay norm with

’Mv’;iec = |vls.

Let us define the Lipschitz decay norm

’M’dec,lip,o = sup ‘M(f) — M(U)’élec
’ ££nE0 1€ =

and the weighted Lipschitz decay norms

M - M dec
|M|;1ec,7,(’) := sup |M(£)|gec +~ sup | (‘S) (77)‘5 )
£co £4ne0 1€ —nl

The following is a technical Lemma with the properties of the s-decay norm. The proof
can be found in the Appendix of | ].

Lemma 1.2.3. Let sp > g
i. Alegebra |MN|270 < C(s0)|M|%7C|N|3YC for all M, N € M(h%, h%)
ii. Interpolation For s > sg one has for all M, N € M(h*0 h%0)

[MN[$7O < O (s)| M5O N[S7O + O (s0)| M5O N0

iti. Smoothing For b > 0 one has |l M|3°7C < K*b\M];iiclf”O

iv. Tameness [(d)?A|de < [A|4

Definition 1.2.4. We say that a scale of Banach algebras (Bs, | - |s) satisfies the (asym-
metric) tameness product property, if for s > s

[AB|s < C(s0)|Als|Blsy + C(s)[Als|Bls VA, B e B.

Lemma 1.2.5. Let’s consider a Banach algebra Bs of operators with the (asymmetric)
tameness product property as above.Then for all k > 2 one has

A5, < (2C(50))" 1AL,
| A%y < BC(5)(2C(50))" 2| AL M Als
Proof. Both follow by induction on k£ and from the properties of the decay norm. O

The tame product property has the following very important property w.r.t. totally
convergent power series .



Lemma 1.2.6. Under the hypotheses of the previous Lemma, given a complex sequence
{mygtren and A € By with

1 . 1
‘A|SO < mhmklnf|mk| ko,
we have that there exists*
oo
k=0

Moreover

o0
|Bls < |mo| + C(s)|Als Y _ [mi| k(2C(s0)|Alsy)* " < o0.
k=1
Lemma 1.2.7. The spaces of linear operators h® — h® with bounded s-decay norm

form a scale of Banach algebras with the tame product property, with C(s) equal to the
constants c(s) in Remark 1.1.2.

1.2.1 Toplitz in time Operator

In view of the application of the Theorem 3, we introduce a special class of operators
which behave as multiplication operators w.r.t. the "time variables” ¢ € T4,

Definition 1.2.8. We say that an operator P is T6plitz in time if for all h € Z9~" one
has
' g U'+h,j . _
P =Pl =PI k=) ent <z

or equivalently if it can be written in the form
PE=Pla-1), k=(j) ez x7.

The two definitions are equivalent by just setting Pgl(l) = P((log.gl) for all I € Z%1, indeed

Pj/(l =) = P((loijl‘:)j) = P((llljfgl) (by using the first definition with & =1"). In the following
Lemma we provide an example of an operator toplitz both in space and time.

Lemma 1.2.9 (Multiplication operator). Let V =", Vyer. The multiplication operator
h — Vh is represented by the Toplitz matrix TJJ/ =V,_y and

Tl = Vs .

Moreover if, given & € O, V() is a Lipschitz family of functions, then

[ T[geer = Ve

4The series converges in the norm of B, in the sense that there exists lim, oo > ho mpA*.
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An example of a Toplitz in time operator is then for instance an operator of the form
T A where T is defined in the Lemma above, while A is ”time independent” in the sense
that Agl does not depend on the indexes [,1’.

Note that if P is a Toplitz in time operator with finite decay norm then:

1/2
P = (S @i s PEQ)P
lEZdil,jEZ .71_.7é:.7

Remark 1.2.10. We can identify the matrixz P with a one-parameter family of operators
acting on h®(Z) depending on the angle v, namely

Ple)= Y Pl(h)e

hezd-1

This means that P is a map from T9' to M(h*(Z),h*(Z)) where
B%(Z) = {(u)) jeg © Julz =D ()% |uy|* < o0} .
JEZ

Conversely, if we consider a sufficiently reqular map A from T4t to M(h*(Z),h%(Z)),
we can always associate to it a Toplitz in time operator A acting on M(h*(Z%),n%(Z4)).

We have hence shown that the space of the (sufficiently regular) maps from T to
M(0*(Z),0*(Z)) is identified with the subspace of M(h*(Z%),h%(Z%)). We denote this by
P o~ P

Moreover the following Lemma holds:

Lemma 1.2.11. Consider P as above and define Ny(p) := |P(¢)|s,s to be the majorant
operator norm of P(v) on h®*(Z). One has

sup [P(9)]ss < IPISL NG (@)l gror ra-y < [PISS,
Lper71

Note that if for every ¢ the operator A(y) is invertible, then the associated operator A
is invertible and A~ «v A71L,

Remark 1.2.12. A notable property of this identification is behaviour with respect to
commutator with time derivatives. For simplicity let us consider the angle 1 starting
with L «~ L. Define N := [0,,, L]. An explicit computation give
'/7[/ . 'l,ll . -/
NI =il =)L =i = 1)L (- 1)
Hence N is Téplitz in time and N «~ N = 0,, L. By linearity this holds for every linear
combination of 0, .



Lemma 1.2.13. The family T of the Toplitz in time operator is an Algebra.

Let us consider an operator of the form Ay + Py with Ay = diag)\g)). With the Theorem
5 we prove that there exist a change of variables that diagonalize that operator, namely
that there exists L such that in a certain set of parameters

U Ao+ P)U = Ao Ano = diaghl™ .
In view of applications to PDE’s we to prove that if the initial eigenvalues )\]go) are

linear respect [° as in (10) and the perturbation is Tépliz in time then also the change of
variables U is Toplitz in time. To this purpose we need the following technical Lemmata.

Lemma 1.2.14. Let P be a Téplitz in time operator and let A be linear in l. Then A,
defined as

!

is a Toplitz in time operator.

Lemma 1.2.15. Let P be a Toplitz in time operator. Then Il P is Toplitz in time
operator.

Lemma 1.2.16. Let P and Q be a Téplitz in time operators. Then [P, Q)] is Toplitz in
time operator.

Lemma 1.2.17. Let P be a Toplitz in time operator. Then ef is Toplitz in time
operator.

We omit the proof of this Lemmata since they easly follow by definition.

1.3 A general class of "tame” operators

Now we introduce a further class of operators that satisfies the tame property of Defi-
nition 1.2.4, just like the decay norm defined in (1.2.1) but containing a wider class of
operators.

We will use this class to prove a diagonalization algorithm in ”"high norm”, namely start
from an operator Ag+ Py with Ag diagonal and with simple eigenvalues and Py with some
smallness conditions and assume that it is conjugated to a diagonal form by L, we study
the relationship between the regularity of Py and the one of L. Note that if we know
that Pp is small in some norm |- |5 then the change of variable U is clearly also bounded
in the same norm and the point of the property 1.2.4 is to prove the convergence of the
algorithm in high norm by requiring only the smallness condition on the low norm | - |5, .
This kind of phenomena can be seen in a simple context, for instance in Lemma 1.2.6.
In KAM algorithm to prove such results in high norm one either needs to control Py in
decay norm or one introduce the class of modulo tame operators.

®Recall that we are splitting k € Z¢ as (I,§) with | € 24!, j € Z
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Definition 1.3.1. We say that a linear operator A is tame w.r.t. a non-decreasing
sequence {IMy(s)}sL  if

S=50
[Aulls < Ma(s)llullsy +Malso)llulls — weh®, (1.3.1)

for any sp < s < s7. We call M 4(s) a TAME CONSTANT for the operator A. We say that
a linear operator A is modulo-tame if A is tame.

Fix so > d/2. For s > sg let us consider the Banach space

My = ﬂ M(®P,bP)  endowed with the norm |- [r,, = sup |- |pp-

s0<p<s s0<p<s

Remark 1.3.2. Note that in the definition 1.5.1 we can take as M4 (s) = supg <s<s, |A
This means that all the operators in My, s, are modulo tame.

$,8

Since in KAM algorithm we need smallness condition on 9t4(sp), the idea is to look for
the ”best possible” constants.

The purpose of this Section is to define a class of operator that behave as the modulo
tame operators but that form a Banach space.

Note that for s’ > s we have

Mso,s’ C MS(),S? with | : ’Mso,s < | : |M

50,8

namely a scale of Banach spaces. Moreover every Mg, s is a Banach algebra
|M1M2|Ms0,s S |M1|MSO,S|M2|MSO,S °

Definition 1.3.3. Fix s; > sq, for every s > s we define the vector space® E, = Es 5.5,
as the space whose elements are the couples

A=(M,R): MeMgs, ReM@m™ 0N’
with finite norm

|(M,R), =|(M.R) 0 = sup | Mlpp+ |Rlugss- (1.3.2)

5,50,51
e so<p<si

Remark 1.3.4. Note that E s, s,, endowed with the above norm, are scales of Banach
spaces:

so<sp<sy<si, <8 <s = Eases SEugss | lygs S s -
s<s = | L S lyses -
s0<sg = | lgs 21 g
s1<s1 = | L S bses -

SWith sum (M1, R1) + (M2, R2) := (M1 + M2, R + R») and multiplication by a scalar k(M, R) :=
(kM,kR).

11



Definition 1.3.5. We define the (associative but non commutative) product
(Ml, Rl) * (MQ, Rz) = (MlMQ, M1R2 + R1M2 + R1R2) .
We denote A% := Ax--- % A, k times, and I = (I, 0) as the identity.

Lemma 1.3.6. For A; := (M, Ry), As := (M2, R2) € Es, we get the tame product
property’ as in Definition 1.2./ with constants C(s) = 1:

s0<s< s = A1 * Az, <Al | A2l +1 A1l Az, -
Proof.

|(My, Ry) % (M2, Rp)|, = sup [MiM;

s0<p<si1

pp T |M1R2 + By M + R1R2|5075

|R1ls0,s1 R2ls0,s0 + [ Ri1lso,s|Malsg,so + [Mils,s| R2lso,s + sup [Milpp| Mo

PP
so<p<s1
< (R, M) | | (R, Ma) |, + [ (R, Ma) || (Re, M2)];,
O
In Fs we have a partial ordering

(Ml,Rl) < (MQ,RQ) S MMy, Ri<Rs. (133)

Lemma 1.3.7. For k > 1 and s > sg, we have

— k—

|AF], <25 AL Al (1.3.4)

Lemma 1.3.8. Given a complex sequence {my}ren and A € Eg, s > s¢ with
AL, < = liminf |+
s < 5 1mk1n my ,

we have that there erxists®
oo
B .= Z m A" .
k=0

Moreover

oo
k— k—1
|BI, < [mo| +1AL ) Il 2" AL, < o0
k=1

Tn particular this implies that E s,,s, is a Banach algebra for so < s < s;.
8The series converges in the norm of E, in the sense that there exists lim, oo > ho myA*.
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Definition 1.3.9. For sy < s < s;, we define the bounded linear operator 5 By =
Es,so,sl — Mso,s defined as
S(IM,R):=M+R.

In particular
||5”E(E37Mso,s) = 1’ for 50 S s S 817 (135)

since

|C§(M7 R)‘Mso,s = ‘M+R‘MSO,5 = Sup ’M+R’p7p S ‘l (M7 R) m for 80 S S S S1-

$,50,51
s0<p<s ’7

Remark 1.3.10. Note that if A = §(A) then A is tame modulus, according to Definition
1.3.1, with constants Ma(s) = |Al,. Indeed setting A = (M, R) we have

[Auls < [Mss|uls + [Rlso,slulsy < sup  [Mppluls + [Rlsq,s|ulse <Al uls +[Alluls
s0<p<s1

Note that, beside the sum, 5 also preserves the product:
S(AxB) = (§A)-(§B). (1.3.6)

Remark 1.3.11. By continuity ofg,

SB =Y mi(§A)*. (1.3.7)
k=0

Notice that 5 is not injective.
We remark that since Msg, s; N M (h%,h®) # (), given any operator A in My, 5, and
any R € My, s, N M(h%, h®) then the operator (4 — R, R) € E; and §(A — R, R) = A.

1.3.1 Properties of E;

Recalling the definition of dj, and of d in 1.1.7 and the definition of I in 1.1.11, with
abuse of notation we define for A = (M, R) € E, the operators

dpA = (dyM,dpR), TxA:= (IIxgM,1IgxR), (d)A:=((d)M,(d)R)

Lemma 1.3.12. For A, B € E; we have the bounds

d
IR Al < K71 ldpAl = K 'dA]
h=1

I Al < K1)’ Al
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Lemma 1.3.13. For any A = (M, R) we define the linear operator Eg — Es

add: B> AxB—-Bx A

Then
| 4% BI, <141,] Bl +14L1 B,
|(adA)BI, < 2(|AL,| B, +14LI51,,)
|(adA)*BI, < 2*(JAL|BI, + HAL; ALl AL,)
Set

U = (d)’(adA)*B
then U satisfies the bounds

UL, < 200k 1@ AL AL I BL, +1ALIAL, 1@ BL,, +1(@) AL L AL, 1 BL,)

50

+ 2205 (ks — D] AL AL @ AL I BL, + AL (@ BL)

The proof of this Lemma is in the Appendix.

Given a Lipschitz family of couples (M, R) we define as usual the weighted Lipschitz
norms
7(9 Pyp—
AR = sup |[M[}7 +|RILS

50,8
s0<p<si1

where we recall that

A —-A s,s’
A7 = sup | A(€) s, +7 sup 4(8) ~ Al
’ €eo §#£ne0 1€ —n

Remark 1.3.14. By definition we immediately have that the weighted Lipschitz norm
satisfies the same bounds of Lemma 1.5.13
1.3.2 A ”good” decomposition

In this Section we show an example of non trivial operators in gEs. We indeed show
that an element with finite decay norm is in 5ES with a nice control of the norm.
Given L € M(h*,h*) we set

, L if |k — k| < |k|/2 , LEif |k — k| > |k|/2
(LP)y =1 7k . and  (LY)f =4 F .
0 otherwise 0 otherwise

The first term is known as the Bony part and we will call the second one the Ultraviolet
part.
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For s > sy we have
L5, < 257 Llsg.s0 5 LY [s0,6 < 2°C(s0)| LIS (1.3.8)
Indeed, given u € h® we have

DRFC DY AL )P =R Y LR T )

L K |k—k |<|k|/2 k k' [k—k'|<|k|/2
§22(s 50) Z 250 Z‘L ’ k:, 5— 50|uk/|)2 — 92(s—s0) |L |2 < 225 50) ’L|so,
k

s0l @5,

since |k| < 2|k'| and defining @ as 4y, := (k)**°|uyg|, so that |u|s, = |u|s. This prove the
estimate on L5,
Given u € h®, by the Cauchy-Schwarz inequality

S el =YY mwz’uwwuw

k k' |k—k'|>|k| /2 ko K=k > k| /2
<22SZ(Z ’k_k,’S’Lk”<k/>so|u ,‘)2 <225’u‘2 ZZ ’k "2
=2 2o Ty el = 2 T
1 / 1 /
_ 02s 2 12s117k" |12 2s 2 2s k"2
= 2%u|?, ; G Zk: Ik — k2| LY 2 < 222, ; e Zh:<h> csup L

Lemma 1.3.15. Let L € M(h*,h*) be an operator with finite s-decay norm, then there
exists an operator AL € Eg such that §AL L and

| A

o so.s <270 Llsg,s0 + 25C (s0)|L|4°¢ < (s, 50, 51)|L]9°, (1.3.9)
with c(s, sg, s1) = 2°17%0 + 2°C ().
Proof. We set
Al = (LB, LY), so that $AL =
By (1.3.8) and (1.2.2)

[ A" | g6, < 27| Llsouso + 2°C(50) LIS < (s, 50, 51) L[5, (1.3.10)

with ¢(s, so, s1) 1= 2170 4 2°C(sp) . O

Remark 1.3.16. We expect that the class of operator that are in SES is larger than the
class of operators with finite decay norm. Indeed, if we consider the operator c,0; " as
in 4 we are not able to say that it has finite decay norm. On the other hand, we can
calculate the modulo tame constant and also show in Lemma 3.5.1 that it is in SES. The

estimates on these norms are sufficiently sharp to apply the KAM algorithm in “high
norm”.
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Chapter 2

Diagonalization

2.1 Abstract KAM algorithm

Let n,d € N, consider Oy an open set of R", fix My,~v > 0, sg > % and a lipschitz family
of operators of the form

Oo 3 &= Ao(€) + Py(€) (2.1.1)

with the following properties:

— (H1) the operator A has the form

Ao(€) = diagyeza (M (€))
where )\,(CO) (€) € C for all k € Z¢ and

LAY 2 A9 for all k £ h

2. [Ap — MO0 < My|h — k| where we recall that, given f lipschitz function,

‘f‘lip,o = SUPespeo |f(§‘g:£|(77)\.

— (H2) the operator (d)’Py € M(h*,h*) for some b > 1.

Recalling Definition 1.1.7, we define

_ 2.0
0o := 7' {@)" Pold o (2.1.2)
which is finite by (H2) and
_ 2.0
g0 := 7 P&’ (2.1.3)

which is finite and bounded by J§yp by Remark 1.1.8 item iv.

Theorem 5. Fiz 7 > d —1 and b > 47 + 2. Consider an operator of the form (2.1.1)
such that (H1) and (H2) hold. Recalling the definitions (2.1.2), (2.1.3), there exists
€ = &x(d, 7,50, My, d0) such that if

g0 < €x
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then there exist Lipschitz functions )\goo) (&) defined for & € Oy such that for any £ in the
set
Ci={€O0p: N -2\ s ok — K™ 0<|k—F|} (2.1.4)

AO) 4 Py is diagonalizable in b0, namely there exists a constant € = ¢(1,b) and a linear
invertible change of variables U(§) such that

‘U - ]I‘:sy(fso < g ’
and
U_I(Ao + P)U = Al .= diag()\,(fo))

Proof of the Theorem 1. By the first inequality of Lemma 1.1.9, the smallness condition
of Theorem 1 implies the one of the Theorem 5, of course provided that e, is small
enough. The lower bound on b; comes from the corresponding one on b. O

Remark 2.1.1. Observe that A priori the Cantor set C in (2.1.4) could be empty. For
example, if the operator (2.1.1) does not satisfies the hypothesis (H1.1) then C is empty.

The proof of this Theorem is based on the following iteration
KAM reduction procedure Fix any K > 1 and consider any operator of the form

A+ P(), A = diagyezaAi(S) (2.1.5)

with A defined for £ € Og and P defined in some compact set O C Oy. Fix M so that

IAn — AP0 < M|h — k| (2.1.6)
and assume that P satisfies
'
LRI PO g, (2.1.7)

Let
O ={e€0p: () =M@ >y (k—K)", 0<|k—K| <K}

and fix 0t = 0" n o.

We look for a solution A of the homological equation

A, A+ TgP =[P], [P]:=diaguczaPf (2.1.8)

Starting from the operator in (2.1.5), we want to consider the change of variables gen-
erated by A, solution of the homological equation, and we want to determinate the
conjugated operator. To do this we need to prove that A is well defined and bounded,

17



that it generates a change of variables Q = e and look what we obtain when we conju-
gate. We will obtain an operator of the form

QA+ P)Q = AT (&) + P&

where AT will by define for £ € O C Oy while P will be of smaller norm. Since we

want that the new diagonal part is again defined on all Og, we will do an extension using

the Kiertzbraun Theorem'.

Lemma 2.1.2 (Homological Equation). For all £ € O there exists a unique solution
A of the (2.1.8). Moreover, A is majorant analytic with the bounds:

2 ot _ - XL O — )
AL <A TIPS @A <y RPN (@PRG)  (2.19)

Proof. Since A = diagycza\x we have [A, AJ¥ = (A — A\p)AF and (2.1.8) amounts to
(e — M) AY = P} — T PF

whose solution is
kl
A s 0<Ik—HK|<K

k
0 otherwise

The estimates are obvious from the definitions, indeed for a = 0, b
(A)*A < v 1K™ (d)*P, (@)"AA Sy TET(Q) AP+ v 2 MK*™Ha)*P. (2.1.10)
where by A¢f we denote the variation in £ € O, i.e

£ (€) = f(n)]

A —
=

neo (2.1.11)

O]

Having proved that A € M(h% h%) for all £ € O | we consider Q := e, which is in-
vertible and in M (h*°,h*0). The following Lemma gives the properties of the conjugated
operator.

Lemma 2.1.3 (KAM step). Under the hypothesis and the notations of the KAM reduc-
tion procedure described above, the following holds:

— The change of variables Q = e? is well defined and invertible as a majorant
bounded operator from H®° to itself, with the bounds

1 Ot
Q-3 <2A (2.1.12)

!See in the Appendix 7
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— There exists a diagonal operator AT (€) defined for & € Oy such that for & € O,

sup A — Af |30 < |7>|s0 s (2.1.13)

where AT(&) = diag A\ (€), such that setting for & € OF
Q™ (A + P(£) Q =: AT (&) + P*(¢)
— The following bounds hold

AF - ATRO < M h k|, M= MO+ PR (2114)

2ot _ - i B

PH3E <4y KT (PIIG)? + KO PI, (2.1.15)
770 ) — ) )

(@ PHEL < [@PPILG + 2% KT PO P, (2116)

Proof. The first statement comes from the definition of ) and the bound (2.1.7).
By definition, recalling the Lemma A.4.1, for all £ € OF

n Al ad(A)F
AP+ Pt =l N(A+P)=A+P+[A+PA+Y ———(A+P)
k>2
ad ad
=A+P+[AA+[P A+ A +y =
k>2 : k>2
d(A)* ad(A)k
_A+P+AJ4+§: )pxm+§: 0P
k>1 k>1
Recalling that A solves the homological equation (2.1.8)
A, A =TIgP — [IgP],  [M¥ =68 uMF,
for all £ € OT, we obtain
k
[-,A} o &d A) _ ad(A)
e (A+H_A+P+P]IMP+2}—:HUMP [P+ .
k>1 k>1
Now we set
ad(A)* ad(A)k—1
TP+ o P—ZT(HKP— Mg P)). (2.1.17)

k>1 ) k>2

It remains to define A;. For £ € O we get directly A} = A, + (PF). By Kirtzbraun’s

Theorem we extend Pf (which is defined only in O) to Oy preserving the norm || - |37,
We set A := A\ + (PF)®'. This proves (2.1.13), indeed by the definition of AT

mm ﬁw%—wmﬂwmeﬂmwqum%m
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and, with abuse of notation, calling AT also the operator after the extension
AT = A+ [P]™,

The bounds on the Lipschitz variation of )\; follow directly.
From the definition on P and from the Lemma 1.1.10 we obtain the following estimates

50,50

+
‘P+|S]vojzso <K b’ bP|]Wv Z 2|A|SO7SO ‘P‘zu» +Z 2|A‘SO,SO ) |P|]\47

S0,50 50,50
k>1 k>2
by g\b k1,1 1 370
<K ’< > P|807 S0 +2|A|80780 2(2’A|80,80 ) (H + m) |P 50,50
=1 ! !
,OF
(P PHAL < (@) Pl

2k(b+1 . b k-1 b
( A (AR R PIES + (AR M >PISU7SO>
1

9k(b+1)

+k>1 (k_|_1>.< |(d >bA|50,so (‘A|so, )’f 1|P|§g’;0 +(|A|%,’SO ) (d >bP|é‘é,’so>

; , _ 1 k
<Pl (T AR (g ) )P
k>1 ' ’

; , 1,1 1
A (L;(zb“msg,sﬂ R L) Lk
< 21y K@) P P SO A ) k)
E>1

1 k 1 1
m(k) = <(k—1)! ITES TR (k+1)!>

Of course the same bounds hold with M replaced by M ™ (since M ™ is larger). O

Proposition 2.1.4 (KAM iteration). Fiz any v > 0, 1 < x < 2 and 7 > 0. Choose

¢ >0 so that X (QTH) < (21 +1)c < 2 — x (recall that b > (27 + 1)x by Theorem 5) For
any operator

Lo=A+ Py (2118)
satisfying the same assumption of the Theorem 5 with
27+1

(5)':min{ 1 ( 1 )bd‘m)(l)b@m}
e 4supn20{2"+1e—xn} P\ 24b+1 (% 46 )

where C* 1= suanO{Q"H6[1*0(27+1)}X"}
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Fix Ky such that

1
40\ © 1 2741
—_ < < |\ = .
(50 > < Ko< ( 4b+1c*50)

n n
en=c0e X and 4§, = & Z 277 K, = Kye™X" M, = M, Z 277,
§=0 j=0

Define

Then one has recursively forn > 1:
(S1),, Given
Lp1=MA 1+ P

with A1 = diag)\,(cn_l) defined for all £ € Oy satisfying
AT = AT RO < M |- ]
and P,_1 defined for € € O,_1. We define?
Op =031 N0,y

and for all £ € O, we define Ap—1 as

Pl g < K
(An-)f =4 A=A N (2.1.19)
0 otherwise
Then exist a diagonal operator
An(€) = diag(A{"(€)) (2.1.20)

defined for & € Oy, and an operator P, defined for & € O, such that setting Q,, = e?n—1
and L, = leLn,lQn Then one has

Ly, =A,+ P,.

Moreover Qp : H?© — H®° and the following properties hold:

7 7On
[An_ilsrst < eoK2THY, (2.1.21)

e B e
Mn ’O M, 7On

7_1’Pn|80750 "< En 'Y_l|<d>bpn’80f80 < 0n (2.1.22)

2where we recall that

O =€y : &) =M >v k=K, 0<|k—k|<K)}
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(S2),, Forn>1
AW AGD T e X Wk e . (2.1.23)
Thus for all £ € O, )\(n) is a Cauchy sequence in n uniformly in k. Moreover
AR = AL OO < My — k]
(S3),, For all £ € Oy, the sequence of changes of variables
U, =Q1Q2...Qn (2.1.24)

satisfy the following bound

|Up — Uy — 1\%’30 < Const.27"

Proof. Ttem (S1); follows directly from Lemmata 2.1.2 and 2.1.3, from the choose of K
that implies K7™ T1ep < 274 so that formula (2.1.7) holds (recall that (27 + 1)c < 1).
(S2);, follows from Kirtzbraun and (S3); from formula (2.1.12).

We proceed by induction:

(S1),41. Since 27+ 1)c < 1

7_1K27+1|P "y,(’)n < K2‘r+1 < 2—4b

50,50 —

we can apply the Lemma 2.1.3 with A = A,, and P = P,. So, with A,, defined in (2.1.19)
with n — 1 ~» n, there exists a diagonal operator A,;+1(§) = d1ag()\("+1) (£)) with the
eigenvalues )\,(gnﬂ)(f) defined on Qg such that for £ € Op41

Qb (An(©) + Pu(€)Qurr = Mt + Pupt Quar = e

The bounds (2.1.21) for A,, follow from (2.1.9) and from the bounds (2.1.22) on P,. In
order to prove the bounds (2.1.22) for P, we use (2.1.15) and (2.1.16) and the bounds
(2.1.22) on P,.

#von+1 5 On _ yUn
| Pt ]sos5" <Ay THEETN(|P, Ié‘g”so )2+ K, ') Py Is%”éo (2.1.25)
< 8yK2THg2e X R0 g [ b5 0ex (2.1.26)

’O”+1 3 On _ T ,Un
|<d>an+1\s”§ff%1 < (@)"P, %T‘so + 20y KT P, Is"é,"sO (@) Py Is”é,”so (2.1.27)
< A0, 4+ 2P K2 e, (2.1.28)
n
< ~do ( Z 9-i 4+ 24b+1K02'r+1€0€[1c(27’+1)]x">

Jj=0

Let us verify that ~ 1]Pn+1|30750 Ont1 < é&ni1, indeed

T _ _on _yn+1
8K37+1836 X" [2—(27+1)c] + 4K, bioe X"t < geX
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is equivalent to

8K§T+16(2)6—X” [2—(274+1)c—x] + 4K6b606—xn(—x+bc) < 550 + %
Now the first bound follows by the definition of ¢, which reads 2 — (27 +1)c— x > 0 and
by the definition of Ky which implies angTHC* < 1. The second bound follows by the
definition of ¢ which gives bc — x > 0 and again by the definition of Ky which implies
8K0_b50 < g¢9. In the same way

n+1
Z 9—J 24b+1K27+1€ e —[1—c(274+1)]x™ < Z 92=J
J=0 J=0

Indeed, since (27+1)c < 2 — x implies ¢(27+ 1) < 1 and by the definition of Ky we have

n n n+1
§ 2—] + 24b+1KgT+150€_[1_6(2T+1)]Xn S § 2—] + 24b+150 C [1 C(2T+1 X < E 2 ]
- - EO
7=0 7=0 7=0

then we have that

. 1
Moreover, if gy < Tsupy, oo 2T 1e 7]

n
M, (1+ 2¢,) = My Z 2741 + 2e0e X" < Mg

Finally, to be sure that

1 1
400\ ® 1 2741
— <Ko <|—F—7— .
( €0 ) =00 (24b+1(7*€0>

2741

1 Neemo (1 \eGrin e n
<\ === — * = gn+1[1—c(2m+1)]x
0= (Gares) (o) e O (e }

we need the hypothesis

(S2)n41. By (2.1.13),

1) o 7,0
sup])\ (n+ ](C")’Mw(’)o < ‘Pn—i—l’é\gﬁso 0

The Lipschitz bound follows by 2.1.14 and the definition of &y.
(S3)n+1

,Ont1 \Ong1 :Ont1
|Un+1 Un |50n+1 < ‘U ’50:?61 ‘QnJrl H|80:§J61

n+1

O ) Oo
< 2[A, IsO"+1 1+ IPols,Ag?sO )

_ 7= Ons1 ;00
< 2y KE P T (L R )
§2K§T+167[1 c(21-+1)}x"“50(1+50)
< 2K§T+127[lfc(2‘r+l)]x"+1 (1 +50)

< 2—(n+1)Kg‘r+160 sup {2 [1—c(274+1)]x k+1+k+3}
k>0
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We define Oy, = N, U,. The sequence U, is Cauchy, in the sense

0
59

Uy, — Up_q|aoe ™ < Const.27" (2.1.29)

Let us now discuss the limit of the Cauchy sequences in (2.1.23) and (2.1.24).
We define for all k € Z4

U:= lim U,, A,goo) = lim )\,gn).

n—oo n—oo

Note that U is defined for € € Oy, while )\g)o) is defined for £ € Oy.

Corollary 2.1.5. The operator U conjugates the operator Ly defined in (2.1.18) to a
diagonal operator.

Proof. By construction
U LoU, = A, + P,

with Up, Ay, P, are defined respectively in (2.1.24), (2.1.20) and in (S1), and with the
bound
XL .On _un
|Pp |20 <eoeX —0
Since U is the limit of Uy,
U tLoU, — U LoU = Ao
O

In the previous corollary we have constructed a diagonalizing change of variables for all
¢ in the intersection of O,. In the following we show that such set contains the set C
defined in 2.1.4.

Corollary 2.1.6 (Final Eigenvalues). For alln € N, k € Z¢
AR = AP < Caget”

and consequently

CcC nglon
Proof.
|>\](€oo) _ )\](gz)’ﬁ,oo | Z /\](ghﬂ) _ /\](ch)|ﬁv<90
h>n
4 (2.1.23)
S STAUICIL L P D
h>n h>n
n n n 1 n
= vygpe X (1 + Z eX _Xh> < yege X Z ﬁh%x B
h>n+1 h>n+1

n n h 1 n
< yegge X" (sup h2eX X — < Cryegpe X
h>n+1 Z h
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Let £ € C. For every n € N
I =N 2 N = A = (I = A1 I )
> 29|k — K'|7T — 2Cye0eX” >k — K |77 + K, T — 2CvepeX > Ak — k|77
O

Proof of Theorem 5. We apply the iteration Lemma 2.1.4 to Ag and Py. For the previous
corollaries we obtain the thesis. O

Let us now consider a special class of operators, where we have a separation in ”space”
and "time” variables. Set k = (I,7), [ € 791 j € 7 and consider an operator Lg of the
form (2.1.1) satisfying al the hypotheses of Theorem 5, such that one has

. (l/7 ‘/) . -/
)‘(l,j) =iw-l+ Aj s P(l,j§ = ijJ (l - l/) ,

that is P is Toplitz in time, following Definition 1.2.8.

Corollary 2.1.7. The change of variables U, which diagonalizes Ly is Toplitz in time

namely is of the form U((llljfgl) = Ujl(l — 1) and the eigenvalues of Lo have the form

A 4 AL

Lj J
Proof. We proceed by induction. Assume that U,_1, P,—1 are T6plitz in time and that
—1 .
)\](Cn ) ZIW'f+(An,1)j.

Since at the step n the change of variables is U, = U,_19Q,, where Q,, = e“» with A,
defined in (2.1.19), by the Lemmata 1.2.13, 1.2.14, 1.2.15, 1.2.17 U, is Toplitz in time.
Similarly

A =AY (Pk0) = iw- e+ (An);, A = ATV () 0).

So, we have that lim,,_,., U, is T6plitz in time and

o0

AT =3 (P)}(0).

n=0

2.2 Diagonalization algorithm in high norm

Let n,d € N, consider Oy a compact set of R, fix My,v > 0 and 1 < x < 2 and fix
Sp, S1 SO that

d
81 > So > 5 (2.2.1)
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Consider a lipschitz family of operators of the form
Oo & Lo :=Ao(§) + Po(§) (2.2.2)
and assume that it satisfies
— (H1) (see page 16)
— (H2') There exists the decomposition
Po=8§(Po)*, Po= (Mp,, Rp,).

such the operator (d)’Py € Es 59,5, (see the definition 1.3.3), for sp < s < s; and
some b > 1

We define
) N — b i
o= 1||P0\|s]¥,so0 8o :=~""{d)"Po ||sN§so (2.2.3)
_ _ 2.0
no ="y po =) o |21 (2.2.4)

All the quantities above are finite by Remarks 1.1.8, 1.3.4.

Note that €9 and g defined respectively in (2.1.3) and (2.1.2) are smaller than the corre-
sponding £y and b0.Therefore the operator Ly defined in (2.1.1) satisfies the hypotheses
of the Theorem 5. With an abuse of notation we shall not distinguish between £, 50 and
€0, d.

We shall use the same notation in the following Theorem where we discuss the regularity
of U (that is the change of variables that diagonalizes Lg). We recall that the Theorem
5, that we can apply since we have the bound in 1.3.10, ensures that U € M (h®, h%).

Theorem 6. Given sg,s1 as in (2.2.1),7 as in the Theorem 5 and

(27 4+ 1)x

b > max{4r + 1, 5

}+1

, consider an operator of the form (2.1.1) such that (H1) and (H2') hold. There exists
Exx = Exx(d, T, 80, Mo, 80, M0, 10) < €« such that if

€0 < Exx

then for all £ € C, defined in (2.1.4) the change of variables U (&) € M(h®,h®). Moreover
there exists U € Es with U = SU such that

|u— ]Imc < &aep (2.2.5)
|U—I[C < &mo (2.2.6)

*Recall that §(M,R):= M+R.
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Note that by the remark 1.3.10, (2.2.6) implies that U is modulo-tame with tameness
constants My (s) bounded |U|,

KAM reduction procedure We use the same KAM step as in 2.1.3, but we assume
stronger conditions on P.

Recall that in KAM reduction procedure of Section 2.1, given an operator L = A + P
as in (2.1.5) with A satisfying (2.1.6), we produce A as in Lemma 2.1.2. Denoting by
Q = e” we consider the conjugated operator L1 := At + P+ = Q= 'LQ. In the following
Lemma we shall assume that P = §(P) and show that all the resulting operators are in
S(E;) with appropriate bounds.

Lemma 2.2.1 (KAM step). In the setting of Lemma 2.1.3, we assume that P = §(P)
with P = (Mp, Rp) and

b — X .0 b ,O X0 b X0
2T KPTHP T <1, |(d >P||M APETTL ()P < oo (2.2.7)

We use the notation of the Lemmata 2.1.2 and 2.1.35.
We have the following

— A ={(8) with the bounds:

, _ £L.0 T Ot _ 2.0
|{d >”A\|!M T <y TR @ R IT), JARTT < ATTRPTHPRTT, Wsg < s < sy
(2.2.8)

— The change of variables Q = e = S(Q) with Q = €*:

2 ot ol
la— 17" < oa I=(L0) (2.2.9)

This tmplies that @Q is well defined and invertible as a tame majorant bounded
operator from h® to itself.

— For £ € OF, we have PT = §(PT) with the bounds

[P " < 4y RPN 4 K (@) RO (2.2.10)
[@p 577 < ()P + 2%y k2P O (a)p i

[PH 107 < K(Q)p [0 4 2%y K i O p T

L@t 7 < (@)p (22.11)

—_ b b b l7o l? I
+ 200 2 (o (@ YR + AP BRI 1P L@t 1)

Proof. Recalling that P = (Mp, Rp) we construct A = (M, Ry) explicitly by setting for
all £ € OF
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(Mp)K' (Re)t

/ /
ME = Taay F=FISE o pyw oy BRI K
0 otherwise 0 otherwise
so that the bounds follow trivially from (2.1.10)
(a)*A <y KT (d)P, () AeA < v TKT(A)* AP+ P M K> ()P,  fora = 0,b.
(2.2.12)

The second statement follows from formula (1.3.7) and Lemma (1.3.8), which implies
(2.1.12), since

0 Lot 00 roby 4 1309 k=1
70t ot = (AR ot 700 o (AR )
e 1Y S i (G A (LY D D v

k=1 ’ k=1

The third statement comes from 2.1.17 by setting

k k—1

pr =m0 2 S M e ey, )= () )
k>1 k>2

in the first bound we apply Lemmal.3.12 in order to bound the first summand and

Lemma 1.3.8 with s = sg for the other two. In the second bound we use Lemma 1.3.13

with s = sp and ¢ = b. In the third and fourth bounds we use Lemma 1.3.13 with
so < s < s1 and respectively a = 0, b.

O

We now restate the proposition 2.1.4 under the stronger hypotheses of the KAM step
above. Recall that in proposition 2.1.4 we constructed a list of operators A, Qn, Un, Ly, =
A, + P, such that A,, solves the Homological equation (2.1.8) so it is defined in (2.1.19),
Qn = eAn—1 U, = Q1...Qn and L, = Q;an_lQn. Recall that A,_1 and P, are
defined in O,, and A,, in Oy. Finally the sets O,, are defined recursively by

O i= ORI N0t Ky = Koet'
Proposition 2.2.2 (KAM iteration 2). FizanyT>0~v>0,1<x<2and0<a <1.
Fiz b as in Theorem 6. Choose ¢ so that

X 2—x
<c< )
b—« ¢ 27 +1

For any operator

Lo=Ao+ Py
as in (2.2.2) satisfying (H1), (HS) there exist e4 and 81 < Ko such that if g < ey,
defining

n
en=c0e X, 8,=0 Z 277 N =mnoe X" and p, = K.
j=0
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and fizing K1 < Ko < Ko then one has recursively for n > 1:

(S1),, Given
Lp1=Ay 1+ Py

as in (S1), of the proposition 2.1.4 such that P,y :(.S‘(Pn_l) for some P,,_1 € Es, then
the operator A,_1, defined in (2.1.19) for all £ € O, satisfies Ap—1 zg(An_l) with A,
defined as
(Bn_1)f )<
O e B
0 otherwise

(2.2.13)

The operator L, = Q' L, 1Q,, is of the form A, + P, with A, as in (2.1.20).
Moreover there exists P, € Es such that Py, zg(Pn) and the following bounds hold:

é’@n
An1lst < ek (2.2.14)

VR < e, AR <6, (2.2.15)
_1||P ||Mn, On <77n7 7—1||< >bP ||Mna On <,Un

(S2),, we have U,, = §(U,,) where U, is a Cauchy sequence, in the same sense of 2.1.29,
since the following bound holds

On On
10, — U 77 < 2 po 7

Proof. For n = 0 there is nothing to prove (we use the condition po < noK¢§ provided
by the choice of K;); by induction assume that (Si),, holds then (since ¢(27+1) < 1 and
K2T+1 £o < 274

1K27+1‘|P ‘an’ On _ ,.YflK§T+15067[1fc(27+1)]x" < 9—4b

and (S1),41 follows by the KAM step. Indeed (2.2.14) follows from (2.2.8), as for
(2.2.15), the first two bounds follow from the first two bounds in (2.2.10) by reasoning
as in (2.1.25).

Finally, for the last two bounds of (2.2.15) we want that

K %, + 22 K2 ey < mpga (2.2.16)
fin + 2T K I ey 4+ 3 20 K2 0,6, < g (2.2.17)

(2.2.16) is equivalent to ask

Kéx—bef(bfa)cxn + 24ngT+1€O€*[2*0(27+1)}Xn < €*Xn+1
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67Xn+1

To have that we need that both the addends are smaller than 3
So we have to ask:

2K be~(b—e)ex” < e XM 2K b l0=exX" < q
24b+1K§T+1606—[2—c(27+1)]x" <e X 24b+1K§r+1606—[2—5(27+1)—X}X" <1
This inequalities hold true provided that
e bc—ac—x>0
o Ky > Qﬁ

o c(21+1)+x <2

1
1 2741
o Ko< <24b+150>

To obtain (2.2.17) we can ask

K((]xeacxn+24b+1KgT-i—l-i—oz&,Oef[170(2T+1+a)]xn +3_24b+1K02T+167[170(27'+1)]Xn 5o < Kg@aan_H

Also this time we have to ask that every addend is smaller than a fraction of X"yt
this time we don’t want to do it uniformly in 3 parts but we ask that the first addend is
smaller than

eacxn+l
7 O = ec(x—1)
c; L=
and the other two addends smaller than
eaex™ ! 1 1
el )
Cy S Ch

With this choose we obtain the following conditions to ask

o c21+1+a—ay) <1

N e e

24b+1 Cl €0

e c2r+1—-ay) <1

1
o Ky> (3 : 24b+10250) amET

So we can take

400\b [Ho\ & ab+1 a2
e ()] (2)F (o 2000) )

1 _1 1 _1
Ry — min { ( ) 27 +1 ( ) 2741 }
2 b1, O "\ odbtig,
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To be sure that £; < K9 we need g¢ < g, where €4, is defined as

2741

- {8*’ ((450)27+1224b+103)b> T (032{“’“) (%> B ’ <032{1b+1> <3 : 24b41rlCz<50) o }

where C3 := max{1,C*}
(S2),,+1 Recalling definition 1.3.5 we set Q,+1 = e*" and I = (I, 0).

T o 20 O (@) @
|’Un+1 _Unméwn_'_lv n+1 S‘lUn Szun_,ﬂv n+1‘ n+1 n+1| 'Y n+1

Je
LIESIRES

’On+l

_ b
Q1 — L™ U™

¢,(9 +1 #70 +1 é’o +1 0
<UL M b A AUl A

7On+1 ﬁ“aon 7On+1

—1 72741 M:H +1 M77+1 Ont1 Mrjﬂ
<297 K1 ([Unls IPnsils +1Un s IPrils )

v

_ ; *— Ont1 1On1
< 2,7 1K2T+1((1 +||P0|”5Mn+1

Go Mpy1 ﬁﬂ
] NPri1lso +Pns1ls )

T _ n+1
< 2KZHN (1 + mo)ens1 + npgr) < 207D (1 4 g0)g + o)

< ,’7027(7#1) Sup 2(0(27+1)71)X’“+1+3+k
o k>0

Note that (1 + ng)ep + 1o < 3n since g9 < min(1,79).
O

Proof of Theorem 6. We apply the iteration Lemma 2.2.2 to Ag and Py hence we obtain
the thesis. O
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Chapter 3

Applications

In this chapter we prove the Theorems 3-4. Our purpose is to prove such Theorems as
an application of our diagonalization algorithms, so before turning to the proofs let us
discuss the connection between reducibility and diagonalization.

3.1 Reducibility and diagonalization

Consider the quasi-periodic linear dynamical system (6)
= A(wt)u (3.1.1)

where for ¢t € R, u(t) € h*(Z) while A is a map ¢ — A(y) from h*(Z) to h* (Z).
We want to describe how this system changes under the action of a transformation of
the phase space that depend quasi-periodically on time.

To this purpose we consider a map ¢ — U(p) as in the remark 1.2.10 that for every ¢
is invertible.

Setting v(t) = (U(wt))~tu(t), and substituting in (3.1.1) we obtain that v solves the new
dynamical system:

o(t) = Blwt)u(t),  B(p) = Up)) " (Alp)U(p) —w - 0U(0)).

Definition 3.1.1. We say that U reduces (3.1.1) if B does not depend on angles. We say
that the dynamical system is reducible if there exists a change of variables that reduces
it.

We now want to assiciate to the time-dependent dynamical system (3.1.1) a linear op-
erator acting on h®(Z%). Since for every family of operators .A(p) we can associate a
Téplitz in time operator A, recalling the notation of the Section 1.2.1, we define

L:=w-0,—A.
Note that L is not T6plitz in time.

32



Lemma 3.1.2. The reducibility of the dynamical system corresponds to the fact that L
can be diagonalized by a Toplitz in time change of variables.

Proof. Let U be the Toplitz in time matrix that diagonalizes L. By definition U~'LU
is diagonal and moreover

U'U=w-0, - U YAU — [w-0,,U]) =w -9, — A™.

By the Lemmata 1.2.13, 1.2.14, 1.2.15, 1.2.17 and 1.2.12 A, is T6plitz in time and it is
diagonal hence A* = diaga3*.
Moreover,

U AU — [w- 8,5, U]) e~ (U(0)) AU (p) —w - U (p)) .

So we proved that diagonalizable implies reducible. The other implication is clear if B
is diagonal and angle-independent. O

3.2 Proof of the Theorem 3

Consider the equation (8) and its associated operator

L:=w:0p+ Opzz +V(p,2)0,, (3.2.1)

Remark 3.2.1. Note that this operator maps the space of functions whose mean value
i x is zero in to itself. So we could also work in this subspace. Note also that if V is
even then £ maps even (see definition 13) functions into odd functions.

In the subsection 3.2.1 we perform a regularization procedure which conjugates the
operator L to the operator L3 defined in 3.2.9. This is well-known change of variables
(Iooss-Plotnikov and Toland, | ]), usually called Descent method.

In this context the change of variables are families of bounded linear operators on
H?3(T) = h*(Z). Following remark 1.2.10, we shall then envision this operator as acting
on h*(Z%).

We do two steps of regularization. The first one is a change of space variable (translation)
and the second one a conjugation by pseudo-differential operators.

Then we will arrive to an operator of the form

L3 =w:0p+ Opge + MmOz + R

where m is a constant and R is a ¢—dependent family of bounded operators on H*(T) =
h%(Z).

Using the notation of the remark 1.2.10, we can associate to R an operator R acting on
h*(Z%) and To6plitz in time.

By reference to the notation of the Theorem 5 now we have that the role of parameters
¢ € R™ is assumed by! w € O ¢ R and

Ao(g)«»Ao(w):w~8@+8mx—|—m8w, Py~ R, Oy~ O.

1S0 observe that in this application n = d — 1
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Ag satisfies the hypothesis (H1) of page 16, indeed Ag(w) = diagk:(l’j)GZdA,(cO) with
AD = i(w 1= 5+ myg) (3.2.2)
where it is clear that A" # A9 if & + &’ and
Ar = M\ [P0 <1 =] < |k — K.

Then we will estimate the reminder R in view to apply the Theorem 5 and prove Theorem
3.

Remark 3.2.2. After the steps of regularization, we will obtain the operator L3 defined
above and if V is even, it is odd.

Indeed, if V' is even the function e (that we will define in (3.2.3)) is odd, a ((3.2.8)) is
even in @ and odd in x and then py (3.2.6) has mean value zero.

Note also that, since Ag + Py maps even functions in odd ones and since the change
of variable Q = e? is a parity-preserving and reality preserving operator then als(o the
operator Ay + P := Q'Ag + PyQ maps even functions in odd functions. Iterating this
we obtain that the final operator Ao, maps even functions in odd functions, is reality
preserving and it is diagonal and hence it has purely imaginary eigenvalues.

Therefore, the final operator is odd and we can apply the Lemma 3 and obtain the stability
result.

Notation We shall systematically use the notation
A<, B

where h is a parameter or a list of parameters, to denote that there exists a constant
C(k) depending on k, such that A < C(k)B.

3.2.1 Regularization

Step 1 We do a first change of variables defining y = = + p(p). So we define
Th(p,x) := h(p, 2 + p(p))-

Its inverse is

T (e, y) == (e, y — p(p)).

T 'w-0,T =w-0p+ w-0pp(9)]0y, T '0,T =0,
So if we conjugate £ we obtain
T LT =w- 0y + Oyyy + (0, 9)0,

with
e(p,y) =w-0op(0) + T V(e ). (3.2.3)
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We are looking for p(¢) such that e(p, y) has the mean value in y constant in ¢, namely

1
/e(gp,y)dy:meR Ve T
2 T

1
m = /Te(so,y) dy = %/Tw-%p(@)ﬂLT_lV(%y) dy = w-0,p(¢p /T W(p,y)dy

w - Opp(ep m—/7'1Vg0y

This equation has periodic solution p(¢) if and only if

1
m—/TlV(%y)dydsOZO
Td 271' T
1
m=/ 2/V(s0,y)dydcp
Td 47 JT

Ve, y)dyde  ply) = (w‘%ﬂ(m—/TV(%y)dy) (3.2.4)

So we need to have:

1
o (27T)d+1 Td+1

With this choice of p(p), after renaming the variable y = z, we obtain:
Lo=T LT =w- Op + Opza + €(p, )0
with e(p, x) (recall (3.2.3)) such that
1
/e(tp,y)dy—meR Vo e T
2 T
Step 2 Now we do a second change of variables. Consider an operator of the form:
S=T+a(p,2)d;' a(p,z): T - R
Note that 9,10, = 0, 8_1 = my, where 7 is the L2-projector on the subspace Hy :=

{u(p,x) € L2 T+ fT x)dz = 0}.

LS — S(W : 8@ + Opaz + mam) = p10z + po +p—la;;1

with
p1 = e(p, 1) + 30,a(p, ) —m (3.2.5)

po = <38ma(g0,:n) +e(p,x)alp, x) — a(@,x))wo (3.2.6)

p-1 1= w - (0pa(p, ) + Orzzalp, x) + e(p, v)0za(p, x) (3.2.7)
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We are looking for a space-periodic function a(p,x) such that py = 0 so it has to be
defined as

a(p,x) == %6;1(171 —e(p,x)) (3.2.8)

So if we conjugate Lo through S we obtain

L3=8LoS =w-0p+ Oppe + MmOz +R, R:=8 "po+p-10;"). (3.2.9)

3.2.2 Estimates on R(p) and R

Recall the assumption of the Theorem 3 so consider w € O a subset of the (v, 7)—diophantine
vectors, and fix b > 47 + 2, s¢ > g.

Lemma 3.2.3. There exist 0 = o(T), such that if V.€ H*"7 then p(p) defined in (3.2.4)
belongs to H*° and the the following bound holds

— (@)
()| 2° <y VLS

Proof. 1t is clear that if O is contained in the set of (v, 7)—diophantine vectors and
f € H5t?2™+1 one has

|(w - aﬂ)ilﬂs < 771‘f‘s+7

— ,O - 70
[CERReRS I A i Ve

indeed
142 2s “1g) P 25| Jr |?
w-0) 7 2= 3 0| (w-007') | = 2w | 2] <
kezd kezd
Sla— T 2 — s+1 2
< EP I ADT] <20 R £
kEZd keZd
1 s| Aw fr |2
(w- 0,) T IO = 3 (k| 2K
kezd
s 12 - —
+ Z (k)? kawm‘ <y AL lstr + 772 flsvarta
kezd
and
‘(w : 8¢)71f”sy70 < 771|f|8+7 + 'Yillf‘s—i—%-i-l + ’7(771’Awf‘80+7)
so the Lemma is proved with o = 27 + 1. ]

Lemma 3.2.4. For m defined in (3.2.4), e(p,x) defined in (3.2.3) and a(p, ) defined
(3.2.8), the following bounds hold:

o 0 - 0
i T VRS Sea v VI
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ii. |m| < |V[T©

o) O , _
L. ’€|z ) |’rn’76|:9y ’ ‘a’|g NSd’y 1|V|S+ +27_+2
Proof. i. By the composition Lemma A.5, the Sobolev embedding and the Lemma
3.2.3 we have
_ ,0
TV Soa (VIS + IP@REIVE)

Soa (VIS + @) rvr% ) Sea

VIFC) Soar ' IVIZS

Sea (VI3 +1

s+ dyori1 st+35 dyort1

ii. The bound holds since m is the mean value of V.

iii. By definition of e and a and by the Lemma 3.2.3 and the first item of this Lemma
we have:

,O _
€29 = Jw - Bpp(p) + TV ATV Sea

-1 -1y (’)
Ssd ’V|S+2T+2 +9'V |s+ ) Ssa 7V s+ dior+2
[m = €l39 Soa VIO + 771‘V|s+ d4or+2 Sed 771|V|s+ dyorio
1 %O
'Y’O — | — -1 — — 77
|a|8 - 38$ (m e(@Jx)) s ‘m e’ Sd’y S+ _;’_27—_;’_2

O]

Recalling the definition of the operators pg, p1 defined respectively in (3.2.6) and (3.2.7),
we have the following Lemma.

Lemma 3.2.5. The following bound hold:

1. !po|g’ Nsd7_1’V|s+ dior4a
. ]p_l\z’ N5d771|v‘

s+35 449745

Proof. These bound follow easily from the definition of the operators and the algebra
property of the decay norm. O

Let us now define

A= 30, — el )0

This is a bounded operator on the space h(Z?) with finite decay norm, since it is a
composition of a multiplication operator, see Remark 1.2.2 with diagonal operators. We

have

d; @
|A]dee7© < |V’S+g+27_+2.
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In particular this implies that A belongs to a Banach algebra with the tame product

property.

Also to the operators S and 7 we can associate the operators S, T acting on h?® (Zd) and

Toplitz in time.

Lemma 3.2.6. With the same hypothesis of the Lemma 1.2.5, if C(s)|Als < \ﬁ then
[S71 =T[5 < C(s)|Als(1 + 3C(s)|Al)-

Proof. As a consequence of the Lemma 1.2.5 we deduce that

0o k—1
S~ —1|, = ZAk Z |A¥), < C(s)| Al Zk( yAys>
k=1
1
= C(s)]4] C(s)|Als(1+3C(s)|Al,)
A= CIAL? = ’
In the last inequality we use the smallness condition of the hypothesis. O

Remark 3.2.7. In view of the Lemma 1.2.5 the decay norm satisfies the hypothesis of
the Lemma 1.2.5. Hence this Lemma holds also for the decay norm so:

71 =170 < O(s)| A7 (1 4 3C(5) AJ7 ).

By remark 3.2.7 and Lemma 3.2.6 we deduce

|S |de07 O _ ’]I + (S_ H)chlecn/,(’) < |H|§1ec,'y,(’) + |S_1 _ H|gec,%©

<14 C()ALTO (4 BO(5)| AT O) < 14 20(s) AfeeT O

—1
Ssa 149 ‘V|s+ d o742

And finally, for the algebra property we obtain the estimate of the operator R:
dec,y,0 —1)dec,,0 —1)dec,,0 1 -1 0
(RIS < STy + pa 0 1897 Soa (Lt IVITEL 0 )7 VB s

Ssd Y ’ ‘s+ 442745

Recalling the tameness property of the decay norm (see Lemma 1.2.3), we have also

b |dec,y,0 < 71
()" RIS |V‘s+ d1or15+b

Proof of Theorem 3. First of all, observe that R «~ R is a To6plitz in time operator.
Indeed, by

— po,Pp—1,a are moltiplication operator so they are T6plitz in both time and space,

— 9, ! in Toplitz in time since it acts only on the space.
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— I is Toplitz

follows that po + p_10; and S~! is Toplitz in time and so R. Therefore, for Lemma
3.1.2 reducing (8) is equivalent to diagonalizing the operator

L3 =w- 0y + Opge +m0; + R.

By the discussion in Section 3.2.2 we can apply Theorem 5 to £3 Then there exists a list
{AZ}keza € C. It remains to prove that the set C defined in (2.1.4) satisfies the measure
estimate in 12. We will do that in the next section. In conclusion ® :=7T o S o U is the
operator searched in the Theorem 3. O

3.2.3 Measure estimates and conclusion of the proof

=

We proved that the operator R satisfies the hypothesis of the Theorem 5 so we there

exists a list {)\IEOO)}kEzd € C defined in (2.1.4).
We want to give a precise formulation of the set C and show that it is not empty for

sufficiently small. By Corollary 2.1.7, we have that the )\,(COO) have the form

)\](COO) =i(w-1— 7% +mj)+ 737 (W) -

It remains to prove is that the set of w such that

G = {|Ak(w) — A (W)] > 0 E’%T, k=(l,5),lezje Z} ccC (3.2.10)

satisfies (12). We are dropping the superscript (co) in Ag,7; for easier notation.
First of all we consider two trivial cases:

Casel:j=j andv:=1-1"#0

For the corollary 2.1.7 we know that eigenvalues are of the form

M = iw -1+ A =iw- 1 —ij® +imj + rj(w)
so the set of the w that satisfies 3.2.10 is the set of the diophantine numbers.

Indeed M\ (w) — Ay (w) =w-(I=1")=w-v.
Case 2v=0—j#7

Ae(w) = A (w)] = [ —1(5% = 57) + mi(j — §') +rj —rp
> |53 — 3% = Im|lj — 5| = |rj] = |y | =

=17 = 7112 + 7% + j'| = m) — 2Ce0

1
> (1 —e0) —2Cye0 > By
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where we use that |r;| < Cyeg for the corollary 2.1.6 with n = 0.
Now let’s consider the general case. Define the set

1%
Rjj

Y
= {w € Op : (W) — Aw(w)] < }
(V)7
Ask the measure of the set of the intersection of all the set that satisfies the condition
3.2.10 is equivalent to measure the complementary set of

U =®ri

veZdj i €7

For the additivity of the measure we need to calculate the measure of ’R;’ e Before the
general case, let’s see an easy one: r; =1 =0
Intuitively we are measuring the volume of the intersection of the space between the 2

planes

v =i =) 4 im( = ) =

and the hypercube w € [1,2]¢ so we can imagine that at most it is Cd*12<,7>7 where ( is

the diagonal of the hypercube. Let’s prove it in a more rigorous way.

Since are constant in w, for convenience, we call L; j = j3 — j —m(j —j') and a = &
We want to measure iw - v —iL; =t with [t| < a. We do a first orthogonal change of
variables such that the new variables &; satisfy & || v and & L v, i # 1 so the planes
become &1 |v| 4+ Lj j =t.

Now we do an other change of variable to explicit &;

F:(£17$27"'7£d) — (t,JiQ,---,fd)

dt

Rz

t— L.
&= 2L dg

v
Now the measure is the product the integral

¢ dt 2¢ ~
—dt=— =2——
/a vl [ ()

and the integral of the other & in the hypercube that at most are ¢%~!. So we obtain

y ¥
HRGy) ~ et

For the general case the strategy is the same, the new difficulty is thatL; ;; depends on

w and after the first change of variables depends on &; so we need the Impicit Function
Theorem in Lipschitz class to explicit £&; and conclude in the same way of the case 1.

Lemma 3.2.8. Fizv. If Ry, # 0 then j,j' < D\/|v|.
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Proof.
7 =% =10 = NP 45+ 5% = G457 = 1D =7 = 5+ ) =
Suppose that min j, j' > /|v|
Ae(w) = A (w)] = | —i(5% = §) +im(j — §') +rj — 1|
> 5% = 3% = Im|lj = 5’| = ] = |y
1, . SN .. L
> 5(32 + 5 =3 = mlli = 5] = |rjl = |ry]
A R )
=|j —J’I[§(32+J’2) —m

—

— |rj| = |ry]

> ([v] = e0) = 2Cve0) =

=~ =

Then the corresponding resonant set T\’,]” ;o is empty for ~ sufficiently small.

“( U R?»i') - Z WR5 1) < Z <V>Z+1

vezd jj'er veZd jjel verd jj'el
3.2.8
Y d—1 _ v
< Comst. 3, (gwertn)™ = D vram
r:|r|2eN r:|r|2eN

that is summable if and only if 7 —d+ 1 > 1, i.e. 7 > d.

3.3 Proof of the Theorem 4

Consider a € H(T?) with S sufficiently large be a function such that ||y, 1o sufficiently
small. Denote @ := («,0,...0) € R? and consider the linear operator

Cou(0) :=u(f + a(0)).

whose matrix representation is given by

(Ca)i = (e*a®), (3.3.1)
where §p, is the h*™® Fourier coefficient of the function g.
Indeed
Caeik/.g _ eik;'.(e-‘r&(ﬁ)) — Z (eik/.(0+o‘2(9)))keikh9 _ Z (eik/'&(e))k_k,ei(k_k/)ﬂ

k k
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Writing 6 = (z, ¢) we have Cou() = u(x + (), ¢) and consider the operator”
Pi= (ca —]1>a;N and A” = (PB, PY).

We want to apply the Theorem 6 so we need to prove the smallness of A” in low norm
and the finiteness of (d)?A” in high norm.

Consider the equation (15) and its associated operator

L:=w-0y+ Opgz + (Co — 1O, (3.3.2)

By reference to the notation of Theorem 6 now we have that again the role of £ € R" is
assumed by w € O Cc R%! and

Ao(€) ~ Aog(w) =w - Dp + Dz, Py~ (Ca—1)0; Y, Op=0.
Ay satisfy the hypothesis (H1) of page 16, indeed Ay = diagk:(hj)ezd)\,(go) with
A =45
where it is clear that /\20) + )\g,)) if kK # k' and
Ak = A [TPO < 1= 1| < [k = K.
Now estimate the perturbation (C, — )0, in view to apply the Theorem 6 and prove

4.

Since L does not depend on w, in the following estimates we will not use the weighted
norm.

Lemma 3.3.1. We have that

| A" I, < 25150 2l Lag iy (3.3.3)

b AP —
Ha)? A"l Sea 2770l gy apay T K1+ [0lZg11) (3.3.4)

Proof. First of all, note that for the Mean value Theorem

1
(ca —H)a;N = a(w,go)/ Cra0y; Nl dr (3.3.5)
0

2Note that P ngPA

42



Using that, for the first inequality we have:

(1.3.8) B
||AP ||50 = sup |PB’p,p + |PU|so,so < sup 2P SO|L|so,so + ’LU|80,50
s0<p<s1 s0<p<s1

1
- (3.3.5) . _ -
3281 80+1‘L’80,80 =% 981 80+1‘Oé CTaaxN+1 dT’SO,SO
0

1
<231_50+1|O¢|30‘/ Cq-O[agc_]\[—~_1 dT|s,50
0
<2070  aly | sup [Crady N sy,
0<r<1
(1.1.9

)
<d 2sliso+l|a’80 Sup (HCT&aa?NJrlHSO,S(H‘ﬁ + HCTaaa?NJAHSO*B,SO
0<r<1

(1.1.1)

S 2817S0+1|a’80 Oiugl ("CTaa;N+ﬁ+l||so+5780+B + HCTaH80+B,So+5
T

+ ||CTQ3;N+’8+1”50,50 + ||C7'a||50,80>
<g 2517502 g, sup (HCT&|’50+B,80+/3 + HCW”SMO)
0<r<1

S22 aly, sup ( sup (ICratlsyip) + S ([Cratlsg))
0<m<1 N g4 <1 Julsg <1

(A.5)
St 207 alsy s sup (ulsgas + 1Dl pgo1luly)
0<r<1 |ub0+5<1

+ sup (July, + |Draly,-1lul))
[ulsg <1

Siso 277020l sup (2 ralg 291+ ral-1 )
0<r<1

S 270 alsg (24 [alsgr29-1 + |l )

S1—So+2
Sdiso 270 alse+28-1

Remark 3.3.2. Note that here we used that N > 5+ 1

Observing that ({(d)*P)? = (d)’P? and the same for LY, we estimate

(1.3.8) _
H@A"), = sup [(@)°PY[pp+[(@)°PPlsgs < sup 2070 (d)°Plag,so +1(@) PV s s
so<p<si so<p<si

Let us start with the estimate on the Bony part and let us do it with b = 1.
First of all observe that [, (ca — 1)0; V] = [0p,,ca0; ], 0 = (61,09,...) = (z,¢).
Then the action of commutator between dp, and c,0, N on a function u assume the
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form:

[897;7 Caa;N]u = 8'91' [Caa;Nu] - Caaa?N(aeiu)
= 05,(0; Vulz + a(8),9)) — (8; ™ 8g,u) ( + a(8), ¢)
= 0, Vug(x + a(8), 9))9p,(8) + (9 N Bp,u) (z + (B), ) — (87N Bp,u) ( + a(8), )

= 0, Vg (z + a(6), 9))9p, (8)

In view of the estimate of the of the Bony part of the operator (d)°L, using the previous
formula, the following estimate hold:

105 N P ug (x4 l8), 9))9p,a(8)]s < 10, N ug (@ + a(8), 9))]s]00,(6)]s
< u(@ 4 a(0), 9))|s+1la(0)]s+1
Sds [0(0)]s1([ulse1 + [Darlsoolulr)
S,s [0 (0)]s1([ulst1 + [l alul)
In the end, using the Lemma 1.1.9, the previous estimate, the composition Lemma A.5
and the Sobolev embedding and recalling that N > 8 + 1, we obtain:

1.1.9
16, ca0z Mls.s Sa 106, cadz ™ lls,st6 + 06,5 cads lls-p,s

= 11196;, cadz ¥ *7]lls45,545 + 1065 cads 5,5

T

= sup |0, Vug (@ + a(6),9))9p,a(6)|s+5
luls+5<1

+ sup |0, Nug(z + a(0), )05, (0)]5
[uls<1

Sdas sup |o(0)]s4pa(Julstprr + |,y 5, alul)
Juls45<1 ’

+ sup [a(0)[s+1(Julst1 + o, afulr)

luls<1

<

r\Jd,S

a(0)|s+p+1(1+ ol gy a) +[a(@)s1(1+ |af,, )

<
~d,s a‘s+,3+%+l

Hence we have that
|<d>bP’S7S Sd,s ’a’s+ﬁ+%+b+l .

Consider now ultraviolet part (d)’LY. Since

((0a=DF @) = (t0alk) 8.

then we have

(1.3.8) < , 3.3.3 < 1
(@ PYRE . < Co( DoIAP sup [(Ca)i1?) < (H|alianCoXs( D 1M mgmrart ) »
|

k—k'=h
h IhI> k| /2 h
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where in the second inequality we have used the Lemma 3.3.3 that we state and prove
below. ]

Lemma 3.3.3. Consider o € H**1(T) and such that |ali o = > 181<1 |DPu|p < 3.
Then for |j|/|€| > 2/3 one has

2
i€a(x) — i(§a(z)—jz) <% 1
’(e )j‘ ‘/0 e dx| < ’j’8+g+l( + lalsyar1)

for a suitable constant Kg > 1.

Proof. We set n := £/k, with |n| < 3/2, and note that y = x — na(x) is a well defined
change of variables on the circle with inverse z = y+n{(y, n), by the composition Lemma
A.5. Note that ¢ € H**9+! again by Lemma A.5 and |B|1,00 < 2|a|1,00. Now with this
in mind, we make the change of variable x = y + n{(y,n) in the integral and we get

o —

21 ..
(o) — /0 (1 + Gy (y,m))e™dy = g

where
9(y,m) =1+ nly(y,n).
Since, if g € H?
’g’s—l
st
by the standard composition rules in Sobolev spaces, we have

gj| <

—

| (i@

Jl

- :j:z:i gd’s (1 T |DC|5—2) Sd,s (1 + ’Da‘s—2> gd,s (1 + |Oé|s—1)

Note that the same property holds also if o depends on (.

Proof of Theorem . The perturbation (C, — )0, is Téplitz since 9, acts only on
the space, I is Toplitz and

(Ca)k = (em))k—k’ = (eij/aw_j)x)z—w '

Therefore, for Lemma 3.1.2 reduce (15) is equivalent to diagonalize the operator
W Op + Opaz + (Co — DI,V .
From Lemma 3.3.1 we have
| A7, <2770 2 |alg 0501, 1) AT S0a 27700l gy +Ks(L+ [alZar0)

Then the operator P satisfies the hypothesis of the Theorems 5 and 6 so we there exists a
list {AéOO)}kezd € C defined in (2.1.4) such that in this set C the Toplitz in time operator
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P associated to the operator (3.3.2) is conjugated to Ay = diagk)\,(fo).

By the Corollary 2.1.7 we have that
(c0)

J

A — i =i

Thus we are in the setting of the Section 3.2.3 with m = 0. Therefore, also in this case
the set C is not empty. O
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Appendix A

Technical results and useful tools

In this Chapter we collect the proofs of technical results and some useful tools.

A.1 Proof of Proposition 1.1.9

Let s > 0. Since H*® is a subspace of H® = (2, denoting by e, k € Z the standard
orthonormal basis of £2, namely e*) = (...,0,1,0,...), we have that the standard basis
of H®, is

eFs) = (1..,0,(k)7%,0,...) = D7%e®)

where D? is the infinite matrix
D? .= diag, (k)® .

If + € H*® has (*>-coordinates z = (z3), namely = = 3, zxe®), its H*-coordinates are

70 = (ﬁvfj))kez, namely
r =D 536 = Z :E](:)e(k’s) )
k

Note that #(8) € ¢2 and?
|lz|s = |£)]o . (A.1.1)

Let s > 0 and consider a bounded linear operator A € L(H*®, H*). Since H® and H*
are subspace of 2 = H, we can represent A as an infinite matrix? A = (Agl)hk/ez in the
(?-coordinates, namely, if z € H® and y € H® with (?-coordinates = = (z/), y = (),
and y = Az, then y, = >/ A,’:’xk/. On the other hand, using the coordinates of H® and
H®, namely writing = D~*2() and y = D=5 we get, by y = Ax, that

g(s) = A3 , where A:=D¥AD™*® ¢ ﬁ(Hoa HO) .

!This is the usual isometry between the separable Hilbert space H*® and H := /2.
2With abuse of notation we denote by A both the operator and its ¢?-representation by the infinite
matrix A = (AF).
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In particular

[Alls.s = [|Allo,0 (A.1.2)
since by (A.1.1) (used with s and s’)
|Alls,ss = sup |Az|y = sup [AD™ SA(S)\ = sup |AD3306)|g = sup \121:%(5)]0: HAHO,O-
|z|s=1 |2(2)|o=1 () [o=1 |2(8)|o=1

We immediately have that, for every A,

—

0A) =04, (4 =(4). (A.1.3)
Lemma A.1.1. If M,05M € £L(H®, H) for every 1 < m < d, and
= [d/2] +1,
then M € M(H°, H®) (i.e. M € L(H°, H®)) and

|Mloo < [Mlloo+ ca Y 1195Mlloo-
1<m<d

Then Proposition 1.1.9 is a direct consequence of (A.1.2), (A.1.3) and Lemma A.1.1
(applied with M := A). Indeed we have

Alss = 1Allss = 1 Aloo = |4lop < |Aloo + ca Y 0mAloo
1<m<d
= Allse + ca > | 3 Ao =Alls,s + ca Y 05 A]ss -
1<m<d 1<m<d
It remains to prove Lemma A.1.1. We first note that
SOIME, Y IME] < (Moo + ca Y 105 M]loo =: p, (A.1.4)
% k 1<m<d
for a suitable c¢qy > 1. Fix k' € Z%; let us split
Zy Fl=|MF|+ S+ So+...+ 54, (A.1.5)
where S, 1 <n <d, is the sum over k1, ..., kg € Z such that n — d indexes are equal to

the respective k‘; and the other d are different; for example one of the addenda of .5, is

D e D MGy

Ak, knk,
where, for brevity, k := (ki,...,ky) and & := (K415 -+ -, kyy). Denoting
= ld/2)+1,
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we estimate this the term?® as, by Cauchy-Schwarz inequality,

Z Z |Mkk'|: Z ‘M(kk,k/ A Z |Mkk/)|1/n

ki#k,  kn#kl, k1K kn#k!,
B LY, B K1/
w B kllwn Fn kY, |k”_k4“ﬁ/n
1/2 1/2
Bark! 2/
<\ X || X e
k¢w k1 £k,
1/2 1/2
1 /
- - B rk 2/
Z ’k — k! |26/n Z ‘a M(kk/‘ "
kn#kl, 7T n kn#k!,
1/2
< 30 00N PO P
kiAK,  kn#kl
1/2
B sk 24 ... Baskl |2
<l 3o X (000 g 080 )
k17K kn#ky,
1/2
< e | D 1oPMEP 4+ Y (oM P
kezd kezd

= ca (IO M)e®I + -+ (95 )e®))

IN N

IA

1<m<d

ca (107 M1+

1/2

1/2
-+ 02 o)

ca (1107 Mllog + -+ + 1105 M lo. )
ca Y, 1105M]og,

3The other ones being analogous.
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for" a suitable different constants ¢y > 1. The same estimate holds for the other addenda
in S, and for all the term S,’s. Noting that |M}| < [Me*)|y < [M]|o o, we have proved
(A.1.4) for ", [M}|. The inequality for

YoM = 1M

k' 4

where M7 is the transpose matrix of M, follows similarly noting that || M7]|o0 = || M|lo.0
and that 9(AT) = —(0A)T. This completes the proof of (A.1.4). Let us finish the proof
of Lemma A.1.1. By Cauchy-Schwarz we get

2
M, = M= sw er\asz(ermxk,r) SZ(Z\M§\> (zrww)
k k! Kk’

|zlo=1 ko \ K

(A.1.4)

< Ng;‘Mlngk/P :M;;|Ml§/||$k/|2 < Ng;uk/v :NQ’

proving Lemma A.1.1.

A.2 Proof of the Lemma 1.3.13

Proof. The estimates on U follows by induction on k: recalling that

()" (ad4) B, < 2049 ([(@ALI BL,, +1ALI @B, +1(@"AL | BI, +14L,](0)’B,)

1(0)°(ad 4)BL,, < 20D (1(@)? AL | BL,, +14L,1@)"Bl,,), 1(@dA)Bl, <2141 IBI,

“In order to get the third inequality we have used that for ai1,...an > 0 one has that the product
a, -+ an <MaX1<m<n A < D01 cpney G
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[{a)* (ad A)**1 B], = [{d)"(adA)* (ad AB)], < 2’“(”“)/60! (@°ALJAL, "|adABI,,
+IALIAL, (@) adAB],, +1(a)* Al | AL, '|adAB L)

+ 250 (k(k — DI AL AL (@ AL JadABL,, +| AL |(a)*adABL,)

50

50

< 20k ALT AL A AL BL, +IALIAL, 277 ((0) AL I BI,,
b b k—1

1AL BL,) + 2A(@) AL J AL, (AL Bl +14L1 BL,))

+ 2 k(e - DIALIAL, (@) AL, 2 Al

+ 20D (14,2040 (1) L B,

Bl,,

ol

1AL B, + (@) AL I B, +141,1(0)BL,) )
< 200k (2@ AL AL BL, +1ALLAE 2P (@) AL I BL,, + 1AL (@BL,)

S0
+ 2@ AL AL (1AL I B, +1ALIB LO))

+ k0D (2kz<k —DIALJAE @b AL | B,

+ 20 VAL ()P AL B, + 20T AL | ALl() B,

+ 2004 ) AL I B, + 2001 4L L (0)BL))

50

< 20 (g 4 1) (\I (@ ALIAE I BL,, +1ALIAL () B,

+14@) AL AL BL)
+ 200D (1 DAL AL NP AL BLL, + 141 1) B,

50

A.3 Lipschitz extention Theorem

Theorem 7 (Kirszbraun Theorem). Let E C R™ and f : E — R"™ a Lipschitz function.
Then f can be extended to R™ keeping the Lipschitz constant of the original function.

Remark A.3.1. In the case m =1 one such extension is given by

f(x) := nf (f(y) + Lip(f)lz — yl),

yek

where Lip(f) is the Lipschitz constant of f.
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A.4 Lie exponentiation Formula

Lemma A.4.1. Let’s consider the system

B(t) = ad(A)B(t)
B(0)=B

The solution of this system is e*dA) B It holds that e~ Be? = ¢*UA) B,
Proof. Setting

(N g 3 thad(A)*

k! B

£>0
we see that it totally converges so

d tad(A) d tkad(A)k tk_lad(A)k tad(A)
_ pla B — 73 = 7.8 = d A a B
dt” dtkgo k! kzm (k—1)! ad(A)e

thus by the existence and uniqueness Theorem this is the solution.

A.5 Composition lemma
Let p : R — R? be a 2r—periodic function in W, s > 1, with |p|1.0 < %5. Let
f(z) = x4 p(x). Then:

i. f is invertible, its inverse is f~!(y) = g(y) = y + q(y) where q is 2r—periodic,
q € W**(T4,R?), and |q|s.co < C|p|s.co- More precisely,

lqlL~ = [plree, [Dqlre < 2|Dplpe,

1Dqls—1,00 < 2|Dpls—1,00 -
where the constant C' depends on d, s.

ii. If u € H*(T%, C), then u o f(x) = u(x + p(z)) is also in H*(T¢, C), and, with the
same C as in 1,

luo f(x)ls < C(Juls + ’Dp‘s—l,w‘uh)

(A5.1)
|u © f(x) - u’s < C(’p‘Lm‘u|s+1 + ’p‘s,w‘uh) (A~5-2)
lwo f(2)]7° < C(lul2] + [pI2 S 1ul3 ). (A.5.3)
(A.5.1), (A.5.2), (A.5.3) also hold for uog

The proof can be found in | ] in the Appendix.

*luls,c0 = Z\mgs |D6“|L°°
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