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Abstract

We prove the existence of Cantor families of small amplitude, analytic, linearly
stable quasi-periodic solutions of reversible derivative wave equations.

1. Introduction

An important question in KAM theory for PDEs concerns equations with deriv-
atives in the nonlinearity. Only few results are known, mainly restricted to disper-
sive equations. For Hamiltonian perturbations of KdV, the existence and stability
of quasi-periodic solutions was first proved by Kuksin [18,19] in the late 1990s,
see also Kappeler—Poschel [16]. This approach has been recently extended by Liu—
Yuan [15] for Hamiltonian DNLS and by Zhang et al. [28] for the reversible DNLS
equation iu; + Uxx + |uX|2u =0.

The derivative nonlinear wave equation (DNLW), which is not dispersive, is
excluded by these approaches (for semilinear wave equations see [5,7,9,19,21,27]).
The existence of periodic solutions (without stability) for the derivative Klein—
Gordon equation

Vit — Yax + My +y> =0, m>0, xeT:=R/277Z, (1.1)

was first proved by Bourgain in [8], extending the approach of Craig—Wayne in
[11]. Then Craig [10] focused on the natural question of establishing similar results
for more general derivative wave equations

Yir— Yxx +my = g(X, Y, ¥x, ¥r), x€T, (1.2)
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asking, for example, if vy —yxx = yf( possesses periodic solutions, see [ 10, section
7.3].
In [3] we recently extended KAM theory for the Hamiltonian model

YZt_YXX+mY+f(DY):07 Hl>0, D = _8xx+m» xeT.

These kinds of pseudo-differential equations were introduced by Bourgain [7] and
Craig [10] as models to study the effect of derivatives versus dispersive phenomena.
Clearly [3] does not apply to the derivative wave equations (1.2), which are not
Hamiltonian.

In order to prove the existence of periodic/quasi-periodic solutions for (1.2),
conditions on the nonlinearity g have to be necessarily imposed. For example, (1.2)
with the nonlinear friction term g = y,3 has no nontrivial smooth periodic/quasi-
periodic solutions, see Proposition 1.1. This case may be ruled out by assuming the
reversibility condition

8(X, ¥V, ¥Yx, —V) = g(X, Y, ¥x, V) (1.3)

satisfied, for example, by (1.1). Under condition (1.3) Equation (1.2) is time-
reversible, namely the associated first order system

Vi =V, Vi =yxx —my+g(x,V,vx, V) (1.4)
is reversible with respect to the involution
S, v) = (v, —v), S$*=1. (1.5)

For finite-dimensional systems it is known (since Moser [20]) that reversibility
may replace the Hamiltonian structure in order to allow the existence of quasi-
periodic solutions, see also Arnold [1] and Sevryuk [26]. However, for (1.2) it
is not sufficient. For example vy — yxx = yf{ is time reversible but it has no
smooth periodic/quasi-periodic solutions except the constants (in Proposition 1.1
we exhibit more general time-reversible nonlinearities for which DNLW has only
trivial quasi-periodic solutions). In order to find quasi-periodic solutions we also
require the “space-reversibility” assumption

g(_x7 Y, —¥Yx; V) = g(Xv Y, ¥Yx» V) (1'6)

which rules out nonlinearities like yi, yf(, .... Actually, condition (1.6) is as nat-
ural as (1.3). Indeed, for the wave equation (1.2), the role of time and space vari-
ables (¢, x) is highly symmetric, and, considering x “as time” (spatial dynamics
idea) (1.6) is nothing but the corresponding reversibility condition and terms like
yi, yf;, ... are frictions.

In this paper we prove the existence and stability of analytic quasi-periodic
solutions for derivative wave equations (1.2) satisfying (1.3), (1.6), see Theorem 1.1.
By the above considerations, this is a very natural class of DNLW equations which
may admit quasi-periodic solutions. After Theorem 1.1 we shall further comment
on the assumptions. These results were presented in the note [4].
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Before describing our main results, we mention the classical bifurcation theo-
rems of Rabinowitz [24] about periodic solutions (with period T € 7w Q) of dissi-
pative forced derivative wave equations

Vit — Yxx + 0y +eF (%, 1, Y, V%, v:) =0, xe€l[0,m]

with Dirichlet boundary conditions, and in [25] with a fully-non-linear forcing term
F =F(x,t,y,¥x, Y. Yit> Yix» Yxx). Note that for forced PDEs the nonlinearity
does not need to be reversible or Hamiltonian.

1.1. Main Results

We consider derivative wave equations (1.2) where m > 0, the nonlinearity
g:TxU — R, U C R? open neighborhood of 0, is real analytic and satisfies the
assumptions (1.3), (1.6). We require g to vanish at least quadratically at (v, yx, v) =
(0, 0, 0), namely

8(x,0,0,0) = (0,8)(x%,0,0,0) = (dy,8)(x%,0,0,0) = (9,8)(x,0,0,0) =0.

Because of (1.3), it is natural to look for “reversible” solutions, namely those such
that y (¢, x) is even and v(z, x) is odd in time, and, because of (1.6), it is natural
to restrict things to solutions for which x is even (standing waves). Hence we look
for quasi-periodic solutions of (1.2) satisfying

v(t,x) =vy(t, —x), Vt, vy(—t,x)=vy(t,x), VxeT. (L.7)

For every finite choice of the tangential sites T+ C N\ {0}, the linear Klein-Gordon
equation
Vir—Yxx +my =0, xeT, (1.8)

possesses the family of quasi-periodic standing wave solutions

v = Zjez+,/8gj ,\;1 cos(Aj 1) cos(jx), Aji=,/j2+m, (1.9)

parametrized by the “actions” &; € R, and with linear frequencies of oscillations
W= ()‘j)jeI*'-

In order to continue such solutions for the nonlinear equation (1.2)—as it is
well known in KAM theory—the leading term of the nonlinearity g has to satisfy
some non-degeneracy condition so that the “action-to-frequency” map “twists”.
For definiteness, we have focused on nonlinearities

= >
g= @, v v) + g5 % v v V1) (1.10)
with the cubic leading term
¢ =y + vy tiayyE, ki, k2, k3 € R, (1.11)

and g@5) collects terms of order at least five in (v, vy, v;). We assume the non-
degeneracy condition

K1+ (k2 +Kk3)i% +Kk3m #£0, VieI . (1.12)
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Note that, for each m > 0, condition (1.12) is verified for all the (k1, k2, k3) € R3
outside finitely many hyperplanes, for example for each (k1, k2, k3) 7% 0 with non
negative components ; = 0, j = 1,2, 3.

Fix a compact interval [m;, my] C (0, c0) and assume that the mass m €
[m;, m;] satisfies the finitely many non-resonance conditions

o ﬂ:k;l)4@, x;‘45) ¢ 2n—1)Z"*\{0}, Vi, j e N\Z",i, j < Cp, (1.13)

where @ := (Ap)pez+, An = ~/h% +m, n is twice the cardinality of ZT, and Cy
is a suitably large constant depending on my, my, Z". Note that, for a given set
It of tangential sites, condition (1.13) is verified, by analiticity, for all the masses
m € [mp, my] except finitely many (and independently of k1, k2, k3).

Theorem 1.1. Assume that the tangential sites T+ C N\ {0}, the mass m €
[my, ma] and k1, k2, k3 € R satisfy (1.12), (1.13). Then the DNLW equation (1.2)
with a real analytic nonlinearity satisfying (1.3), (1.6), (1.10)—(1.11) admits small-
amplitude, analytic (both in t and x), quasi-periodic solutions

=2 oV cos@F () N eos(x) +o(E) of¥(E) 2 /2 +m

(1.14)
satisfying (1.7), for a Cantor-like set of parameters with density 1 at &€ = 0. The
quasi-periodic solutions have zero Lyapunov exponents and the linearized equa-
tions can be reduced to constant coefficients (in a phase space of functions even in
x). The term o(\/€) in (1.14) is small in some analytic norm.

Let us comment on the hypothesis of Theorem 1.1.

1. Reversibility in time and space. The assumptions (1.3), (1.6), are natural

conditions for the existence of quasi-periodic solutions of (1.2), because they
imply the reversibility assumption of Moser [20] on the subspace of functions
even in x (which does not follow by requiring only one of them), and so they
allow solution of the homological equations along the KAM proof. Terms like
v&,y? with p odd, destroy the oscillations of the Birkhoff normal form and
produce drifts of the actions incompatible with the existence of quasi-periodic
solutions. Proposition 1.1 proves rigorously these non existence results using
suitable Lyapunov functions, for which terms like v2 and y,” act as friction
terms. This shows the role of condition (1.6). As an example, the nonlinearity
g =vy> + vy, satisfies all the conditions (1.3), (1.10), (1.11) (and (1.12) holds
for each ZT), but not (1.6), and non trivial quasi periodic solutions of (1.2) do
not exist.
Thanks to (1.6) we can restrict things to solutions which are even in x and this
simplifies the KAM proof because the normal form (4.1) is diagonal. How-
ever, as said above, the main reason to assume (1.3) + (1.6) is that they im-
ply the reversibility with respect to the involution used in Moser [20] (see
(1.32), (1.33)). This does not follow, for example, by (1.3) and the condi-
tion g(—x, —Y, ¥x, V) = —g(X, ¥, ¥x, v) for which the subspace of functions
(v, v)(x) odd in x is invariant (Dirichlet boundary conditions). One could pos-
sibly also deal with other nonlinearities using the involution (y(x), v(x)) +>
(y(—x), —v(—x)), which implies the Moser reversibility as well.
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2. Mass m > 0. Also the assumption on the mass m # 0 is natural. When m = 0,
Proposition 1.2 proves that (1.1) has no smooth solutions for all times except
the constants. In Proposition 1.3 we prove other non-existence results of quasi-
periodic solutions for DNLW equations satisfying both (1.3), (1.6), but with
mass m = 0.

3. Twist. The term g(:3) (v, vx, v) in (1.11) is the most general cubic nonlinearity
which satisfies (1.3), (1.6) and which is x-independent. Proposition 1.1 proves
that for yg’(, vy, V2, there exist no non-trivial quasi-periodic solutions of (1.2).
In (1.10) the leading term g =3 could also depend explicitly on x and the higher
order nonlinearities have order four, see Remark 7.1.

4. x-dependence. The nonlinearity g in (1.2) may explicitly depend on the space
variable x. This is a novelty with respect to [3] which used the conservation of
momentum, see comments below.

5. Derivative vs quasi-linear NLW. Klainermann—Majda [17] exhibited a class of
quasi-linear wave equations which do not have smooth periodic (a fortiori quasi-
periodic) solutions except for the constants. In this respect [17] may suggest
that Theorem 1.1 is optimal regarding the order of (integer) derivatives in the
nonlinearity.

The proof of Theorem 1.1 is based on a KAM theorem (see Theorem 4.1)
whose key step is, like in [3], to prove the first order asymptotic expansion of the
perturbed normal frequencies of the linearized equations along the iteration, see
(4.10). This enables us to verify the well known second order Melnikov conditions
which allow us to reduce the KAM normal form to constant coefficients. Unlike
the case where g does not depend on the derivatives y;, v, this expansion requires
hard work. This is achieved by the notion of a quasi-Toplitz vector field introduced
in Section 3. This class is closed with respect to Lie brackets and Lie transform
(Propositions 3.1-3.2). This concept is clearly modelled on the Hamiltonian case
in [3,23], and it is related to the Toplitz—Lipschitz functions in Eliasson—Kuksin
[12,13] (see also [14]), but there are differences. Actually this notion appears natural
for vector fields. We underline two main novelties:

1. As already said, here we consider the general case of x-dependent nonlinearities
which break the translation invariance. In [3], and [22,23], the theory of quasi-
Toplitz functions was developed for x-independent nonlinearities; namely it
relied on the conservation of momentum. This property was used in essential
ways, for example in order to prove that the class of quasi-Toplitz functions is
closed under a Poisson-bracket. A point of conceptual interest in this paper is
that we also show how to use efficiently the notion of momentum when this
is not a conserved quantity. Monomial vector fields with a large momentum
should be less and less relevant for dynamics. This is efficiently implemented
by the introduction of the a-momentum norm (Definition 2.3) which penalizes
the high momentum monomials, see (2.24). This allows us to neglect in Propo-
sition 3.1 the high momentum monomial vector fields, by slightly decreasing
the parameter a. With this new idea the theory of quasi-Toplitz vector fields is
obtained similarly to [3].



910 MASSIMILIANO BERTI, LUcA Biasco & MICHELA PROCESI

2. Another point of conceptual interest is to use the notion of momentum working
in a subspace (here of even functions). Until now it was not clear how to proceed,
see the end of Section 1.2. In this paper this is achieved by the symmetrization
procedure described in Section 5.1. The key observation is that the quasi-Toplitz
norm does not increase under symmetrization, Proposition 5.2.

We will add some more technical comments about the proof in Section 1.2.
Now we complement Theorem 1.1 with some non-existence results.

Proposition 1.1. Ler p € N be odd. The DNLW equations (1.2) with

Dg=vl+f), (i) g=0"+ fy), (i)g=v"+ fy) (1.15)

have no smooth quasi-periodic solutions except trivial periodic solutions y(t, x) =
c(t) for (i), (ii) and y (t, x) = c(x) for (iii), respectively. If f = Othenc(-) = const.

Proof. The function M := fT Yx ¥r dx is a Lyapunov function of (1.15)-(i) since

d
—M= [ yPttdx > 0.
dr T

Hence M strictly increases along the solutions unless v« (¢, x) = 0, V¢, namely
v(t,x) = c(t). Case (ii) is similar. A Lyapunov function of (1.15)-(iii) is H :=

2
fTVTZ"‘yTX—F(Y)dXWhereF/:f_ -

The mass term my could be necessary to have the existence of quasi-periodic
solutions.

Proposition 1.2. The DNLW equation

Vi — Vix =7, x€T, (1.16)
has no smooth solutions defined for all times except the constants.
Proof. We decompose the solution y (¢, x) = yo(t) + v(t, x) where yg := fT

v(t,x)dx and ¥ := y — yo has zero average in x. Then, projecting (1.16) on the
constants, we get

x;;o=/y%dx=/<yo+§/t>2dx=yé+zyo/9zdx+/9%dx=y%
T T T T
+/§zfdxgy§. 1.17)
T

Hence v := vy satisfies v = v(z), which blows up unless vg = 0. But, in this
case, (1.17) implies that y; (¢, x) = 0, Vx. Hence y (¢, x) = y(x) and (1.16) (and
x € T) imply that y(t, x) = const. O

The above non-existence result may be generalized as follows:
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Proposition 1.3. Let p, g € N be even. Then the derivative NLW equations
Vit —Yax =Yh.  Yu—Yax =Y(» Yu—Ym=Yh+v{, xeT, (1.18)
have no smooth periodic/quasi-periodic solutions except the constants.

Proof. If there exists a periodic solution (y (¢, x), v(f, x)) of the first equation,
with period 7', then

T T
/ /(YII_YXX)dthZOZ/ /yf:(t,x)dxdz.
o JT o Jr

Hence, Vt € [0, T], yx(t,x) = 0,Vx € T, that is y(¢,x) = c(¢). Inserting in
(1.18) we get ¢;(t) = 0 and its only periodic solutions are c(t) = const. For
quasi-periodic solutions the argument is the same. The other equations can be
treated analogously. O

1.2. About the Proof of Theorem 1.1

Complex formulation. In the unknowns

1 1
ut = —(Dy—iv), u = —=(Dy+iv), D:=/—d+m, i:=+/—1,
V2 V2

systems (1.4) becomes the first order system

u;r =iDuT +igu™,u"), u, = —iDu~ — ig™, u") (1.19)
where
1 ut +u~ uf +uZ\ u= —ut
gutu")=—— (x, D! (—) , D! ( X __x ) ) :
¢ NG 72 T

Since g is real on real, the subspace R := {u_+ = u~ } is invariant under the flow
evolution of (1.19). Clearly, this corresponds to real valued solutions (v, v) of (1.4).
By (1.6) the subspace of even functions

Ei={ut () =ut(—x), u” () =u"(-x)} (1.21)
is invariant. Moreover (1.19) is reversible with respect to the involution
Swhu)=@w ,ut) (1.22)

which is nothing but (1.5) in the variables (™, u™).
Dynamical systems formulation. We introduce coordinates by Fourier transform

+ _ + ijx - _ — . —ijx
ut = ZjeZuj elx oy = ZjeZuj e 1%, (1.23)
Then (1.19) becomes the infinite dimensional dynamical system

u/+ = i)»ju;.r +igj(...,u;{, Uy .., u; = —i)»ju; — ig;(...,u;{, Up ..,
(1.24)
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Vj € Z, where 1 := / j> + m are the eigenvalues of D and

1 1 N .
- + Lihx — —ihx) ,—ijx - ot
g] 2 Jr g (ZheZuh e Zhezuh ¢ ) € dx, g] . g_]~
(1.25)

By (1.23), the “real” subset R reads E = u; (this is the motivation for the choice
of the signs in (1.23)). The invariant subspace E of even functions in (1.21) reads,
under Fourier transform,

B (O
E:= {uj —ut, u; = uT V) ez}. (1.26)

By (1.23) the involution (1.22) reads
s:(uj,u;)—> (u:j,utj), VjeZ (1.27)
Finally, since g is real analytic, the assumptions (1.3) and (1.6) imply the important

property

oo utur

,U; 5 ...) has real Taylor coefficients in (u;r, u; ). (1.28)

This property is compatible with an oscillatory behavior for (1.24), excluding fric-
tion phenomena.

Abstract KAM theorem. For every choice of the symmetric tangential sites
I=7I"U(-Z") with Z* c N\ {0}, 7 =n, (1.29)
we introduce (after the Birkhoff normal form of Section 7), action-angle variables
= VB, g = e e, e,
whuy)=(F ) =% j ¢ T, (1.30)

where |y;| < &;. Then (1.24) is conjugated to a parameter dependent family of
vector fields (as in Section 4)
X =N+P (1.31)

with a normal form N as in (4.1), (4.2), and a perturbation P as in (4.3) which
satisfies (A1)—(A4). In particular the vector field (1.31) is

1. REVERSIBLE (Definition 2.5) with respect to the involution
Sty 2 ) (—x_jy_j i), Vi €Z, $P=1, (1.32)

which is nothing but (1.27) in the variables (1.30).
2. REAL-COEFFICIENTS (Definition 2.6), by (1.28).
3. EVEN. The vector field P : E — E and so the subspace

E={xj=x_j,yj=y-j, je€T, zj=2-j,2j=2-j, j €L\TI}
(1.33)
is invariant under the flow evolution of (1.31).
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4. Quasl-TopLiTz. The perturbation P is a quasi-Toplitz vector field, Defini-
tion 3.4.

The reversibility property (1.32) on the subspace E in (1.33) implies that the average
of the term P (x, 0, 0, 0) is zero (because P (x, 0, 0, 0) is an odd function in x)
along the whole iteration, otherwise quasi-periodic solutions would not exist. Note
that we use both (1.3) and (1.6) for the solvability of the homological equations
in Lemma 5.1. Then the “real-coefficients” property implies that the corrections to
the normal form are purely imaginary (elliptic).

Quasi-Toplitz property. The second order Melnikov non resonance conditions are
verified proving that the elliptic frequencies (after the application of the KAM The-
orem 4.1) satisfy an asymptotic expansion like Q?"(S) =|jl4+cE)+0/|j]),see
(4.10) and (4.4). Indeed, since c(£) is independent of j, it cancels in the difference
Q;?O(é ) — 27°(£) and the measure estimates follow as in the semilinear case (see
[21]), where c(§) = 0. We only state them in Theorem 4.2, whose proof is like that
in [3].

The KAM corrections to the frequencies are the coefficients of the linear mono-
mial vector fields z; 8Zj V2 85/. of the perturbation P, and we want to show that, for
|jl > N, they assume a constant value up to an error of O(N~1). Since we need
to work with a class of vector fields fulfilling the Lie algebra property, we cannot
clearly impose conditions only on these diagonal terms, but we have to consider
a larger set of vector fields which are only approximately x-independent, linear
and diagonal (and y-independent). The quasi-Toplitz vector fields introduced in
Section 3 fulfill quantitatively these requirements, see the comments above Defin-
ition 3.2.

The symmetrization procedure. In the subspace of functions even in x the notion
of MOMENTUM of a monomial is not well defined. For example the vector fields
7 j0;; and z;d;,, that have DIFFERENT momentum, are identified. In other words we
can NoT work directly in the cosine basis {cos(j x)}j >0 which would be natural,
looking for solutions even in x (avoiding the double eigenvalues).

Then we proceed as follows. In system (1.31) we think of x ;, y;, zf, asindepen-
dent variables. In this case, since the linear frequencies w_; = w; , 2 ; = Q; are
resonant, along the KAM iteration, the monomial vector fields of the perturbation

ik-x ik-x i n . . ik-x ik-x =
e ax_/.,e y 8},_/,k € ZLygq il =0,1, jel, e zijazj,e zijiig_j,
n .
Vk e Zly. j € Z\T,

where
kGngd = {kEZ" s k_j = —kj, Vjej} (1.34)

cannot be averaged out. On the other hand, on the invariant subspace E, where we
look for the quasi-periodic solutions, the above terms can be replaced by the constant

coefficients monomial vector fields, obtained by setting x_; = xj, 7t = 7T

- J
Replacing the vector field P with its symmetrized SP (Definition 5.2) the a-
momentum and quasi-Toplitz norms do not increase (Proposition 5.2). Both P and

SP determine the same dynamics on the subspace E (Proposition 5.1). The vector



914 MASSIMILIANO BERTI, LUcA Biasco & MICHELA PROCESI

field SP is symmetric and reversible as well (see (5.22)), and the homological
equations (5.21) can be solved, see Lemma 5.1. This procedure allows the KAM
iteration to be carried out. Remark 5.1 shows that the symmetrization procedure is
required at each KAM step.

In Section 7 we finally apply the abstract KAM Theorem 4.1 to prove Theo-
rem 1.1. The main steps are the proof that the vector field of g is quasi-Toplitz
(Lemma 7.1), that the Birkhoff normal form transformation preserves the quasi-
Toplitz property (Proposition 7.1) and that the frequency-to-action map is twist,
see (7.32), (7.34).

2. Vector Fields Formalism

We introduce the main properties of the vector fields used throughout the paper
(commutators, momentum, norms, reversibility, degree,...). We shall refer often to
section 2 of [3]. The first difference with respect to [3] is that we have to work at
the level of vector fields and not of functions (Hamiltonians).

For a finite set Z C Z (possibly empty) and a = 0, p > 1/2, we define the
Hilbert space

67 == lehienz 5 € C ¢ 2, =3 1P < ool
2.1
that, when Z = (J, we denote more simply by £4°7. Let n be the cardinality of Z. We
consider V := C" x C" x K%’p X Eaz‘p (denoted by E in [3]) with (s, r)-weighted
norm

IXloo | IYl1 | lzllap | llZlla,p
=k P
r r

v=(x,y,z,2) €V, |vls,= 2.2)

where 0 < 5,7 < 1, and |x|oo := maxj=1,__» x|, [¥]1 := D p_;Vnl.
Note that z and z are independent variables. We shall also use the notation
7 =zj,z; =Zj,and
V= {xl,...,xn,y],...,yn,...,zj,...,Zj,...}, jeZ\T. 2.3)
As phase space, we consider the toroidal domain

D(s,r):=T{ x D(r) :==T¢ x B2 X B, x B, CV 2.4)

where T{ = {x € C" : Re(x) € T" := 2aR"/Z", max;—1,. » [Imx,| <
s},Bo :={y € C" : |y|; < r*}and B, C Eaz’p is the open ball of radius r
centered at zero. If n = 0 then D(s,r) = B, x B, C £%P x (%P,

We also introduce the “real” phase space

Rs,r) = fv=(r,y,25,27) € DGs.r) 1 1 €T, ye R, ZF =27} @5)

where z 7t is the complex conjugate of zT.
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We consider vector fields of the form
X@) = (XD w), XY @), XD ), xOw) eV (2.6)

where v € D(s, r) and X® (v), X (v) € C", XD (), XO(v) € E%’p. We also
use the differential geometry notation

X@) =XD0, + X9y + XDo, + XD =" xVa,, 27
v

recall (2.3). Equivalently we write X (v) = (X ™ (v))yey Where each component is
a formal scalar power series

XV = z X,EVl)aﬂ elkxyizazh (2.8)
(k... p)el

with coefficients X,((Vl) wp € C and multi-indices in
[:=7" x N* x N&\D  NZ\D) (2.9)
where NZ\D) .= (g := (@))jen\T € NZ with |«| := ZjeZ\Iaj < 4o0}. In (2.8)

we use the standard multi-indices notation zz# := ;.77 2’ .

The formal vector field X is absolutely convergent in V (with norm (2.2)) at
v € D(s,r) if every component X)(v), v € V, is absolutely convergent and
XY @)vevlls,r < +o0.

Definition 2.1. (Monomial vector field) A monomial vector field is
Mp i piv (V) = Meia g0y where  mpiap) = e*yz%2F  (2.10)
is a scalar monomial.

A vector field X may be decomposed as a formal series of vector field monomials
Xy = > X, ek yizFa,. @.11)
VEV (k,i,a,B)el

For a subset of indices / C I x V we define the projection

X)W = > X0,z 22, (2.12)
(ki o, Bv)El
The commutator (or Lie bracket) of two vector fieldsis [ X, Y](v) := dX (v)[Y (v)]—
dY (v)[X (v)], namely, its v-component is
V) — XMy gy ()
X, Y]V = Zv/evav XMy Ay Y x ), (2.13)
Given a vector field X, its transformed field under the time 1 flow generated by Y
is
1
ad _ k R
eddr x — Z@madyx, ady X = [X, Y], (2.14)

where ad’l‘, = ad]ff]ady and ad(} = 1d.
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2.1. Momentum Majorant Norm

Fix a set of indices
Z:={31,...,3n} CZ. (2.15)

Definition 2.2. The MOMENTUM of the vector field monomial my ; ¢ g;v is

v |k, B) if ve{xy,...,xu Y1,-vs Yu}
(k. . V) = [n(k,a,ﬂ)—aj if v=27. 0=4% (2.16)
where
no, .
mk, e )= diki+ 2, @ =B (2.17)

is the momentum of the scalar monomial my ; o g(v).

We say that a vector field X satisfies momentum conservation if and only if it
is a linear combination of monomial vector fields with zero momentum.

Let a = 0. Given a vector field X as in (2.11) we define its “a-momentum
majorant” vector field

MaX)() =D D7 elmbellgn ek ryizezfa,  218)
VEV (k,i,a,p)el

where 7 (k, o, B; v) is the momentum of the monomial my ; o .v defined in (2.16).
When a = 0 we simply write M X instead of MyX, which coincides with the
majorant vector field in [3, section 2.1.2].

Definition 2.3. (a-momentum majorant-norm) The a-momentum majorant norm
of a formal vector field X as in (2.11) is

IXlsra = sup D ealrka Bl ) ey 2

5L
(,2,2)€D(r) i
kiia,B veVlils,r

(2.19)

where |k| := |k|; = |k1| + - - - + |k,|. For a function f : D(s,r) — C it reduces
© 1 flls,ra = SUPp(y g iap € P ficiaples ™Iy 1121127,

When a = 0 the norm || - ||5,0 coincides with the “majorant norm” introduced
in [3]-Definition 2.6 (where it was simply denoted by || - ||5.). By (2.19) and (2.18)
we get | X|ls.r.a = IMaX|ls.r0-

Remark 2.1. By the above relation, the norm || - |5, 5 satisfies the same properties
of the majorant norm || - ||5.0 and the next lemmas for the norm || - ||5,. o follow

by the analogous lemmas in [3] for || - ||5,r0-

Let [X|s.r := SUPyep(s.r X ()5, Arguing as for Lemma 2.11 in [3] we get
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Lemma 2.1. Assume that for some s,r > 0,a = 0, the a-momentum majorant-
norm || X ||s,r.a < +00. Then the series in (2.11), resp. (2.18), absolutely converge
to the analytic vector field X (v), resp. My X (v), for every v € D(s, r). Moreover
| X5, IMaXs.r = 1 X512

Foravector field X : D(s, r) x O — V depending on parameters £ € O C R”,
we define the A-Lipschitz (momentum majorant) norm (A = 0)

i
XU} 0 = 1X15 0 = XI5 ra0 + X" o

X - X s,r,a
= sup X (€)ls,sa + IX©) = Xlls.r

£ecO £ne0, £#£n 1§ —nl
(2.20)
and we set
Vi =V 0={X:Ds.rxO0—>V :|X[},,<oo}.

Similarly, we denote by Vs , 5 the linear space of vector fields with || X[ a2 < 00.
Note that, if X is independent of £, then ||X||b ra = 1 Xlls.r.as VA

It is easy to check that the || - |* = _ norm behaves well under projections (2.12):

s,r,a

Lemma 2.2. (Projection) VI C I x V we have |I1;X|sra S | X|s.ra and
i li
1T X550 S XI55 a-

Important particular cases are the “ultraviolet” projection

Mz O = D7 X5y 20 Mygeg = 1d — Mg
k| ZK i f
(2.21)
and the “high momentum” projection
Mk O = > X ey 220, Migog = 1d—T >
|7 ke, Biv)| 2K
(2.22)

By (2.19) the following smoothing estimates follow:
Lemma 2.3. (Smoothing) VK = 1 and A = 0

VO<s < (2.23)

s,r,a’

A s oK
M2k XI5 e < < e OUXIS

I 2k XN, 0 S e X0 X2 Vo<a <a  (2.24)

s,r,a’

The space of analytic vector fields with finite a-momentum majorant norm form
a Lie algebra.

Proposition 2.1. (Commutator) Let X, Y € V}, .. Then, for . = 0,r/2 < r' <
r,s/2 <s <,
s/ r/
whereé::min[l——,l—— .
s r

(2.25)

X, Y%, <2281 x|

sri,a = sra”Y”sra
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Proof. We say that a vector field X has momentum 7 (X) = A if it is an absolutely
convergent series of monomial vector fields of momentum 4. It results that, if X, ¥
have momentum 7 (X), 7 (Y), respectively, then 7w ([ X, Y]) = n(X) + 7 (Y). Then
the proof of [[[X, Y]lly., o < 223871 X |I5.r.all Y |Is.r.2 follows as in [3, Lemma
2.15]. The Lipschitz estimate follows as usual. O

2.2. Degree Decomposition
The degree of the monomial vector field my ; o g.v is defined as

0 if ve{x;,...,x,}

d(Wy 0 p:0) = lil + ] + ] = d(v) where d(v) :=[1 horis

in particular d(dy) = 0,d(dy) = d(9;;) = d(3z;) = —1. This notion naturally
extends to any vector field by monomial decomposition: we say that a vector field
has degree 4 if it is an absolutely convergent series of monomial vector fields of
degree h.

The degree d gives to the vector fields the structure of a graded Lie algebra:
given two vector fields X, Y of degree respectively d(X) and d(Y), then

d([X,Y]) =d(X)+4d(Y). (2.26)

For a vector field X as in (2.11) we define the homogeneous component of degree
[ eN,

x0.:=nVx = > x L petyite, @2

lil+He|+IBl—d(v)=]
and we set -
x=0:= x4+ x©. (2.28)

Definition 2.4. We denote by RZ0 the vector fields with degree < 0. Using the
compact notation u := (y, z, z) = (y, zT, z7), a vector field in Réo writes

R=R0 = REVL RO RED — RU()a,, RO = R¥(x)d, + R™"(x)u 8y,

(2.29)
where R*(x) € C", R" € C" x 2" x £2", R™"(x) € L(C" x 3" x £7").
In more extended notation

R"(x)dy = RY(x)dy + R*(x)d, + R*(x)d;
R*()udy = (R (0)y + R ()2 + R (0z) 0

+ (R”(x)y + R *(x)z + RZ’Z(X)E) 0;
+ (Rz’y(x)y + R¥¥(x)z + R“(x)Z) 9z. (2.30)

The terms of the vector field that we want to eliminate (or normalize) along the
KAM iteration are those in R=C. The graded Lie algebra property (2.26) implies
that R=0 is closed by Lie bracket:

Lemma 2.4. [f X, Y € R0 then [X, Y] € R0
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2.3. Reversible, Real-Coefficients, Real-on-real, Even, Vector Fields

We first define the class of reversible/anti-reversible vector fields (this concept
was efficiently used in [6] for finding Birkhoff-Lewis periodic solutions of NLW).

Definition 2.5. (Reversibility) A vector field X as in (2.6) is REVERSIBLE with re-
spect to an involution S (namely S = I)if X 0 § = —S o X. A vector field Y is
ANTI-REVERSIBLE if Y 0 S = So Y.

When the set Z is symmetric as in (1.29) and § is the involution in (1.32), a
vector field X is reversible if its coefficients (see (2.8)) satisfy

if v=x;, jeT,

—k’Zﬁf
(v) _ (v) . . — . .
X iap = X ki ba if v=y;, jel, (2.31)
Z9) . .
_X—lé,i,,é,a if v =1zj, JEZ\T

where

k= (k) jer, 1= (i—))jez, B = B-j)jer\z» @ = (@—)) jer\T
b= (v_))jez- (2.32)

Definition 2.6. A vector field X = X™3, + X®3, + X&Dg_. + XE g, is
e “REAL-COEFFICIENTS” if the Taylor—Fourier coefficients of X, iX® ix ",
iX© are real,

“ANTI-REAL-COEFFICIENTS” if 1X is real-coefficients,

“REAL-ON-REAL” if

X W) = X® @), XV () =X (w), X (v) = X (v), YveR(s,r),

where R(s, ) is defined in (2.5),
e “EVEN’if X : E — E (see (1.33)).

On the coefficients in (2.8) the REAL-ON-REAL condition amounts to

(v)

o X—k_,i,,s,a if vel{xy,...,xn, y1,--., Yn}
Xy = “o (2.33)
Jda,p ;") " .
X—k,i,ﬂ,a it v=7zj,

and the REVERSIBILITY IN SPACE condition to
p=X0 0 (see 232)). (2.34)

Definition 2.7. We denote by

e TRy the vector fields which are reversible, real-coefficients, real-on-real and
even.

e TR,_rey the vector fields which are anti-reversible, anti-real-coefficients, real-
on-real and even.
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<
o RS = Ruew NR and Ra— ey i= Ra—rey N R0

If the vector field X is reversible and Y is anti-reversible then [X, Y] and
ey X (recall (2.14)) are reversible. If X, resp. Y, is real-coefficients, resp. anti-
real-coefficients, then [X, Y], e3dr X are real-coefficients. If X, Y are real-on-real,
then [X, Y], €27 X are real-on-real. If X, Y are even then [X, Y], e®d¥ X are even.
Therefore we get

Lemma 2.5. If X € Riey and Y € Ry_rey then [X, Y], Y X € Ryey.

By (2.27), (2.28) and (2.34) we immediately get (the space E was defined in
(1.33))

Xg=0 = XOg=o. (2.35)

Lemma 2.6. If X|\g = 0 and Y is even then ([X, Y])|g = 0, (eadYX)|E =0.

3. Quasi-Toplitz Vector Fields

Let No € N, 6, 1 € R be parameters such that

1<6,u<6, I2N'+2eN' <1, wei= max |3)| (= 0if T := ),
1SIsn

3.1
where Z := {Jj1, ..., Jan}, see (2.15), and with the three scales

O<b<L<l, (3.2)
see comments before Definition 3.2. In the following we will always take N = Nj.

Definition 3.1. A scalar monomial m(k, i, a, B) = e**yiz%zf is (N, p)-low
momentum if

b _ : L
k| < N®, a+p=y with Zlemum < uNE. (3.3)

An (N, n)-low momentum scalar monomial is (N, w, h)-low if
| (k, o, B) — h| < N°. (3.4)

We denote by .AY r.a(N, ), respectively .Ag r.a(N, u, h), the closure of the vector
space generated by (N, w)-low, resp. (N, w, h)-low, scalar monomials in the norm
| Is.r.a in Definition 2.3.

The projection on A%, _ (N, j1, h) will be denoted by nk Z Note that it is a pro-
jection (see (2.12)) on the subset of indexes I C I sat1sfy1ng (3.3) and (3.4).
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Clearly, the momentum (2.17) of a scalar monomial m(k, i, &, B8), which is
(N, w)-low momentum, satisfies |7 (k, a, B)| < KN}’—i—,uNL,by (3.1),(3.3). Hence
a scalar monomial m(k, i, @, ) may be (N, u, h)-low only if

3.1
] < |7k, o B)] + N* < uNE + (c + DN® 2 N (3.5)

In particular
AL (N, hy =%, VI Z N. (3.6)

We now define the class of (N, 6, w)-linear vector fields. They are linear
combinations of monomial vector fields supported only on the high components
815, |m| > 6N, which are linear in the high variables z,, |n| > 6N, and with

polynomial coefficients in the low variables of degree bounded by uN%, L < 1.
We allow a mild dependence of the coefficients on the low variables because it is
naturally generated by commutators. Finally the momentum and the frequency of
each (N, 6, u)-linear monomial vector field is bounded by N b with b < L. Since
b < 1 these vector fields are approximately x-independent (k| < N?)and diagonal
(Jm| < NP). The three scales 0 < b < L < 1 are “low-high” frequency decom-
position which almost decouples the interaction between the low variables and the
high modes, and it is used in an essential way in the commutator Proposition 3.1.
We denote by e, the multi-index with the n-th component equal to 1 and with all
the others equal to zero.

Definition 3.2. A vector field monomial m(k, i, r, 8; v) is
e (N, w)-low if

|7k, a, B; V)|, k] < N, « + B =y with ZleZ\Il”n <uNE. (37)

e (N, 0, w)-linear if
v=2zg. |mk. o, Bi V)] k| < N°. o + B = e, + y with [m], |n| > ON,

D Iy < uN*. (3.8)
1eZ\T

We denote by Vg7, a(N w), respectively Ls (N, 0, ), the closure in the norm
Il lls.r.a of the vector space generated by the (N, w)-low, respectively (N, 6, u)-
linear, monomial vector fields. The elements of VSLr J(N, p),resp. Lg o (N, 0, p),
are called (N, w)-low, resp (N, 0, w)-linear, vector fields.

The projections on V), A +a(N, ), resp. Ly o(N, 6, ), are denoted by l'IN w
resp. Iy g, .. Explicitly l'IL and Iy, are the projections (see (2.12)) on the
subsets of indexes I C I x V satlsfymg (3.7) and (3.8) respectively.

By (3.8) and (3.3), a (N, 0, w)-linear vector field X has the form

X(v) = > XI(0)z] b where X3 € AL (N, p.om—o'n).

S, r,a
|m|,|n|>6N,o0,0"'==%
(3.9)
By Definition 3.1 and (3.1), the coefficients Xg;f'r'l(v) in (3.9) do not depend on

zj,z; with |j| = 6NL.



922 MASSIMILIANO BERTI, LUcA Biasco & MICHELA PROCESI

Lemma 3.1. Let X € Ly, a2(N, 0, ). Then the coefficients in (3.9) satisfy

X7" =0 if os(m)=—a"s(n) (3.10)

where s(m) := sign(m).

(3.8)

3.1
(3.10) |m| + |n| = 26N N we get AL,

Proof. By (3.6) and |om — o'n|
(N,u,om—o'n)=9%. 0O

Lemma 3.2. Let wy ; o g be a scalar monomial (see (2.10)) such that

a4+ B=:y with Zlez\zum < 12NE. (3.11)

Then

L,om—o'n ’ .
/ nk: (g )) % 0.0 if |m|, |n|>6N
My.6,u (mky,"a,,g ZZ BZ%) = ( N, Jda,p n 929 :
0 otherwise.

Proof. It directly follows by (3.1), (3.4) and (3.8). O

3.1. Toplitz Vector Fields
We define the subclass of (N, 6, w)-linear vector fields which are Toplitz.

Definition 3.3. (Toplitz vector field) A (N, 0, w)-linear vector field X € L, 4
(N, 0, ) is (N, 8, u)-Toplitz if the coefficients in (3.9) have the form

X% = X9, (s(m),om —o'n) for some XJ,(¢,h) € AL, (N, h) (3.12)

o’,n s,r,a

and ¢ € {+, —}, h € Z. We denote by T , o (N, 6, ) the space of the (N, 8, u)-
Toplitz vector fields.

The next lemma is used in the proof of Proposition 3.1.

Lemma 3.3. Let X, Y € T; ;o (N, 0, p) and W € VE, (N, p) with 1 < i, puy <
6. Forall0 <s' <s,0<r' <rand® = 0,u < uone has

HN,G,,[L’[Xv W]e Z’,r’,a(N9 9/1 M/)' (3.13)

If moreover

uNE+ (c + DNP < (0 — )N (3.14)

then
Nye X, Y] € Ty o(N, 60, 1), (3.15)
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PROOF OF (3.13). By definition (recall (3.8)) we have that X™*), X and X @)
vanish if |m| £ ON. Arguing as in (3.5) we have that W3 =0if lj| = wiNE +
(k + 1)N®. Note that only the components [X, W] with v = z% and |m| > 6N
contribute to [Ty ¢ /[ X, W]. Noting that O N > wiNL + (k + 1)N® (by (3.1) and
N = Ny) we have

[X, W](Zﬁ,) — axX(Z‘;l)W(x) + ayx(z;’z)w(y) + Z azjl X(Zfﬂ)W(Zjl).
o1, 1j| < NE+N?
(3.16)
By (3.9) and (3.12) we get X©n) = >\ o\ X9 (s(m),om — o'n)z? . Let
us consider the first term of the right hand side of (3.16). Since Xg,(s(m), om —
o'n), W € AL (N, p) (recall (3.12)), all the monomials in 9, X7, (s (m), om—
o'n) W™ satisfy (3.11). By Lemma 3.2 we have

o / ’ U;m U/ a f !
My g (3XX(Z”’)W(X)3Z;;) — 20 Jn|>0'N U, n%n Ozgs 1 |m|> O'N
0 otherwise,

where Ug;f':l = Hg’jj,"_g " (BXXZ,(s(m), om — a/n)W(x)) .
It is immediate to see that U™

o satisfy (3.12). The other terms in (3.16) are anal-
ogous. (3.13) follows.

ProoF OF (3.15). We have by (2.13)

[X,Y]=:Z-7Z, where Z := z Z BZqIX(an)Y(Z./'I) 0z
o,Im>0N \oi,ljl>6N
3.17)
and Z’ is analogous exchanging the role of X and Y. We have to prove that
Nye wZ €Ty, a(N,0', 1) By (3.9) and (3.12) we get

7@ — Z Z Xgl(s(m), om — Glj)Yg,l(s(j), o1j — G/H)ZZ .
o1,|j|>0N o’ |n|>0N

Since both Xg (s(m), om—o1j) and Y7 (s(j), 61 —o'n) belongto AL, (N, )

(recall (3.12)), all the monomials in their product satisfy (3.11). By Lemma 3.2 we
get

om _o'
Oyo w2 = Z ZU’,n Zn azgv

o,0’,|m|,|n|>0'N

where

Zg}'f; = HZ’ZT_U " Z X7 (s(m),om —o1))Y;} (s(j),01j —0'n)
ol,|j|>0N
(3.18)
Note that X% (s(m),om — o1j) € AY(N, u,om — o1j), formula (3.5) and
condition (3.14) imply that if |m| > 6’N then automatically |j| > |m| — |om —
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o1jl > 0N — uNt — (k + 1)N? > ON or X% (s(m), om — o1j) = 0. Then
the summation in (3.18) runs over j € Z. By (3.10) we have s(j) = oo1s(m).
Therefore

ZZ}"; =TI L om—o'n (Z B X7 (s(m), h)Y(Il (cors(m),om —o'n — h))

satisfying (3.12). O

3.2. Quasi-Toplitz Vector Fields
Given a vector field X and a Toplitz vector X e Tsra(N, 0, u) we define
X =Ny X — X). (3.19)

Definition 3.4. (Quasi-Toplitz) A vector field X € Vs ;. 4 is called (No, 0, p)-quasi-
Toplitz if the quasi-Toplitz norm

X107, o = 1X17

s,r,a s,r,a,Ng,0, 1L

= sup [ inf (max{ X s 1% s ||ff||s,r,a})] (3.20)
N2Ny | X€Z5,,a(N,0,1)

is finite. We define
Ol a(No, 6, 1) = {X : D(s.r) > V : |IX]|

sraN09u<oo}'

In other words, a vector field X is (N, 0, u1)-quasi-Toplitz with norm || X ||”
if, for all N > No, Ve > 0, there is X € Ts.r.a(N, 6, 1) such that

s,r,a

MyouX=X+N"'X and [ X[srar [Xlsrar 1Xllsra S UXIT, .+
(3.21)
We call X € Ts.ra(N, 0, w) a “Toplitz approximation” of X and X the “Toplitz-
defect”.
Ifs"<s,r"<r,a"<a, N2 Noy0 26, = puthen

(R Npor o = max{s/s’, (r/r'V - 1, 0 no.ou (3.22)

Lemma 3.4. (Projections 1) Consider a subset of indices I C 1 x V (see (2.9),
(2.3)) such that the projection (see (2.12))

My :75ra(N,0, 1) = T5pa(N,0, 1), VN 2 Np. (3.23)
Then Ty : Q, . (No, 6, 1) — Q. (No, 6, ) and

T X0, . < IXI (3.24)

s,r,a’

Moreover, if X € QT _(No, 0, ) satisfies T1; X = X, then, YN = Ny, Ve > 0,
there exists a decomposition Ty g , X = X+N"'X witha Toplitz approximation
X e T,a(N 6, ) satisfying I} X = X, ;X = X and ||X|[s.r.a, | Xlls.ra <
X117, . +e.

s,r,a



KAM for Reversible Derivative Wave Equations 925

Proof. By (3.21) (recall that Iy g, is a projection on an index subset, see Defin-
ition 3.2)

Myo,u X =T Tyg, X =T, X + N1, X. (3.25)
Assumption (3.23) implies that ;X € Ts.ra(N,0, u) and so ;X is a To-
plitz approximation for IT; X. Hence (3.24) follows by || TT; X ||s.r.a, ||l'[1)~(||s’r,a,
||1'[1X||5 ra < ||X||g ra + ¢ using Lemma 2.2 and (3.21). Now, if [1; X = X, then
(3.25) shows that IT; X (which satisfies I1;(I1;X) = I1;X), is a Toplitz approxi-
mation for X. O

For a vector field X : D(s, r) — V depending on parameters § € O, we define
the norm

IX1|5 == max [ sup [1X G N o noo.0e ||X||§,,,a,O] (3.26)
£E€O
where, for brevity,
p:=(s,r,a, Ny, 0,1, 1, 0). (3.27)
We denote
of {X €V a0 X586 €Q], (N0, ), V& € Oand |X|] < OO}

(3.28)

In view of the KAM step we prove that the quasi-Toplitz norm does not in-

crease under suitable projections and that it satisfies smoothing estimates. We de-

note by Igjag the projection on the space generated by the monomial vector fields
2j0z;, 29z

Lemma 3.5. (Projections 2) For alll € N, K € N, N = Ny, the projections (see
(2.27), (2.21), (2.22)) map

N9, My <k, Mirj<k> g : TraN, 0, 10) > Tora(N,6, 1), (3.29)
IfX e Qg then
<
ITOXIT, <k XI5, ITaiag XI5, 1XS015, X = X5 15 < 1X115.

(3.30)
Moreover, VO < s’ < s andV0 < a’ < a, setting p' = (s',r,a’, No, 0, u, », O) :

Lo X5 e O™ (s/sHIXNG, T g XN Se ¥ @2 x| T, (3.31)
Proof. We prove (3.29) for I}~k the others are analogous. Since X e Tsra

(N, 6, ) then X (v) = ) I Xgiﬁ(v)zglaz% for some XZ,"; satisfying
(3.12). Then

(MukX) @ = > ¥z oy where Y3
o,0’,|m|,|n|>0N
= H‘T[+O’/il—o’m|<KXZ)/”;1
(recall Definition 3.1). Therefore Y‘”" satisfy (3.12)and [ <x X €T, 2 (N, 6, 11).

The estimates (3.30) follow from (3 29) and Lemma 3.4 (in particular (3.24)). The
bounds (3.31) follow by (2.23), (2.24) and similar arguments. O



926 MASSIMILIANO BERTI, LUcA Biasco & MICHELA PROCESI

The following proposition shows that the quasi-Toplitz vector fields satisfy
modulating the parameters slightly the Lie algebra property.

Proposition 3.1. (Lie bracket) Assume that XV, X@ ¢ Q; (see (3.28)) and as-
sume that py = (s1,71,a1, N1, 61, 1, », O) with Ny = No, 1 <, 01 2
0,s/2<s1 <s,r/2<r; <r a < a, satisfy

(ke + DNPE < pw—py, iiNEV e + DN <0 -0, (3.32)
ONje NI minta=ars=s/2 _ | pminfa —ay,s — s }NP > 2. (3.33)

Then [XD, X e Q;l and, for some C(n) 2 1,

XD, X% < cons™ IXOIFIX@ 5, 8= minf1 -2 12
pPi P P s r
(3.34)

The main pointin the proof of the above proposition is the following purely algebraic
result.

Lemma 3.6. (Splitting lemma) Let XV, X® eV, . and (3.32) hold. Then, for
all N Z Ny,

My o XD, XD =
TN 6y, ([nN,e,MX“), nN,g,MX@] n [HN,Q,MX“), nfvgﬂx@]
+[ 15, X T X ]+ [Tz hpore iz X0 XP] - (335)
+ [H\k\,|n|<zva(”v H|k|§Nbor\n|szX(2)]) : (3.36)

Then the proof of Proposition 3.1 follows as in [3] (see Proposition 3.1). The
point is to find a Toplitz approximation and a Toplitz defect of [Ty g, ,,, [X 1, X )],
recall (3.21). A Toplitz approximation is obtained by (3.35) substituting [Ty ¢ , X @,
i = 1,2, with their Toplitz approximations, thus yielding a vector field which is
Toplitz by Lemma 3.3. The remaining terms in (3.35) are Toplitz defects. They are
small because they contain commutators with the Toplitz defects of Ty g , X .
The last terms (3.36) are exponentially small by (3.33) and (3.31). The momentum-
norms of the commutators are estimated by Proposition 2.1.

PrROOF OF LEMMA 3.6. We have
1 2 1 2 1 2
(XD, XOT = [Ty ne XD T e XD+ Tz por 2 XL X P
+[H|k|’|n‘<NbX(l), HlklzNhorlﬂlszX(Z)]' (337)

The last two terms are (3.36). We now prove that the right hand side of (3.37) gives
the three terms in (3.35). It is sufficient to study the case where X M h=1,2,are
monomial vector fields

My = My ) g gy (see (2.10))  with k™), r(my)] < NP, h=1.2,
(3.38)
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and analyze the conditions under which the projection Iy g, ,,[m1, m2] is not
zero.

By the formula of the commutator (2.13) and the definition of the projection
Iy, (see Definition 3.2, in particular (3.8)) we have to compute (DVmY/)[mg]
only for v/ = z3, with [m| > ;N and v € V, see (2.3).

@ CASE I: v = x; or v = y;. By (3.8), in order to have a non trivial projection
TN 61,11 (Dvmim)[mg] it must be

aW 4D 1a@ 1@ o 4ty |n| > 6N, ZZGZ\I”WI < i NE. (3.39)

We claim that

aV 4BV = ety D, a@4p@ =@ > iy < uNE =12,
(3.40)

which implies that mj is (N, 0, p1)-linear (see (3.8)), hence (N, 0, u)-linear,

and my is (N, p1)-low (see (3.7)), hence (N, )-low. Thus Iy g ,m; = my and

Hk L2 = m and we obtain the second (and third by commuting indices) term

in the right hand side of (3.35). By (3.39), the other possibility instead of (3.40) is

aDp0 =50, g@ g — 0450 Y

1eZ\T

17" < N =1,2.

(3.41)
In such a case, since |7 (m2)| < N? we get (recall my = mj) withv = x, y)

1eZ\T

b Q@ 2 2@ 2.16).34D) ~(2)
NP > (k@ @ g = = Dy,
1eZ\T

(3.39),(3.41),(3.38)
—k |k > 0N — Nt — kN?

which contradicts (3.1).

@ CASE2:V = z‘;‘ ,J € Z\ Z, only for this case we use (3.32). In order to have a

non trivial projection Iy g, 4, (Dvmi’" )[m3], it must be

aM + /3(1) +a® _|_'3(2) —ej=e,+y, [n]>0N, ZleZ\ImyI < uINE.

(3.42)
We have the two following possible cases:

0D 4 B0 — i oy 4y D, @ 4O =0
Zlez\zuwﬁ) <mNE h=1,2 (3.43)

0D 4 B0 — o £ 50 4@ 4 gD g 4 5O
Zzez\zwl(h) <wNE h=1,2 (3.44)
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where y() 4+ @ = 5 4 5@ — 5 Note that, since we differentiate m; with
respecttov = z;‘ , the monomial m; must depend on z?l and so the following case
does not arise:

a(l)+ﬂ(l) :);(1)7 Ol(2)+,3(2) =ej+en+)7(2),
ZleZ\I“l);[(h) <mNE h=1,2.

Inthe case (3.43), the monomial my is (N, )-low and we claim thatmy is (N, 6, w)-
linear. Indeed, since

(2.16)

|7 (my)] T (k®, 0@, D) — 0y j| < N (3.45)

we get |j| < [ (k?, a@, pP)| + N”. Hence

. 1) 2 2 2@ b (1) 2)
i+ = 1w D)+ N+ y i < k)

+> il + N
(3.38),(3.42) (3.32)
S +DN'+ Nt S Nt

namely my is (N, 6, )-linear (see (3.8) with y =¢; + y ). Hence My,g,m =
my and H]L\,! LM = m and we obtain the second term (and third by commuting
indices) on the right hand side of (3.35).

In the case (3.44) we claim that both m, m, are (N, 6, u)-linear so we obtain
the first term on the right hand side of (3.35). Since, by (3.42), |n| > 1N > 6N we
already know that mj is (N, 0, p)-linear. Finally, m; is (IV, 6, u)-linear because

(B4 @) @ gy 5@ k@ Nb
1S @@ BN = =D 7 kPN

3.42),(3.44),(3.38 3.32
G421 > ! )91N—,1L1NL—(K+1)Nh ( > )QN

concluding the proof. 0O

The quasi-Toplitz character of a vector field is preserved under the flow of a
quasi-Toplitz vector field. As the corresponding Proposition 3.2 of [3], the proof is
an iteration of Proposition 3.1.

Proposition 3.2. (Lie series) Let X, Y € Q}; (see (3.28)). Assume p' := (s',r/, &/,
N, 0 ' x, O) satisfies s/2 < s" < s,r/2 =71 <r,a’ <a,pu <u,0 >0,
and

Nj, = max{Ng, N}, N :=exp(max{2/b,(L—b)"', (1 —L)"" 8}), (3.46)
0

e+ DN LTINS =/, T+ONDETInN, <6 -0,  (3.47)

2(N) P In* Nj < bminfs — 5", a — a}. (3.48)
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There is c(n) > 0 such that, if the smallness condition
IX1% < em)s (3.49)
holds (with § defined in (2.25)), then ¢*4XY e Qg, and
ad T T
le* Xy (1% < 201y )% (3.50)

Moreover, for h =0, 1,2, and coefficients 0 < b; < 1/j!, j € N,

T
=2 X Y (3.51)
p/

5, i

4. An Abstract KAM Theorem

We consider a family of linear integrable vector fields with constant coefficients

N(E) = w(§)dy +iQ(§)z0, —iQ(§)z0: 4.1)

defined on the phase space T’} x C" x E%"" X Z%’p , where the tangential sites 7 C 7Z

are symmetric as in (1.29), the space E%’p is defined in (2.1), the tangential fre-

quencies w € R" and the normal frequencies €2 € RZ\Z depend on real parameters
£ € O C R"? (where n/2 = cardinality of 7T, see (1.29)), and satisfy

wj)=w_j¢), Vjel, Q;E) =R ;&) VjeZ\1. (4.2)

For each & there is an invariant n-torus 7o = T" x {0} x {0} x {0} with frequency
o (&€). In its normal space, the origin (z, z) = 0 is an elliptic fixed point with proper
frequencies 2(£). The aim is to prove the persistence of a large portion of this
family of linearly stable tori under small perturbations

P(x,y,2,2: ) = PYo, + PV, + PYo, + PDo:. (4.3)

(A1) PARAMETER DEPENDENCE. The map w : O — R", & — w(§), is Lipschitz
continuous.

With the application to DNLW in mind we assume

(A2) FREQUENCY ASYMPTOTICS.
Qi) =1jl+a@ +b&jIT +0G™) as |jl > +o0. (44

Moreover the map (2 — [j|) jez\z : O — £oo is Lipschitz continuous.
By (A1) and (A2), the Lipschitz semi-norms of the frequency maps satisfy, for
some 1 < My < oo,
. i i QE)—Q
o + 125 < My where QI := sup [826) = 2@l (4.5)
E#£n€0 ln — &l

and |z]oc = SUp ez 7 l2j] < +00.
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(A3) REGULARITY. The vector field P in (4.3) maps P : D(s,r) x O — C" x
C" x €77 x 43" for some s, r > 0. Moreover P is REVERSIBLE (Definition 2.5),
REAL-COEFFICIENTS, REAL-ON-REAL EVEN (Definition 2.6).

Finally, in order to obtain the asymptotic expansion for the perturbed frequen-
cies we also assume

(A4) Quasi-TorLiTZ. The perturbation vector field P is quasi-Toplitz, see Defini-
tion 3.4.
Recalling (4.3) and the notations in (2.30), (2.27), we define

PY(x)dy == TVPWay, Pyi=P —PY(x)dy (4.6)

and we denote by 72&71), Pio) the terms of degree —1 and O respectively of P,
see (2.27). Let

() = (0j(¢)jez+ €eRY?,  then 0= (®,&) by (4.2). (4.7

Theorem 4.1. (KAM theorem) Fix s,r,a > 0,1 < 6,1 < 6, Ng = N (defined
in (3.46)). Let y € (0, yx), where yyx = yi(n,s,a) < 1is a (small) constant. Let
A=y /Mg (see (4.5)) and p := (s, r,a, Ny, 0, i, , O). Suppose that the vector
field X = N + P satisfies (Al1)-(A4). If

y IPAE S 1 and e
= max [y AP 0y IE, . 00v T IPCOIE v TIPOIEL @8)

is small enough, then

e (Frequencies) There exist Lipschitz functions > : R"/? — R", Q% : R"/? —
loo, a® : R"2 — R(recallthat © C R"?)suchthat w™® = (&, @), &> :=
(@) jer+ € R™2, and

0®° — 0|+ 20® =], 2% Q| +A1Q°—QR < Cye, [a®] £ Cye,
4.9)

WP (E) = ™), Vj €T, QFE) =), Vj e L\T,

C . _
sup [QF(E) —Qj(§) —a® )| S y*Pe —, V[jlZ CyT'P (4.10)
geRr/2 |1

o (KAM normal form) for every & belonging to
Opo = {seo S YheZMV? i jeZ\T, pel,
™ (§) - h+9?°|22y<h>_r, ™ (§) - h+Q?°(§)+Q?°(S)I 22y ()",
6> (&) - h — Q&) + Q?"(S)I 2 2y(h)"" if h#Oori #+j,
BE) - h + pl = 23 (W)T, if (b, p) # (0,0)
(&) - hl = 2y~ ¥ 0 < h] <y~ (@.11)
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there exists an even, analytic, close to the identity diffeomorphism
D5 &): D(s/4,r/4) 3 (Xoo, Yoo, Zoos Zo0) > (X, Y, 2,2) € D(s,r), (4.12)

(Lipschitz in &) such that the transformed vector field

Xoo = NooHPog 1= @u(-; §)X = (DP(; €)' Xo®(; &) has (Po%o) =0,
|E

(4.13)
see (2.28), (1.33). Moreover N, is a constant coefficients linear normal form
vector field as (4.1) with frequencies @™ (), Q% (&), and P is reversible, real-
coefficients, real-on-real, even. Finally (Xso)|E = (SXx0)|E-

As a consequence we derive

Corollary 4.1. Forall £ € Oy, the map T"? 3 Xoo > P ((Xo0, Xo0), 0,0, 0; ) €
E is an n/2-dimensional analytic invariant torus of the vector field X = N +
‘P. Such a torus is linearly stable on E and, in particular, it has zero Lyapunov
exponents on E.

The set Oy in (4.11) could be empty. In the next theorem we bound its measure.

Theorem 4.2. (Measure estimate) Let O := O, := {§ := (§;) jez+ € R"2 .0 <
p/2 = |&j| = p}. Assume that the frequencies are affine functions of &

BE) =d+AE, 0= (Mjerr €RY?, Q&) =hrj+r7'a-£,Vj¢T,
(4.14)
where A € Mat(n/2 x n/2), detA # 0, and a € R"?* are continuous functions in
m. Fix a compact interval of masses [m1, mp] C (0, 0c0) and take m € [my, mp]
such that

Gt Eah@anh™a, agtah™a ¢ 220}, Vi, j € Z\T, il |j] £ Co,

(4.15)
for a suitably large constant Cy := Co(my, my, A, a, ®). Then the Cantor - like
set O defined in (4.11), with exponent T > max{n + 3, 1/b} (b is fixed in (3.2)),
satisfies, for p € (0, po(m)) small,

|0\ Ol £ C(2)p27 1?3 (4.16)

The proof of Theorem 4.2 is similar to that of the analogous Theorem 4.2 of [3].
The specific form €2;(&) in (4.14) is motivated by application to the DNLW, see
(7.21). Clearly (4.14) implies (4.4). The asymptotic estimate (4.10) is the key point
in order to prove (4.16) (in particular for the second order Melnikov conditions at
the third line of (4.11)). At the end of Section 6 we explain how the finitely many
conditions in (4.15) are used to estimate the measure

e € O |0®@) -h+QFE) - QF @) <y(h) "} = yp? N )T,
h#0,i,jeZ\T. 4.17)

This is the main difference with respect to [3, Lemma 6.1].
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5. Homological Equations

The integers k € Z" have indexes in Z (see (1.29)), namely k = (kp,)pe7-
In the sequel by a < b we mean that there exists ¢ > 0 depending only on
n, m, k such thata < c¢b.

Definition 5.1. (Normal form vector fields) The normal form vector fields are

N =8, + Nudy = 9, +1Q29; —1Q79; = w(§) - 0,
DL Qi®)z0; —1 D i)z, (5.1)

JEZ\T JEZNT

where the frequencies ;(§), 2;(§) e R,VE € O C R™/2 are real and symmetric
Lipschitz functions

a)_jza)j,VjGI, Q_jZQj,VjEZ\I, (5.2)

the matrix N is diagonal

K

0 0
N=[0iQ 0 |, Q:=dagr(Q). (5.3)
0 —iQ

and there exists j, > 0 such that (recall (4.4))

SUP’Qj(é)—Qj(E)—a(E)’<L., YIjl 2 js 54
£cO [j]

(see (4.4)) for some Lipschitz function a : O — R, independent of j.

<
Note that N e Rr:e\(,) , see Definition 2.7. The symmetry condition (5.2) implies
the resonance relations Q_; — Q; = 0and w - k = 0 for all k € Z[; defined in
(1.34).

5.1. Symmetrization

For a vector field X, we define its “symmetrized” S(X) by linearity on the
monomial vector fields:

Definition 5.2. The symmetrized monomial vector fields are defined by

SEFT0) =0y, SEFTYOy) =310y, Yk € Zigg. il =01, j €T,
(5.5)

SE* z4j0;) =250, SE"Zaj0z) =70, Vk € Llgq, j€L\T,
(5.6)

and S is the identity on the other monomial vector fields.
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By (5.5)—(5.6) we write SX = X + X' + X" where

(z) z
X'i= Zkez"dd JeZ\Iszé o0l =€ M)z;0;, + X o, o, (1= e )Z505,
5.7

and
X// — Z IEX(J))()O(]‘ _ elkX)aX/

k€Zsq:k#0,j€T

( . ]
+ Z ky/oo(1 ]kx)ylayj

keZl 4 k#0, €T, 1i|=0,1
(z)) ik- () = ik-x =
+ Z Xk,(J),efj,O(ZJ' —e™z_j)o;; + Xk,(j),o,e,j (Zj—e""Z-j)d;.
k€Zyyq,J€Z\NT

(5.8)

The “symmetric” subspace E defined in (1.33) is invariant under the flow evolution
generated by the vector field X, because X : E — E. Moreover the vector fields
X and S(X) coincide on E:

Proposition 5.1. Xz = (SX) .

Asaconsequence v(t) € Eisasolutionof v = X (v) ifand only ifitis a solution
of v = (§X)(v), and we may replace the vector field X with its symmetrized S(X)
without changing the dynamics on the invariant subspace E. The following lemma
shows that both the a-momentum and Toplitz norms of the symmetrized vector
field S(X) are controlled by those of X.

Proposition 5.2. For N| = Ny (defined in (3.1)) which satisfy
Nye Nimints.al <1 pNDmin{s, a} > 1, (5.9)
the norms of the symmetrized vector field satisfy

.. li li
O ISXls,r.a < 1 Xls,ra, (i) ||SX||sl,pr,a < ”X”slg,aa
(i) 1SX 7 <9x|!

(5.10)

s,r,a,N1,0,;u = s,r,a,N1,0, 10"

Moreover, if X is reversible, or real-coefficients, or real-on-real, or even, the same

holds for SX.

Proof. In order to prove (5.10)-(i) we first note that the symmetrized monomial
vector fields dy,,, yiaxh, Zj BZJ., Zj az_,. in (5.5)—(5.6) have zero momentum and are
independent of x. Hence their contribution to the a-momentum norm (2.19) is
smaller or equal than the contnbutlon of the (not yet symmetrized) monomials
ek ro, e ¥ yia,,, e% 2.0, e 74 0z, of X. This proves (5.10)-(i).
PROOF OF THE (5. 10) (i1). The estimate (5. 10) follows by
M 1X'N7,.. S 6llxIl), i) x|},

s,nas e S20X1L (5.11)
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PrROOF OF (5.11)-(1). We claim that, for N = Nj, the projection [y , X' =
X'+ N~'X’ with
1X ls.ra < SIXIT

X' €Tra, I1Xlsra<61XIT (5.12)

s,r,a’ s,r,a’

implying (5.11) (also because || X'|s.r.a < 2[|X|ls.7.2)- In order to prove (5.12) we
write the (N, 0, u)-projection as

MyeuX =U+U"+UL+U] (5.13)
where
(zj) ik-

U= 3 Xk?f),ef,o(l —e*Nz0,,

kekn,|j|>0N "
_ ( _

Ut o= > ,f(f)Oe (1 —e*z;0:,
kekon,1jl>6N

Ur= 2 | X Ko |7t

1j1>0N \keZ!';,\Cy

ur = Y > Xboe | E0

IjI=0N \keZ!',,\Kn

and Ky = {k € Zbyy, 1w, k] < N2}, (k) = Zjtekj' Then (5.11)
follows by Steps (1)—(2) below. o o
STEP (1) The projection Ty g, (U+U") = (U +U") + NN U +U") with

U.U" €Trar 1Ullsra 10 lsra S6IXIL, 00 1Ulsran

10 lly,ra < 6IXIT, - (5.14)
Since X is quasi-Toplitz, Lemma 3.5 implies that the projection
(zj) ik- () ikox =
MaieMPX = D> X008 20+ D0 Xigo.,e 20,
keZr, jeZ\T keZr, jeZ\T
= W+ W (5.15)
is quasi-Toplitz as well and (|| - ||S r.a 1s short for || - ||Y ra.N..6. u)

(3.30)
IWIT, 2 < M DOX)7, . < X117

s,r,a =

Iwie

s,r,a’ s,r,a”

By (3.29) we have HdiagH(O)Z,r,a C 7s.r.a, hence Lemma 3.4 applied to W implies
that for every N = N there exist (N-dependent)

W = Z Wkei’”‘zjazj , W= Z Wk,jeik'xzj'azj
|7 ()1, 1k| <N?,| j1>6 N |7 (k)1 1k| <N?,| j1>6N
(5.16)
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(note that W is (N, 6, w)-linear and Toplitz) with
MyouW = > Xl 0 2, = WA NTW (5.17)
|7 k)], [k|<Nb,|j|>6N
and Wil a. [Wlra < 3IWIL. . < 31X)7, .. By (5.13), (5.15), (5.16) and
(5.17) we have

U= > Wl-e g0, +N" D Wi,;(1—e*)z0,,
kekn,|j|>ON kelkn,|j|>ON
= U+N"'U.

Note that U is Toplitz. Moreover

(2.19)
. o s
1Ullsra = sup || D 2027 ®les i j1z;]
llzlla,p<r
: kekn el
(5.16) .
< 2 Wlsra 301X,

An analogous estimate holds true for U. A similar decomposition holds for U~ in
(5.13).
StEP (2) N(|ULlls,ra » N”UI lls.r,a < 1 X1s.ra -

We have
(2.19) (zj)
”Ule,r,a = sup ( z Xk,(j),ej.O |Zj|>
”Z”a, p< n
7| \lkeziaa\ K iI=0N |y,
_Nb i . (zj)
g sup e N? min{s,a} Z ealn(k)Hslkl|Xk,(j).ej,0||zj|
Iella.p <r )] or IkIZN? \j1=6N
S,r
Vo G
< eVminbdlxy, . £ N X lsra
and similarly for U .
PrROOF OF (5.11)-(11). The estimate (5.11)-(ii) follows by
-1
||HN,9,;1,X//||s,r,a § 2N ”X”s,r,a , VN 2 No. (5-18)

In order to prove (5.18) we note that the momentum of eik"‘z_j dz; with [k| <
N’ |jl > ON, N = Ny = Ny, satisfies

S0 )| = _9il > S > _ p G- b
Ik, e—;,0; z;) ’zhezhkh 21‘:2|J| iklk| = 20N —kN? > N;i\g)

(where k := maxye7 |h|, recall (3.1)). Then by (5.8) and (3.8) the projection
Mye X" =V 4V with

Vis 2 X Xl jo)ut Vi 2| 2 Kb, | Tt

[jI>ON \kely |j1>0N \keKy
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‘We have
(2.19) @)
IVlisra "=7 sup > Xibe 0|2l
Z h <P’
o keky lji=on Iy,
(5.19) —aN .alm(k,e—;.0:z)| v (&)
S | D e A RIS
Z <r :
a.p keKn ji=on g,
N 59 1
S e Xlsra = N I Xlg,ra (5.20)

where in (5.20) we have used that the domain {||z|l4,, < r} is invariant under the
map z; —> z—;. Since a similar estimate holds for V’, (5.18) follows.

Finally, the vector field SX is even because SX|g = X|g (Proposition 5.1) and
X is even. Since X is real-coefficients, Definition 5.2 immediately implies that SX
is real-coefficients. Since X is reversible and real-on-real, (2.31) and (2.33) enable
to check that X/, X” in (5.7)—(5.8) are reversible and real-on-real, and so SX. 0O

Remark 5.1. The assumptions X € Ryey, ¥ € Rg—rev, X = SX, Y = SY are not
sufficient to imply [X, Y] = S[X, Y], as the example X = i(z—19;, + 219;_, —
210:_, —7-103,), Y = 2007, + 2-20,_, + Z-20;_, + 220z, shows.

5.2. Homological Equations and Quasi-Toplitz Property

We consider the homological equation

adyF = R — [R] (5.21)
where
R € Rr%\(,) (see Definition 2.7), R = SR (see Definition 5.2) (5.22)
and
[RY:= (RY)0x+ ) ((RYD)20:, + (RYNZj0,, (523)

where (-) denotes the average with respect to the angles x. By Lemmata 2.4 and

. <0 .. . <0 <0
2.5 and since NV € Ry (see Definition 5.1), the action ad s : Riitev = Riev-
The commutator
3, F' —NFY) if F=F&D
ady F = [F, ] = | @ ) du ! .
A F*9y + (0 F™" + [F"", N]) ud, if F=FO
(5.24)

(recall the notations in (2.29)—(2.30)) where [F"", N] = F“YN — NF"" is the
usual commutator between matrices (and N is defined in (5.3)). We solve (5.21)
when

R=RW =My -xR?”, h=0,-1, KeN (5.25)
(recall the projections (2.21), (2.22) and (2.27)).
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Definition 5.3. (Melnikov conditions) Let y > 0. The frequencies w(§) = (@(€),
o(£)), @ € R"?, Q&) satisfy the Melnikov conditions (upto K > 0) at £ € R"/2,
if:VheZ'?, | <K,i,jeZ\T,

@) -kl 2 y(h)™" if h#0, (5.26)

@) - h+ Q5 = )T, (5.27)

&) - h+ Qi (€) + ;&) Z y(h)T, (5.28)
&) - h — Qi€+ ;) Zyh)™™ if h#0 ori#xj, (529

where (h) := max{|h|, 1} and T > 1/b.
Fork € Z" we set ky := (kj) jez+ € V/LER namely k = (k4, k_). Then

w- k=& h, with hi=k, +k_eZ"? and k ¢ Z'\y 22 h £0. (5.30)

Note that || < ki | + |k—| = |k]|.

Lemma 5.1. (Solution of homological equations) Let s,r,a > 0, K > 0. Let
O c R"? and assume that the Melnikov conditions (5.26)—(5.29) are satisfied
V& € O.Then, V& € O, the homological equation (5.21) with R = R(-; &) as in
(5.22),(5.25) has a unique solution F = F(-; §)

<0
FERa_—revv F=8F, F=H|k|<KH\n\<KF
with (F¥) = 0, (F¥Y) = 0, (F% 4 ) = 0. I satisfies

IF a0 <y 'K IRls 00 (5.31)

li — li _ li li
IFI o<y 'KTIRIY, , oty 2 K> (|w|<‘9p+|sz|£) IRls.rz0- (532)
Proof. By (5.24) the homological equation (5.21) splits into

0o,F'—NF"=R", 0,F"=R'—(R"), 0 ,F“"+[F"“",N]=R"“"—[R]"".
(5.33)
Since R = SR (recall (5.22)), by (5.5) we get

RX(x)=<RX>+Zk¢Zn Rfe** | similarly for RY(x), R (x). (5.34)

‘odd

Since R is reversible and even the average
(R"y=0, (RV)=0 (5.35)

By (5.3), the first equation in (5.33) amounts to d,F> = RY,9,F* — iQF* =
R%, 9, F* +iQ2F? = R?. By (5.3), the third equation in (5.33) splits into 3, F»¥ =
RV, 9,FY*4+1FY*Q = RY* (and the analogous equations for FY:2 F&Y FaY),
0, F¥% —iF%IQ — iQF%% = R%? (analoguosly for F¥%),

0y F% +iF%Q — iQF* = R% — [R]** (5.36)
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(analogously for F%). By (5.26), (5.34), (5.35) and (5.30) the equations for F*,
F?, F¥Y are uniquely (having zero average) solved, thatis, F* (x) = >, ¢z, ! elk-x
with F' := —iR} /w - k. Similarly the equations for F Fy% FPY ¢ = +and
F¥% F%% are solved by (5.27) and (5.28) respectively.

For i, j € 7Z \ Z, developing in Fourier series F%% (x) = >, _7n F,fizjeik'x,
Equation (5.36) becomes

7iZj 7z

(- k+Q;—Q)F' =R’ — R (5.37)

If i # £ then (5.37) is easily solved by (5.29). Otherwise, since R = SR and by
(5.6),

ifi = j = Rliizl' =0, Vk € Zy \{0};
ifi=—j,(@#0) = R =0, VkeZly. (5.38)

Then (5.37) is solved by (5.29) and (5.30).
The properties of anti-reversibility, anti-real-coefficients, real-on-real, and par-
ity for the vector field solution F are easily verified. The estimates (5.31)—(5.32)

directly follow by bounds on the small divisors in the Melnikov conditions (5.26)—
(5.29) (and (5.30)) and the expression of F. 0O

The solution of the homological equation is quasi-Toplitz.

Proposition 5.3. (Quasi-Toplitz) Let the normal form N be as in Definition 5.1
and assume that R € QT (N, 0, w). Let F be the (unique) solution of the homo-

s,r,a

logical equation (5.21) found in Lemma 5.1, for all & € O satisfying the Melnikov
conditions (5.26)—(5.29). If, in addition,

&) -h+plZy* )", VWK, peZ, (hp) #0,0), (539

then F = F( &) € Q. (N, 0, ) with

s,r,a
NE = max{No,j*, éy—1/31<f+1} (5.40)
for a (suitably large) constant ¢ := ¢(m, k) = 1. Moreover

IE OIS, ango S 467 KPIRCG O a .o, (5.41)

Proof. The proof follows step by step the one of the analogous Proposition 5.1 of
[3]. O
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6. Proof of Theorem 4.1

6.1. First Step

We perform a preliminary change of variables in order to improve the smallness
conditions of the perturbation. In particular we want to average out the term P~ (x)dy
defined in (4.6). We introduce the symmetrized vector fields (see Definition 5.2)

RY(x)dy := SPY(x)dy, R =8P, X =SXYX=N+R (6.1)

(since SN = N). By assumption (A3) and the last statement of Proposition 5.2,
R € Ryey (see Definition 2.7). Moreover Proposition 5.1 implies that X |z = X|g.
Next we study the homological equation

(5.35)

_ad_/\/'F + H|k|<y71/(7n)Ryay = <Ry>ay 0 (62)
because R is reversible and even.
Lemma6.1. For all £ in O, = {§ € O : |&&) - hl = y*3n)="/72,

YO < |h| < y_l/(7")} the homological equation (6.2) admits a unique solution
with (F) = 0 which satisfies

T _ A
”F||3s/4,r,a,N0,9,/L,)»,(’)* - ”F“3s/4,r,a,(9,F é C(s)e. (6.3)

<
Moreover F € RZO and SF = F.

a—rev

We now apply Proposition 3.2 with p ~ (3s/4,r, a, No, 0, u, A, O,) and
B’ ~ po with po == (s/2,7/2,a/2, Ny, 46/3,311/4, %, O,) where N§” =
max{Ny, N} (recall (3.46)) is chosen large enough so that (3.46), (3.47), (3.48) are
satisfied and (6.3) imply condition (3.49) for ¢ sufficiently small. Let ® be the time
1-flow of F (so that e = ®,). Since the quasi-Toplitz norm is non-increasing
with Ny (see (3.22)) we may also take Ny = N large enough so that (5.9) (with
Ny ~ Np) holds. Hence

ady , D) -
€™ (R = R79y) 5, < 2R-R Oy l5.r.a,N0.0.10.2.0,

(6.1),(5.10) i (4.6),(4.8)
S BIP=P W, nopro, < 18

6.4)

Similarly (3.51) (with A ~ 1,b; ~» 1/j!) implies, for h = -1, 0,

m |’
(eadF(R — RY3,) — (R — Ryay))

Po
T T
<”P*”s,r,a,N0,6,u,A,(’)*”F”3s/4,r,a,Ng,9,p,,A,(’)*
(6.3),(4.8)

[IA

C(s)ye. (6.5)
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Since the commutator [F, RY (x)d,] = [F”(x)dy, R¥(x)dy] = 0 we deduce eadr
(RYdy) = RYdy, and, using also (6.2), we get er N = N + adrN. Hence,
using (6.2),

X =N+ My, -yan Ry + e (R— R0y = No+ P (6.6)
where N := N. Then we consider the symmetrized vector field
Xo:=8E " X)=No+ Ry, Ro:=Sh. (6.7)
Since R?(x)d, depends on the variable x only we have
ISTL g2y 170w RY )3y 1T = ST > -1/0m R 3y 1512, 0 0 <vE,  (6.8)

arguing as for (6.3), using (5.10), (2.23), and for y < y, small (depending on s
and n). Recollecting (6.7), (6.6), (6.4), (6.8) and (6.5) we get

Lemma 6.2. The constants &y := 80 ) 4+ 8(()0), 8(()h) = y‘1||R(()h)||§o, h=-1,0,

Qp:=y 1||Ro||ﬁ0 satisfy e W < C(s,n)e, h = —1,0, 0y < 28, where ¢ is defined
in (4.8).

The vector fields Py, Ry € Rrey because FF € R, ey (Lemma 6.1), R €
Rrev, and using Proposition 5.2. Similarly, since X € Ry (by the hypothesis of
Theorem 4.1) the vector field

XO = eadFX = (b*X € Rrev . (69)

Proposition 5.1 implies that X|z = (SX) g = &jg (see (6.1)) and Xop =
(eddF X )|E (see (6.7)). Moreover, since F is even, Lemma 2.6 (applied with Y ~~ F)
and (6.9) imply

Xojg = Xo|E - (6.10)

6.2. The KAM Step

We now describe the iterative scheme which produces a sequence of quasi-
Toplitz vector fields X, with parameters p, = (sy, 7, a,, Né')), O, o, A, Oy), A =

<0 .
v /Mo, and such that X~ | tends to zero as v — +00. For compactness of notation
we drop the index v and write "+ for v + 1.

Iterative hypotheses. Suppose 1 < 6,1 < 6, Ny = N (defined in (3.46)),
O € RY? Let X = N + R, where N\ is a normal form vector field (see Def-
inition 5.1) with Lipschitz frequencies w(§), Q2(§),& € R"/2 and (5.4) holds with

some a(§),V|j| = 6Ny (namely j, = 6Np). Moreover |w|Rn/2’ |Q|i[1§,/2 <M<

2Mj. The perturbation R satisfies ||R||p < 00, R € Riey, SR = R. We finally

fix some K and we assume that 6Ny > ¢y ~'/3K™+! (where ¢ is the constant
introduced in (5.40)).
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We now describe a KAM step, namely a change of variables generated by the
time-1 flow of a vector field F and such that

L =8 X = SO, X = Ny + R, (6.11)

still satisfies the iterative hypotheses, with slightly different parameters, and a much
smaller new perturbation R, see (6.27).

The new normal form N_. Set (recall (2.29))

<0 < _
Ry = <k M <k RE = T < My <k RTY 4 Ty < g <k RY
= RV 4+ RY. 6.12)

. <0 <0 <0 <0 .
Since R € Ryey then Ry € Ry and SRy = Ry . The new normal form is
defined for & € O as

Nt =N+ N, (6.13)
N(523) x 7i% ZiZiv= N
[RK ) = (R¥)o, + D (RN z;0;, + (RY5)Zj0z, = @ - Oy
JEZ\T
+i > Qz(d:; —7,0z) (6.14)

JEZNT
. <o. . -
because, since Ry is real-coefficients and real-on-real (Definition 2.6)

(R9) =i, Q; e R, (R95) %2V 40 vjez\T,
wj:=(RY)eR,VjeT. (6.15)
Moreover, since R is even, & , satisfy (5.2), namely &; @34 w_j, Q; ] @3 &
Note that A/ only depends on RO and that N — (R*)0y = IgiagR.
The following lemma on the asymptotic of the frequencies is based on the
projection Lemma 3.5 for Igj,g similarly to Lemma 5.2 of [3].

S.Z—J

2||R© ||£l,pr a and there exist a:O— R satisfying SUPz O laE) < 2|RO| T
such that

Lemma 6.3. It results that supzco 0], [R0oc < 21RO 510, 10]e3, |Q|‘1p

s,r,a,No,0, 1

sup 1Q2;(8) — a(@)| <% ||R<°>||

—| | s,r,a,No,0,u ° V|]|§6(NO+1)

The new vector field X . We decompose

< <
X=N+R=N+R,?O+(R—R,?O)
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<
where REO is defined in (6.12). We apply Lemma 5.1 and Proposition 5.3 with
<
O~ Oy = [ € O] (5.26) — (5.29) and (5.39) hold}. Let F = F = F{

<
F 1((0) € Ra:_orev be the unique solution of the homological equation
<0 <0
adyF =Ry —[Rg 1. (6.16)

The bounds (5.32), o[, |2]"P < M < 2Mj, and (5.41) (with R ~ RY, h =
—1, 0) imply

||F(h)||§'<y71K2T+1||R(h)||I€, h=—1,0, where p,:=(s,r a, 6Ng.0,u r Of).
(6.17)

Note that in (5.40)~(5.41) Nj = 6Ny because, by the iterative hypothesis,
j* = 6N, z éy—l/3K1’+1_
We introduce the new parameters
5"' = (S+7r+va+7N8_99+v /’L+7)"7O+)7 (618)
where s/2 < s <s5,r/2<ry <10 <ay <a, N = 7Ny, 0y >0, uy < p,
such that

k+ DINH"EFING Sp—py, T+HOWNDHE " InNS <604 -0, (6.19)

2N P I Ny < bmin{s —s4,a —ay}, (6.20)
and note that N(;r > N defined in (3.46) (by the iterative hypothesis No > N). If,
moreover, the smallness condition

IFIL < cm)sy, 8= min{l—%,l—%} 6.21)

holds (see (3.49)), then Proposition 3.2 (with p ~ p,, p’ ~ p4, 8 ~ 8, ) implies
that the time 1-flow generated by F maps D (s, r4) into D(s, r). The transformed
and symmetrized vector field is

XT:=8e"rX =" S (X +adr(X) + ijzfadF(X)) =NT+R

j!
(6.22)
with the new normal form A/ defined in (6.14) and, by (6.16), the new perturbation

< 1
Rt =S (R - R;O +adp(RE%) 4 adp(REY) + z/>2ﬁad'}(X)) (6.23)

where RZ! := ZjZIR(j), see (2.27), so that R = R0 + RZ!.
We set B

e =1 ||R(h)||l§, h=-1,0, s:=c"V4+:0 @:=y7! IRIE
(6.24)

and the corresponding quantities eff), gy, ©, for R with parameters p defined
in (6.18).
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Proposition 6.1. (KAM step) Assume that the parameters p, p (see (6.18)) satisfy
(6.19), (6.20), and that

85 'k 1z is small enough, © <2°, (6.25)

where &4 is defined in (6.21). Then, by (6.17), the solution F € Rr%\(/) of the ho-
mological equation (6.16) satisfies (6.21) and the transformed vector field X in
(6.22) is well defined. The new normal form is (6.13)-(6.14) with frequencies satis-
fying Lemma 6.3. The new perturbation RT € Ryey in (6.23) satisfies Rt = SR™
and (see (6.24))

( 1) < 5 2K4‘[+2 2+8( 1) —Kmm{v S+,a—ay}
(O) <8 2K47:+2( D4z ) + £ p—K minfs—s;, a—ay} (6.26)
O <O+ C8° K25, 6.27)

Proof. We analyze each term of R™ in (6.23). We first claim that
HadF(Réo) HT +1> Lol x) . 572y K20THD 2 (6.28)
P+ iz2jt Py " . .
We have
1 .
J J J=1
Z@zﬁadp(X) > -~ 'adF(N—i- R)=>" >2—ad (adp )
J
5> .>;.adF<R>
(6.16) i1 pS0y _ S0 Y
> >2— adl (IR '1— Ry )—i-z@zﬁadF(R).
As we have already noticed, by (6.19), (6.20), (6.21) we can apply Proposition 3.2
(with p ~ Py, p’ ~ py,8 ~ 84, h ~ 2) obtaining

1 .
Y
Hzfzzj'!ad

r 17) (6.24)

Tasn o o —2 2021 +1) 22
2 (st ) wmig, b KHTEy ©.
P+

(6.29)
In the same way we get (with i ~~ 1)
T T
A _ 1 j <0, =0
Hzm qodr ([RK] R 5 _szzl(jﬂ)!adl” ([RK] RK) 5
(351 <0 <0 _ <0 (6.17),(6.24) _
2 S IFIL RS -RENE, < s i RENE T s k82,
(6.30)

Finally, by Proposition 3.1, applied with p ~ p,, pi ~ p+,8 ~ 84 (note that
conditions (3.32)—(3.33) follow by (6.19)—(6.20)), we get

(€] 34) <0”T (6. 17)<(624)

Had (R<O)H 57 IFIL IR sTIKYH YR (631)
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The bounds (6.29), (6.30), (6.31), and © < 29 (see (6.25)), prove (6.28).
We now prove (6.27). Again by Proposition 3.1 we get

> T (6. 17),‘(6.24)

> _ _ _
Hadp(Rzl) <87 IFIE IRZS sTIKTHY R (632)
+

T
.
and (6.27) follows by (6.23), (5.10), (3.30), (6.24) (6.32), (6.28) and £ < 3® (which
follows by (6.24) and (3.30)).

We now consider Rgf) ,h = 0, —1. Recalling the degree decomposition F =
FED 4+ FO_ formula (2.26) implies that the term ady RZ! in (6.23) does not
contribute to Rg_fl). On the other hand, its contribution to RS_O) is [RD, F=D1,
Again by (3.34), (6.17), (6.24) and (3.30), we get

IIRD, F<—1>]||§+ <85 lyk> e, (6.33)

<
The contribution of R — Rg in (6.23)to R, h = 0, —1,1is Mg <g M 2 R® +
nlk@KRW By (3.31) (recall ss7' < 2), (3.30), and (6.24), we get

T .
[Tk Ty 2 R 4 T2 R < 3emKminomssaacdy o) (6.34)
= = P+

In conclusion, (6.26) follows by (6.23), (5.10), (6.28), (6.33), (6.34) and ® < 29,
O

KAM iteration. Once the KAM step has been proved, the proof of Theorem 4.1
is concluded by an usual KAM iteration. The scheme is very similar to that in
[3] (and [2]) and we skip it. We only focus on the main difference, which is the
symmetrization procedure.

For every i € N we construct a close-to-the-identity, analytic, even (Defini-
tion 2.6) change of variables ®' (obtained as the time-1 flow of the solution F; of
the homological equation (6.16) at the jth step) such that (recall (6.11) and (6.22))

X; = SCDiX,‘_l =N, +R;, R €Riy, Ri =SR; (6.35)

(CDi is the lift to the tangent space (recall (4.13)). Since the algorithm is “quadratic”
(recall (6.26)), the quasi-Toplitz (with suitable i-dependent parameters) norm of
the —1 and O degree terms of R; converges super-exponentially to zero. Let

Xoo := lim X; = lim S®' X; | = Ny + Rs where

i—00 i—00
Noo := lim Nj, Ry == lim R;. (6.36)
i—00 i—00

By (6.35) and the convergence of the —1 and 0 degree terms of R; we get

<0
Roo = SR, R% =0. (6.37)

The tragsformation @ in (4.12) is defined by @ := lim,_, QoPVodlo.. 0@
where @ is defined in Section 6.1 as the time 1-flow of F defined in Lemma 6.1.
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The map & is even because L > 0, and ® are even. Let us show the proof of
(4.13). We have that

Xoo = O, X = lim X; where X;:=® X, 1, i>1, Apdefined in (6.9).

i— 00
(6.38)
The vector field Xoo € Riev because Xy € Rrey (see (6.9)) and each X; € Ryey
because <I>i = &5 with F; € R4_rev (then use Lemma 2.5). The relation between
the “auxiliary” vector field X, and the “true” vector field X is given by the
following

Lemma 6.4. (Xoo)\E = (Xoo)lE'
Proof. The lemma follows by proving (X;)|g = (X;)|g, Vi = 0. The inductive
basis for i = 0 is (6.10). Let us assume that (X;_1)|g = (X;_1)|g. Then

(6.35),(6.38) , ;i i
XD)e— X = (@A _DE— (SO Xi—DiE
= (qu(Xi—l - Xi—l)) =0
|E
by Proposition 5.1 and Lemma 2.6 (used with X ~» X;_; — X;_1, Y ~» F; with
e = i), O
We have already chosen N in (6.36), then Poo in (4.13) 1S Poo = Xoo — Noo.

<
It is now simple to show that (730:00)| g = 0. Indeed

(PO%O)UE N ((XOO a N“)g())\E = ((Xoo ~ Koot Rw)go)m

(6.37) _ <o) @39
27 (oo = Xo0) )‘E =0

by Lemma 6.4. Finally Poo € Ryey because Noo and Xoo € Ryey. This concludes
the proof of (4.13).

Proof of (4.17). By detA # 0 and (4.9) the action-to-frequency map & is
invertible. Introducing { = ®>°(£) as parameters, we obtain & = (@*°)~!(¢) =
A_l(g“ — w) 4+ O(ey) and, using also (4.14),

O%(E) - h + Q7€) —QFE) = [, (&) +71i;(0),
Irijl = 0@e), Irij|I""=0(),
Snij @) =cnij-¢+dij, cniji=h+0;" —17Ha™Ta,
diji=hi—rj— 07 =27 ha- AT

Then (4.17) follows immediately if [cp ; j| > ¢ > 0 because [cp i ;j - 9 fni,jl
¢ > 0and |ry ;|'"P = O(e). Now, since i € Z"/?\ {0} and |(%; ' — ,\;I)A—Tm
0()»1._1 + A;l), the coefficient |cj; j| > 1/2, for min{|i|, ||} = C large. On the
otherhand, if |i| £ C and |j| = Co with Cg large enough (or permuting the role of i
and j) the coefficient |d; ;| = 1.Inthis case | fy i j+ri ;| > 1/8forall¢ € &> (O)
unless [cy, i j - @| = 1/4 (for &, p small). Hence |@ - 8¢ f,i j| = |® - cpi j| > 1/4
and, again, (4.17) follows. Finally, the first condition in (4.15) and 2 # 0 imply
min{|cy, ; ;| for [i], |j] = Co} > 0 and so (4.17).

v
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7. Proof of Theorem 1.1

By hypothesis, the analytic nonlinearity g has the convergent Taylor expansion

_ 3 2 2 (k,h,1) k h !
8K, Y, Vx, V) =K1Y + K2yYy + K3YYj +zk+h+[>5 )Yy

where k, h, [ € N and

1g®™ Dy » < CHHH for some ag >0, p>1/2, C >0, (7.1)

having identified each function g1 (x) with the Fourier series { g i l)} joeZ €
£9-P "recall (2.1). As phase space we consider u, u € £%P with a := ag/2. The
coefﬁcients g;.r in (1.25) are

tot . — —d-1__ . 5 _. (=3 (29
g =gi== 2, > W gl =47 +g;

d=3,d>5 Jo+> opii=i
(7.2)

where 7 = (i, ..., ja) € 24,6 = (o1, ..., 0q4) € {£}¢ andu‘;I =T ju5 . The
coefficients g5 7, j, are '

o I htl JiA1 " Jkth (kD)
85.7.jo = z DOk Okt S8,
h+k+i=d : Jith

We consider (1.24) as the equations of motion of the vector field Ny + G where
(recall (1.25))

Ny = Z Uikju73ut;, G = Z G(ug)auf,

o=+, jeZ o=+, je7 ' (7.3)
G"Y =iogs;, G=G=)+G=.

n _
Note that G“~/) = —G") and that G has zero momentum by (7.2), (7.3).
Moreover G is reversible (with respect to the involution S in (1.27)), real-coefficients,
real-on-real, even, namely G € Ry (Definition 2.7 in absence of x, y-variables).

Lemma 7.1. Seta := ay/2 (Where ag is defined in (7.1)). Then, for R := R(C) > 0
small enough (where C is defined in (7.1)), it results

_ >
IGllRas IGTVra < R?, IGEV o< R (7.4)

Moreover G, G&), G2 ¢ QITg,a(NO, 3/2,4), for Ny satisfying (3.1), and

T =3),,T 2 >5,T 4
IG IR a,Np.3/2,4 5 IG* )||R,a,No,3/2,4<R ; ||G(*)||R,a,No,3/2,4<R - (71.5)
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Proof. We first note that (recall also that a := ay/2)

ol k1D 5 iy o d
> gt s < 118%™ lag. p (lutlla,p + litlla, p)? -
jo+ 3y oidi=i jezll,
(7.6)
Indeed
> gy < (D i *u) . Vjez,
J
o+ oii=j
ol o (k.1 - s o -
where f &0 = (e2liol WMD) Ly i = (iin)yez. itn = |un] + it ], * denotes

the convolution of sequences and
khd)  ~ . =~ ~ kh,l ~nd
IfERD s st siilla,p < 1LF "D Naplllld

k,h,l - d
<llg® "Dl ae pUltlla, p + it lla, p)

by the Hilbert algebra property of £¢-” and since a = ag — a.

Now we rewrite the sum in (7.2) as g; = Zla‘+|ﬂ|23(gj)a,ﬁu°‘ﬁﬂ where
(gj)a,p can be explicitly computed from (7.2) but has a Eomplicated combina-
torics. In order to compute the norm |G| g 5 we note that 1/|3;| < 1, |I|/|A] £ 1
and

é _ 0[_‘3 . (f _ Z R .
up; =u'u - n(a,,B,u])— l§i§dol]l gj. (7.7
We have (recall (7.3))
(2.2) _ Biu® _
IGlra =" swp R > ( > ea'““"““f)'<gaj)a,ﬂ||u“||u’5|>
[tlla,p il p < R -
politler o=% || \lel+1p123 jezllap
PR s 2Vt 3 S g s
Ntllaplillap <R || | 45 e S i o !
d=3 Jo+ 2z 0iji=j - jezly p
(7.6) o _ (7.1)
<R s > WTE g plullap + lillap)? < R

\Iul\mp,\lft\lu.p<R d§3h+k+1=d
proving (7.4) for R small enough with respect to the constant C in (7.1).

Let us now prove the estimate (7.5) for the quasi-Toplitz norm of G (the es-
timates for G=3 and G2 are analogous). For N = Ny, by (7.2) and (7.3) we
deduce that

My 324G = Z Go" g 8w =G +N'G
Iml,|n|>(3/2)N
where (recall (3.8), (3.9), (3.10))
Gy = —io Y. > S O G G Ve

d22 34 1ji1<anL jgl<Nb h+k+1=d+1

-f0+zl'd:1 oj jj=om—o'n

2
An A A

(D) . Jk+D e e Jktbh—10k+1 - - - Okth+i—1 (kUkjk ! o’ )
s Ajy - ')‘jk+/171
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(k,h,D)

The Toplitz approximation G is obtained by substituting the coefficients Ca
3 J,0 1

with their Toplitz approximation Ef;k]—hal), , defined by replacing 1/A, by O and n /4,

by the sign s(n).
Since 0 £ A, — In| £ y/m,Vn € Z, and A, = |n| > (3/2)N, the Taylor
coefficients of G and of the corresponding defect G are uniformly bounded. Then,

arguing as in the proof of (7.4), we deduce that ||(~}||R,a, ||é||R,él < RZ. Note that
~(k,h,l)
o,7,0'.n

have that G € Tr.a(N, 3/2,4) (Definition 3.3). By Definition 3.4 we get (7.5). O

depends on n only through s(n). Since by (3.10) s(n) = oo's(m) we

For the Birkhoff normal form step we need the following lemma proved in [3]
(Lemma 7.2 and formula (7.21), see also [21]).

Lemma 7.2. There exists an absolute constant c, > 0, such that, for every m €
0,00)and ji € Z,0; = £,i = 1,2, 3, 4satisfying o1j1 +02j2+03j3+04js =0
but not satisfying

Jj1=Jj2, j3=ja, 01 = —02, 03 = —o4 (or permutations of the indexes) ,
(7.8)
we have
cxm
(n} +m)3/2
no == min{(j1), (j2), (j3), (ja)}- (7.9)

Then we define the projections G| and G of G=2) as follows: the vector field
) . - .
—1G1u’ is the projection of gi. 3 (recall (7.2)) onto the indexes (o1, 032, 03, +),
+

lo1Aj, + 02Aj, + 03Aj; + 04 | > > 0 where

(J1, j2, J3, j) which satisfy (7.8) with j; € Z. Let —iG;u") be the projection of
g5.=3) onto the indexes ji, j2, j3 € Z if j & T and zero otherwise. We have that

IG1lIra = IGilr0, IG2llra = IG2llgo < R*, (7.10)

and, for N large enough,

1G i anes2a <R . 1G2lkang32a <R (7.11)

The estimates (7.10) and (7.11) follows by (3.24) and the analogous estimates (7.4)
and (7.5) for G, since G1, G, are projections (recall (2.12)) of G, satisfying (3.23).

Proposition 7.1. (Birkhoff normal form) For any Z as in (1.29), and m > 0, there
exists Ry > 0 and a real analytic change of variables I' : Br/y x Bgj C £4P x
%P — Bp x Bg C£%P x %P 0 < R < Ry, that takes the vector field Ny + G
into

(DF_I[NO—}—G]) oT = Ny + Gy + Ga + Gs (7.12)

) ;)
where G1, Gy satisfy (7.11), G3 satisfy G3u 7= —G;M’ and for N|y large enough

1G53 22,0250, 7/43 < R* - (7.13)

Finally Ny + G1 + G, + G3 € Ryey (recall Definition 2.7 in absence of x, y-
variables).
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Proof. Let us define the generating function F := > jez,o=+F (“7)8,,7 with

w?) 1 o F
FO = - g 1o ul
Z 4(71)le +02Aj, +03Aj; —OA;j .70 %]

oy )le +02)‘j2 +<73)»j3 7(7}»_/- #0
G1272003- DETOH G- j=0j
(7.14)
By Lemma 7.2 and arguing as in Lemma 7.1 we get || Fllr.a = ||Fllro < R2.
Moreover we claim that
T 2
||F||R’a’N0’3/2’4 < R~. (7.15)

For N = Ny, by (7.14) we wish to write My 3p24F = F + N_II:", where (recall
(3.8), (3.9) and (3.10))

o o,m o
F= Z\m|,|n|>(3/2>NF“ n o O

is Toplitz. We define F by using (7.14) with j, j3, 03 ~ m, n, ¢’ and substituting
as follows: gz 7,0 by its Toplitz approximation (given in Lemma 7.1) and d :=
o1Aj, + 02k, +0'Ay — oAy by d:= O1Aj, +02hj, + 0'In| — o|m|. To estimate
the Toplitz defect F we consider first the case 0 = o”. We have

ld —d| = Ay — A — In] + m|| < (0]~ 4+ 1m|™Y < |n| 71,

noting that 1/2 < |n|/|m| £ 2by o1 j1 +02j» = om —o’'nand | j1|+|j2| < 4NL,
for N = Ny large enough. Then, since by (7.9), 1 < |d|, for [n| = (3/2)N and Ny
large enough, 1 < |d| — |d —d| < |d|. In particular |d| = const. > 0 > 0 and
F , F are well defined. Moreover

d 1 - 1 1

‘:—1‘:‘:d—d)‘<— and [An — |n]] < —

d d In| In|
and, therefore, ||n| — dd~'A,| < 1. In the case 0 = —o”, since ljil + | ja] < 4NE
and A, = |m| = N, we get |d| = |n|. Recalling that we have, both in the case
o = o’ and 0 = —o’, that the Taylor coefficients of F, F are uniformly bounded,

arguing as in the proof of Lemma 7.1, we get ||1'*:||R,a , ||I:“||R,a < R?. We note
that F € Tr.a(N,3/2,4); indeed 0 = ¢’ and by (3.10) s(m) = s(n), so that
d:= o1Aj, +02Aj, + s(m)(o'n — om). Then by Definition 3.4 we deduce (7.15).

With Ny defined in (7.3) we have

[J\/b, u(;l]ujzzu(;; 90 j] =1i(o1Aj, + 02Aj, + 03Aj; — G)»j)u(;' ‘/722 7: 9,0
Then F in (7.14) solves the homological equation [Ny, F] + GE) 4 G =
G1 + G2. Then we define I' as the time-1 flow generated by the vector field F
and (7.13) follows by Proposition 3.2 taking R < Ro small enough and N large
enough.

We claim that F' € R,_rey. Indeed F is real-on-real (recall Definition 2.6) by
(7.14). F is anti-real-coefficients since the Taylor coefficients in (7.14) are real. F'
is anti-reversible (recall Definition 2.5) with respect to the involution S in (1.27)
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since by (7.14) we have F @D s = F @) . Finally F is even (recall Definition 2.6)
since, again by (7.14) F ( ) ( _/ (with E defined in (1.26)).

Then Ny + G + G2 +G3 = eadF(No + G) € Riey by Lemma 2.5. O

7.1. Action-Angle Variables and Conclusion of Proof of Theorem 1.1

Let us denote by (u™, u™) = ®(x, y, zT, z7; &) the change of variable intro-
duced in (1.30). For p > 0, let (recall (1.29))

0, = {SG]R"/Z cp/2<E <p, jez+}. (7.16)
A vector field X = (X®), X®7) is transformed by the change of variable @ in
Y:i=0,X=(Dd'[X]) o ®, with Y =Xx"“Dod, o=1,je\T,

Y(x,-):_;(lX(Mj)_l_x(uj))o @, y(yj)_( x(“/)+u+X(“ ))OCD JjeT.

Lemma 7.3. (Lemma 7.6 of [3]) Let us take
0<16r> <p, p=CyR* with C_!:=48nk2Pe?Ta) (7.17)

where a = ag/2, p > 1/2 and « is defined in (3.1). Then, for all ¢ € O, U O,
the map ®(-;&) : D(s,2r) — Brj» x Brja C £4P x £%P is well defined and
analytic (D(s, 2r) is defined in (2.4)).

Given a vector field X : Bgr/y x Bgpp — £4P x £%P, the previous Lemma and
(7.17) show that the transformed vector field Y := ®, X : D(s, 2r) — £%4P x (%P,
It results that, if X is quasi-Toplitz in the variables (u, u#) then Y is quasi-Toplitz in
the variables (x, y, z, ) (see Definition 3.4). We define the space of vector fields

- 4 W) o -
Vb= X = X, @) |X[ga <occand X“P= > x. ueit

J
,a a,p
l«®+p>|2d

Proposition 7.2. (Quasi-Toplitz) Let Ny, 0, u, u’ satisfy (3.1) and
b

N,
(W —wNE > Nb. N2~ =t <1, (7.18)

IfXeQf, (No, O, u) NV, withd =0, 1, then Y :=®,X € QT , . (No. 6, 1)
and

T A2y T
1Y N, anp.0.0.0, <@/ RN XN R 2,0, N0, - (7.19)

The proof of Proposition 7.2 follows closely the analogous Proposition 7.2 in
[3] (replacing the Hamiltonians with the vector fields). The following lemma holds
(see Lemma 7.11 in [3]):
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Lemma74. Let X € Vgpa,Y = &.X and Yo(x,y) := Y(x,y,0,0) — Yo
(x,0,0,0)0y. Then, assuming (7.17), [[Yolls.2r.a.0,00,, < (R/P) X|r/2,a-

Recalling (7.17), the vector field Ny + G + G2 + G3 in (7.12) is transformed
by the change of variable (1.30) into

DNy +G1+Gr+G3)=N+P=N+P+P+Ps3 (7.20)

where the normal form A is as in (4.1) with frequencies (satisfying (4.2)) as in
(4.14)

_ 1. - .
wj(§) = hj+27! (_Zal.ilfljl +a'€) Vjel,

- . (7.21)
Qi) =rj+r; a-E.Vj¢T,
> =(l 2 =) . _ -2
a = Zl§1§3Kla() e R"?, a; ' = - ",
a? = -’27, 4" = -1, VieI (7.22)
Moreover the three terms of the perturbation are
1 = | ) ,
Prl= )»_j(_Z J'|'Yj+§(a’a)y)’ Py =0,jel,
@ oi . . .
P = —E(a,a)wzjﬁ o=+, ¢1,
+ +
P, := ®,G, (note that Péx) = Péy) =0, P;Zj) = G;uj ),j ¢1),
Pz = ¢,G3. (7.23)

As in (4.6) we decompose the perturbation

P =P (x;£)d, +Ps, P’(x;8)d, :=NVPOH = nEDpPy)
=P (x,0,0,0; £)dy. (7.24)

Lemma 7.5. Let s,r > 0 as in (7.17) and N large enough (with respect to
m,Z, L,b). Then

P01} om0 <A+2/PROT2, I Pulll <(142/p) (P +Rr ™), (7.25)
where
O=0(p)={£€R" : 2p/3<§<3p/4, I=1,....n} CO, (1.26)

(the set O, was defined in (7.16)) and p := (s, r,a/2, N, 2,2, 1, O).
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Proof. By the definition (7.24) we have

Lemma 2.2

IP0lsrano, = IMTPP3rano, = 1P dloraro,
(7.19),(7.23) /r\—2 (7.13) RS
< (E) ”G3”IT€/2,a/2,N,7/4,3 < ol (7.27)

(applying (7.19) with d ~> 0, Ny ~» N,0 ~ T/4, u ~» 2, 4/ ~~ 3) and taking
N large enough so that (7.18) holds and N = N defined in Proposition 7.1. By
(7.20), (7.23) and (7.24) we write

Pu=P1+P,+Ps+Ps  where (7.28)

Py :=Ps(x,y,2,2;8) — P3(x,,0,0; §),
Ps = P3(x, y,0,0; &) — P (x,0,0,0; £), .

We claim that
T T 2
1Py ||s,r,a/2,N,2,2,(’)p’ ||P2”S,r,a/2,N,2,2,(’)p < ro. (7.29)

Indeed the estimate on P; follows since P is Toplitz and [|P1ls.ra/2.0, < r2 by
(7.23). On the other hand the estimate on P, follows by (7.23) and (7.11) with
N = Ny large enough to fulfill (3.1).

By (7.23) and (7.19) (with d ~ 1, Ny ~ N, ~ 2, u’ ~ 3), for N large
enough, we get

- ry-! T 113) cry=l . R
P20, < (%) 1G3Ikpapnrins < (%) R'=—
(7.30)
Since Ps does not depend on the variables z+ we get

T Lemma7.4 ;r\—1
1Pl o220, = Pslerano, < (%) 1Gslrzan

7.13 -1 RS
3 (%) RY= (1.31)
r

In conclusion, by (7.28), (7.29), (7.30), (7.31) we get IIP*IIST_r 2/2.N.2.2,0, <rr4

R3r~!. In order to prove the estimates (7.25) we have to prove Lipschitz estimates
(see (2.20), (3.26)). We first note that the vector fields P79, and P are analytic
in the parameters £ € O,. Then we apply Cauchy estimates in the subdomain
O =0(p) C O, (see (7.26)), noting that p < dist(O, 00,). Then

lip -1 lip -1 p
1Pl p 00 WPullsrap0, and IPY3IT ) o<p™ 1P 3l a0,

and (7.25) is proved. O
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We now verify that the assumptions of Theorems 4.1-4.2 are fulfilled by N/ + P
in (7.20) with parameters & € O(p) defined in (7.26). Note that the sets O =
[0/2, p]* defined in Theorem 4.2 and O(p) defined in (7.26) are diffeomorphic
through & — (7p + 2&;)/12. The frequency & (recall (4.7)) defined in (7.21) has
the form & = @ + A£ in (4.14) with

A=Y A, A = (diagierer!) (—%Idn/z + 1,,/2) (diagiera”).

(7.32)
denoting by 1,2 the (1n/2) x (n/2) matrix with all entries equal to 1. Then  and
2}, defined in (7.21) satisfy (4.14) and hypotheses (A1)—(A2) follow. Moreover
(A3)-(A4) and the quantitative bound (4.8) follow by (7.25), choosing

s=1,r=R"1, p=C,R>asin (7.17), N asinLemma7.5, 6 =2,
p=2 y=RS (7.33)
and taking R small enough. Hence Theorem 4.1 applies.

Let us verify that also the assumptions of Theorem 4.2 are fulfilled. Since
1;21 n= (n/2)1, 2 by (7.32) we get that the matrix A is invertible with

Al — (diagieﬁl/ﬁi) (—41(1,,/2 + - lln/z) (diagi61+ki) , (7.34)
- (1.22) -() %) 2yq —2
for all k1, k2, k3 such that a; =" > <;<z3k1a; = —(K1 + k20" + K3AA; ~ #

0,Vi € T, see (1.12). Moreover, by (7.22) and (7.34) we have ATHY-1g = 4o/
(2n — 1) and then condition (4.15) is equivalent to (1.13) (note that (AT)~'a does
not depend on k1, k2, k3).

Finally we deduce that the Cantor set of parameters Oy C O in (4.11) has
asymptotically full density because

The proof of Theorem 1.1 is now completed.

Remark 7.1. If g = g&3) + ¢(Z% (unlike (1.10)) then 1G311% PNy 1/43 < R3
which does not fit the smallness condition of Theorem 4.1. The term of order
four should be removed by a further step of Birkhoff normal form. If the term
g% depends on the space variable x nothing changes except to check the twist

condition, see (7.21), (7.34). For simplicity, we did not pursue these points.

Acknowledgements. We thank L. CorsI and an anonymous referee for many useful sugges-
tions.
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