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Abstract. The “solution” of the N-body problem (NBP) has challenged astronomers and mathemati-4

cians for centuries. In particular, the “metric stability” (i.e., stability in a suitable measure theoretical5

sense) of the planetary NBP is a formidable achievement in this subject completing an intricate path6

paved by mathematical milestones (by Newton, Weierstrass, Lindstedt, Poincarè, Birkhoff, Siegel,7

Kolmogorov, Moser, Arnold, Herman,...). In 1963 V.I. Arnold gave the following formulation of the8

metric stabiliy of the planetary problem:9

If the masses of n planets are sufficiently small in comparison with the mass of the central body, the10

motion is conditionally periodic for the majority of initial conditions for which the eccentricities and11

inclinations of the Kepler ellipses are small.12

Arnold gave a proof of this statement in a particular case (2 planets in a plane) and outlined a strategy13

(turned out to be controversial) for the general case. Only in 2004 J. Féjoz, completing work by M.R.14

Herman, published the first proof of Arnold’s statement following a different approach using a “first15

order KAM theory" (developed by Rüssmann, Herman et al., and based on weaker non-degeneracy16

conditions) and removing certain secular degeneracies by the aid of an auxiliary fictitious system.17

Arnold’s more direct and powerful strategy – including proof of torsion, Birkhoff normal forms, ex-18

plicit measure estimates – has been completed in 2011 by the authors introducing new symplectic19

coordinates, which allow, after a proper symplectic reduction of the phase space, a direct check of20

classical non–degeneracy conditions.21
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1. Introduction26

On July 5th, 1687 Sir Isaac Newton published his Philosophiae Naturalis Principia Mathe-27

matica, one of the most influential book in the history of modern science. The main impulse28

for its publication came from Edmond Halley, who urged Newton to write the mathematical29

solution of the two–body (Kepler) problem.30

In general, the N–body problem (NBP) consists in determining the motion of N ≥ 231

point–masses (i.e., ideal bodies with no physical dimensions identified with points in the32

Euclidean three–dimensional space) interacting only through Newton’s law of gravitational33

attraction.34

After his complete mathematical description of the general solution for the two body35

case, Newton immediately turned to the three–body problem (Sun, Earth and Moon) but got36
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discouraged, describing it as a “head–aching problem”. The immense difficulty in trying to37

obtain explicitly the general solution of the NBP (something that, later, was proved to be im-38

possible) drove, then, mathematicians to focus on the issue of convergence of formal power39

series for solutions of the planetary problem, the smallness expansion parameter being the40

mass ratio between planets and Sun. Many eminent personalities in the mid 1800’s, such41

as Weierstrass and Dirichlet (who claimed to have a proof, which was never found), were42

convinced that the series were convergent. The question become a major mathematical issue43

and King Oscar II of Sweden and Norway, enlightened ruler, issued, in 1885, a prize for44

solving the problem or, in absence of a complete solution, for the best contribution. The45

prize was finally awarded on the occasion of the king’s 60th birthday (21 January, 1889)46

to Henri Poincaré1 , who came to the belief (albeit not to the proof) that the series were47

divergent. The convergence problem was exported into a more general (and less degener-48

ate) setting, namely, perturbation theory for non–degenerate nearly–integrable Hamiltonian49

systems. The breakthrough came in 1954 at the Amsterdam ICM, where N.N. Kolmogorov50

announced and gave a sketchy proof of his theorem on the preservation of (maximal) quasi–51

periodic motions2 in nearly–integrable systems. In his amazing 6–page long article [22]52

Kolmogorov set the foundation of KAM (Kolmogorov–Arnold–Moser) theory, outlining a53

(super–exponentially) convergent perturbation theory for real–analytic systems, able to deal54

with the small divisor problems arising in the formal solutions of quasi–periodic motions:55

one of the crucial (and ingenious) idea was to fix the frequencies of the final motions rather56

than initial data3 . With additions by Moser and Arnold, Kolmogorov’s strategy could be57

used to show, indirectly4 , convergence of the formal (Lindstedt) series for “general” solu-58

tions, where “general” means that the phase space region corresponding to (linearly) stable59

quasi–periodic motions tends to fill a Cantor set of asymptotic measure density equal to one60

(as the smallness parameter goes to zero). Thus, a way of rephrasing the main outcome of61

KAM theory is that analytic nearly–integrable (non–degenerate) Hamiltonian systems are62

asymptotically metrically stable.63

However, in view of the strong degeneracies of the Kepler problem (i.e., of the integrable64

limit of the planetary NBP), the main hypothesis of Kolmogorov’s theorem did not apply65

to the planetary problem. Besides the real–analyticity assumption, the main hypothesis of66

Kolmogorov’s theorem is that the limit integrable Hamiltonian depends only on d action67

variables, d being the number of degrees of freedom (:= half of phase–space dimension) and68

that its gradient map is a local diffeomorphism. In the planetary problem the integrable limit69

depends only on n actions while the number of degrees of freedom (after reducing the total70

linear momentum; see below) is 3n.71

In 1963 Arnold, 26, took up the question of extending Kolmogorov’s theorem to sys-72

tems modeling the main features of the planetary problem, namely, Hamiltonian systems73

with n+m degrees of freedom, whose integrable limit depends only on n action variables574

1 At first Poincarè submitted a contribution containing a serious mistake, which he amended in a feverish effort:
the outcome was the famous 270 page memoir [25], by now, regarded as the birth of modern theory of dynamical
systems and chaos; compare [3].

2 In general, a “quasi–periodic” (or “conditionally periodic”) orbit with (rationally independent) frequencies
(ω1, ..., ωd) = ω ∈ Rd is a trajectory conjugated to a linear flow, θ → θ + ωt on a d dimensional torus; if d
equals the number of degrees of freedom (i.e., half dimension of the pahse space), the quasi–periodic orbit is called
maximal.

3 For generalities on KAM theory, see, e.g., [2] or [6].
4 Direct proofs of convergence of Lindstedt series came much later; see [8, 16, 19].
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(which, in the planetary problem, are the square roots of the semimajor axes of the decou-75

pled 2BP planet–Sun). This implies that the n conjugated angles (the mean anomalies of76

the 2BP’s, in the planetary problem) are fast angles, bringing naturally in play averaging77

theory, according to which the leading dynamics is governed by the average of the Hamil-78

tonian over the fast angles; the resulting Hamiltonian is thus the sum of the integrable limit79

and the average over the fast angles of the perturbation function (the “secular Hamiltonian”).80

Now, what happens in the planetary problem is that the secular Hamiltonian has an elliptic81

equilibrium in the origin of the remaining 2m symplectic variables, corresponding physi-82

cally to circular orbits revolving in the same plane. Arnold formulated and gave a detailed83

proof of a generalization of Kolmogorov’s theorem working for properly–degenerate sys-84

tems with secular Hamiltonian possessing an elliptic equilibrium; he called such theorem85

the “Fundamental Theorem". The non–degeneracy hypotheses involve, now, not only the86

integrable limit (which, as in Kolmogorov’s theorem, is assumed to define through the gra-87

dient map an n–diffeomorphism), but also the Birkhoff normal form6 (“BNF” for short)88

of the secular 2m variables, and in particular the first order Birkhoff invariants (the eigen-89

values associated to the elliptic equilibrium) and the second order invariants, which may be90

viewed as an (m × m) matrix. The “full” torsion (or “twist”) hypothesis is guaranteed if91

such matrix is non–singular. After giving the (long and beautiful) proof of his Fundamental92

Theorem, Arnold checks the torsion hypothesis in the simpler non–trivial case, namely, 293

planets constrained on a plane. He then discusses how to generalize first to the planar case94

with n planets, and, from there, to the spacial general case7 .95

However, various serious problems prevented, for long time, to carry over Arnold’s strat-96

egy. In first place, the standard hypotheses for constructing the BNF is that the first order97

Birkhoff invariants are non–resonant (i.e., do not have vanishing non–trivial integer coeffi-98

cient linear combinations) up to a certain order. But indeed, besides a well know resonance99

related to rotation invariance, which Arnold was aware of, a second rather mysterious res-100

onance was discovered by Herman in the 1990’s, namely, that the sum of the first order101

Birkhoff invariants, in the general spatial case, vanishes identically; such resonance is now102

known as “Herman resonance”. A second and more important problem is related to the tor-103

sion hypothesis. Indeed, in the full 6n dimensional phase space, the planetary Hamiltonian104

has an identically vanishing torsion (a fact, proved only recently in [12], ignored by Arnold105

and only suspected by Herman, compare [20]). Finally, there is a rather vague suggestion by106

Arnold to check non–degeneracies “bifurcating” from the planar problem, i.e., viewing the107

planar problem as a limit of the spacial one, which is a fact hard to justify analytically.108

Herman’s approach is rather different. After convincing himself that in the spatial case109

there might be a serious torsion problem, he turned to a different KAM technique, based110

on a different and somewhat weaker non–degeneracy condition, a condition which involves111

only the first order Birkhoff invariants and the gradient map of the limiting integrable Hamil-112

tonian. Such condition is that the first order Birkhoff invariants – which are parameterized113

by the semimajor axes – do not lie identically in a fixed plane (“non–planarity” condition).114

However, as mentioned above, this is not true in the planetary problem since the invari-115

ants lie in the intersection of two planes corresponding to the rotational and the Herman’s116

resonances. To overcome this problem, following a trick introduced by Poincaré, Herman117

5 Such systems are sometimes called “properly–degenerate”.
6 For generalities on Birkhoff normal form theory, see [21]; for a Birkhoff normal form theory adapted to the

NBP, see Proposition B.1 below.
7 In Appendix C we report verbatim, some of Arnold’s claims and suggestions as given in [1].
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modifies the planetary Hamiltonian by adding a term proportional to a function Poisson–118

commuting with the planetary Hamiltonian; he manages to do that so that the modified119

Hamiltonian is non–degenerate (i.e., the modified Birkhoff invariants are non–planar). Now,120

by an abstract argument, two Poisson–commuting Hamiltonians have the same Lagrangian121

transitive invariant tori, therefore the invariant tori gotten by applying the weaker KAM the-122

ory to the modified Hamiltonian are invariant also for the planetary problem8 . This scheme123

was worked out, clarified and published by Jacques Féjoz in [17]; see also [18].124

Finally, in 2011, the original strategy of Arnold has been reconsidered, from a different125

point of view, in the paper9 [11], where, thanks to new symplectic coordinates (called RPS126

for RegularizedPlanetarySymplectic), it is proven that in a “partially reduced setting” the127

planetary problem has indeed non–vanishing torsion. Recall that the “natural” phase space128

(after linear momentum reduction) of the planetary (1+n)–body problem is 6n–dimensional129

and that standard symplectic coordinates are given by Poincaré variables; this setting has130

been used by Arnold (with minor modifications) and by Herman and Féjoz. In this setting131

the planetary Hamiltonian is still rotation invariant and admits, therefore, besides energy,132

other three global analytic integrals, which are the three components of the total angular133

momentum. Now, while in three dimensions it is customary to use the celebrated Jacobi’s134

classical reduction of the nodes10 in higher dimensions the reduction of the nodes is not135

so popular, even though it was knonw since the early 1980’s thanks to the work of Deprit136

[15]. In [11], (an action–angle version of) Deprit variables replace Delaunay variables and,137

after a Poincaré regularization, one is lead to the new RPS variables. A main feature of138

these variables is that one symplectic couple of the secular cartesian variables (related to the139

inclination of the total angular momentum), say (pn, qn) are both cyclic coordinates (i.e.,140

invariants), which means that the planetary Hamiltonian in such coordinates does not depend141

on this couple of variables. The significance of this fact is that the phase space is foliated by142

(6n − 2)–dimensional symplectic submanifold {(pn, qn) = const} on which the planetary143

Hamiltonian has the same form. In this partially reduced11 setting the original Arnold’s144

strategy can be carried out, torsion explicitely checked and all its dynamical consequences145

drawn: All this will be described below.146

2. The classical Hamiltonian of the planetary NBP147

In this section (and in Appendix A) we review the classical Hamiltonian description of the148

planetary NBP due, essentially, to Delaunay and Poincaré.149

Newton’s equations for 1 + n bodies (point masses), which interact only through gravi-150

8 However, besides not having information about the normal form around the tori of the original Hamiltonian
(which is intrinsic in this first order KAM theory), this abstract argument does not allow to read back the KAM
structure in the unmodified setting.

9 This paper is based on the PhD thesis [23].
10 For a symplectic description of Jacobi’s reduction of the nodes, see [4].
11 Indeed, in these (6n − 2)–symplectic submanifold, the planetary Hamiltonian still admits an energy–

commuting integral, namely the Euclidean length of the total angular momentum. It is possible (and done in [11])
to further reduce to a fully rotationally reduced (6n−4)–dimensional phase space, however in such totally reduced
setting many symmetries and nice feature shared by Poincaré and RPS variables (such as D’Alembert rules, parities
in the secular variables, etc.) are lost and the symplectic description becomes somewhat more clumsy.
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tational attraction, are given by:151

ü(i) =
∑

0≤j≤n
j 6=i

mj
u(j) − u(i)

|u(i) − u(j)|3
, i = 0, 1, ..., n , (2.1)

where u(i) =
(
u

(i)
1 , u

(i)
2 , u

(i)
3

)
∈ R3 are the cartesian coordinates of the ith body of mass152

mi > 0, |u| =
√
u · u =

√∑
i u

2
i is the standard Euclidean norm, “dots" over functions153

denote time derivatives, and the gravitational constant has been set to one (which is possible154

by rescaling time t). These equations are equivalent to the (standard) Hamilton equations155

associated to the Hamiltonian function12156

Ĥ
N

:=

n∑
i=0

|U (i)|2

2mi
−

∑
0≤i<j≤n

mimj

|u(i) − u(j)|
,

where (U (i), u(i)) are standard symplectic variables (U (i) = miu̇
(i) is the momentum con-157

jugated to u(i)) and the phase space is the “collisionless" open domain in R6(n+1) given158

by159

M̂ := {U (i), u(i) ∈ R3 : u(i) 6= u(j) , 0 ≤ i 6= j ≤ n} (2.2)

endowed with the standard symplectic form160

n∑
i=0

dU (i) ∧ du(i) :=
∑

0≤i≤n
1≤k≤3

dU
(i)
k ∧ du

(i)
k . (2.3)

Exploiting the invariance of Newton’s equation by change of inertial frames, or, equivalently,161

the existence of the vector–valued integral13 given by the total linear momentum
∑n
i=0 U

(i),162

Poincaré showed how to make a “symplectic reduction” lowering by three units the number163

of degrees of freedom. Indeed, the dynamics generated by Ĥ
N

on M̂ is equivalent to the164

dynamics on165

M :=
{

(X,x) = (X(1), ..., X(n), x(1), ..., x(n)) ∈ R6n : 0 6= x(i) 6= x(j) ,∀ i 6= j
}
,

(endowed with the standard symplectic form
∑n
i=1 dX

(i) ∧ dx(i)) by the Hamiltonian166

Hplt(X,x) :=

n∑
i=1

|X(i)|2

2Mi
− Mim̄i

|x(i)|
+ µ

∑
1≤i<j≤n

X(i) ·X(j)

m0
− mimj

|x(i) − x(j)|

=: H(0)
plt(X,x) + µH(1)

plt(X,x) , (2.4)

where the mass of the Sun is14 m0 = m0 and the mass of the planets are mi = µmi167

(1 ≤ i ≤ n), µ being a small parameter, while Mi := m0mi

m0+µmi
and m̄i := m0 + µmi. In168

12 I.e., the equations U̇(i)
j = −∂

u
(i)
j

ĤN , u̇(i)j = ∂
U

(i)
j

ĤN , 0 ≤ i ≤ n, 1 ≤ j ≤ 3; for general information on

Hamiltonian systems, see, e.g., [2].
13 Recall that F (X,x) is an integral forH(X,x) if {F,H} = 0 where {F,G} = FX ·Gx−Fx ·GX denotes

the (standard) Poisson bracket; in particular an integral F forH is constant for theH flow, i.e., F ◦ φtH ≡ const.,
where φtH denotes the Hamiltonian flow generated byH.
14 Note the different character: upright for unscaled and italic for rescaled masses.



6 L. Chierchia and G. Pinzari

such descriptionM corresponds to the (symplectic) submanifold of M̂ of zero total linear169

momentum and zero total center of mass and x(i) = u(i) − u(0), for i ≥ 1, are heliocentric170

coordinates; full details are given in Appendix A.171

Obviously, in such variables, there is no more a conserved total linear momentum15 ,172

however, the system is still invariant under rotations and the total angular momentum173

C = (C1,C2,C3) :=

n∑
i=1

C(i) , C(i) := x(i) ×X(i) , (2.5)

is still a (vector–valued) integral for Hplt. The integrals Ci, however, do not commute (i.e.,174

their Poisson brackets do not vanish16 ) but, for example, |C| and C3 are two commuting,175

independent integrals, a remark that will be crucial in what follows.176

Next, by regularizing the Delaunay action–angle coordinates for the n decoupled two–177

body problems with Hamiltonian H(0)
plt in a neighborhood of co–circular and co–planar mo-178

tions, Poincaré brings out in a neat way the nearly–integrable structure of planetary NBP. The179

real–analytic symplectic variables doing the job are usually known as Poincaré variables: in180

such variables the HamiltonianHplt(X,x) takes the form181

Hp(Λ, λ, z) = hk(Λ) + µfp(Λ, λ, z) , (Λ, λ) ∈ Rn+ × Tn , z := (η,p, ξ, q) ∈ R4n (2.6)

where the “Kepler” unperturbed term hk is given by182

hk(Λ) := −
n∑
i=1

M3
i m̄

2
i

2Λ2
i

, Λi := Mi

√
m̄iai, (2.7)

ai being the semimajor axis of the instantaneous two–body system formed by the ith planet183

and the Sun; as phase space, we consider a collisionless domain around the “secular origin”184

z = 0 (which corresponds to co–planar, co–circular motions) of the form185

(Λ, λ, z) = (Λ, λ,η,p, ξ, q) ∈M6n
p := A× Tn ×B4n (2.8)

endowed with the symplectic form
n∑
i=1

dΛi ∧ λi +

n∑
i=1

ηi ∧ dξi +

n∑
i=1

dpi ∧ dqi; A is a set186

of “well separated” semimajor axes187

A :=
{

Λ : aj < aj < aj for 1 ≤ j ≤ n
}

(2.9)

where a1, · · · , an, a1, · · · , an, are positive numbers verifying aj < aj < aj+1 for any188

1 ≤ j ≤ n, an+1 :=∞, and B4n is a 4n–dimensional ball around the secular origin z = 0.189

A complete description of Delaunay and Poincaré variables is given in Appendix A.190

Here, let us point out that the Hamiltonian (2.4) retains rotation and reflection invariance and,191

in particular, invariance by rotation with respect the k(3)–axis and invariance by reflection192

with respect to the coordinate planes. This implies that the perturbation fp in (2.6) satisfies193

(classical) symmetry relations known as d’Alembert rules, which are given by the following194

15 In particular,
∑n
i=1X

(i) is not an integral forHplt

16 Indeed, {C1,C2} = C3, {C2,C3} = C1 and{C3,C1} = C2.
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transformations:195 
(η, ξ,p, q)→ (−ξ,−η, q,p) , (Λ, λ)→

(
Λ, π2 − λ

)
(η, ξ,p, q)→ (η, ξ,−p,−q) , (Λ, λ)→ (Λ, λ)
(η, ξ,p, q)→ (−η, ξ,p,−q) , (Λ, λ)→ (Λ, π − λ)
(η, ξ,p, q)→ (η,−ξ,−p, q) , (Λ, λ)→ (Λ,−λ)
(Λ, λ, z)→ (Λ, λ1 + g, . . . , λn + g,Sgz)

(2.10)

where, for any g ∈ T, Sg acts as synchronous clock–wise rotation by the angle g in the196

symplectic zi–planes:197

Sg : z→ Sgz =
(
Sgz1, ...,Sgz2n

)
, Sg :=

(
cos g sin g
− sin g cos g

)
; (2.11)

compare (3.26)–(3.31) in [12]. By such symmetries, in particular, the averaged perturbation198

fav
p (Λ, z) :=

1

(2π)n

∫
Tn

fp(Λ, λ, z)dλ , (2.12)

which is called the secular Hamiltonian, is even in z around the origin z = 0 and its expan-199

sion in powers of z has the form200

fav
p = C0(Λ) +Qh(Λ) · η

2 + ξ2

2
+Qv(Λ) · p2 + q2

2
+ O(|z|4) , (2.13)

where Qh, Qv are suitable quadratic forms and Q · u2 denotes the 2–index contraction201 ∑
i,j Qijuiuj (Qij , ui denoting, respectively, the entries of Q, u). This shows that z = 0 is202

an elliptic equilibrium for the secular dynamics (i.e, the dynamics generated by fav
p ). The203

explicit expression of such quadratic forms can be found, e.g. , in (36), (37) of [17] (revised204

version).205

The truncated averaged Hamiltonian206

Hav

p (Λ, λ, z) := hk + µ
(
C0(Λ) +Qh(Λ) · η

2 + ξ2

2
+Qv(Λ) · p2 + q2

2

)
is integrable, with 3n commuting integrals given by

Λi , ρi =
ηi

2 + ξi
2

2
, ri =

pi
2 + qi

2

2
, (1 ≤ i ≤ n) .

The general trajectory of this system fills a 3n–dimensional torus with n fast frequencies207

∂Λi
hk(Λi) and 2n slow frequencies given by208

µΩ = µ(σ, ς) = µ(σ1, · · · , σn, ς1, · · · , ςn) , (2.14)

σi and ςi being the real eigenvalues of Qh(Λ) and Qv(Λ), respectively. Such tori corre-209

spond to n nearly co–planar and co–circular planets rotating around the Sun with Keplerian210

frequencies ∂Λi
hk(Λi) and with small eccentricities and inclinations slightly and slowly os-211

cillating with frequencies µσ and µς .212

A fundamental problem in the planetary NBP concerns the perturbative analysis of the213

integrable dynamics governed by Hav

p , when the full planetary Hamiltonian Hp is consid-214

ered. The main technical tool is Kolmogorov’s 1954 Theorem [22] (which, incidentally, was215
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clearly motivated by Celestial Mechanics) on the persistence under perturbation of quasi–216

periodic motions for nearly–integrable system with real–analytic Hamiltonian in action–217

angle variables given by218

Hµ(I, ϕ) := h(I) + µf(I, ϕ) , (I, ϕ) ∈ Rd × Td. (2.15)

Kolmogorv’s Theorem, however, holds in a neighborhoods of points I0 where the integrable219

Hamiltonian is non–degenerate in the sense that deth′′(I0) 6= 0, where h′′ denotes the Hes-220

sian matrix of h (equivalently, the frequency map I → h′(I) is a local diffeomorphism).221

This conditions is strongly violated by the planetary Hamiltonian since for µ = 0 the inte-222

grable (Keplerian) limit depends only on n action variables (the Λ’s), while the number of223

degrees of freedom is d = 3n. A nearly–integrable system with Hamiltonian as in (2.15) for224

which h does not depend upon all the actions I1,...,Id is called properly–degenerate17 .225

In the next section we recall Arnold’s statement on the planetary NBP and outline his226

strategy of proof based on a generalization of Kolmogorov’s theory to properly–degenerate227

system.228

3. Arnold’s theorem on the planetary NBP (1963)229

In the 1963 paper [1] Arnold – probably in his deeper contribution to KAM theory and230

Celestial Mechanics – formulated his main result as follows ([1, p. 127]):231

Theorem 3.1. If the masses, eccentricities and inclinations of the planets are sufficiently232

small, then for the majority of initial conditions the true motion is conditionally periodic233

and differs little from Lagrangian motion18 with suitable initial conditions throughout an234

infinite interval of time −∞ < t < +∞.235

Proper degeneracies and Arnold’s “Fundamental Theorem”. As mentioned above, Kol-236

mogorov opened the route to a rigorous proof of (maximal) quasi–periodic trajectories in237

Hamiltonian systems, but the planetary system violates drastically the main hypotheses of238

his theorem. This was a main challenge for his young and brilliant student Vladimir Igore-239

vich Arnold, who at 26 gave a major impulse and draw the path which, eventually, would240

lead to a complete solution of the metric stability problem for the NBP.241

One of the main steps – a result that in [1] Arnold called “The Fundamental Theorem” – is242

to extend Kolmogorov’s Theorem to properly–degenerate systems, and, more specifically,243

to properly–degenerate systems with “secular” elliptic equilibria (or, more precisely, elliptic244

lower dimensional tori).245

Let us proceed to formulate Arnold’s Fundamental Theorem.246

LetM denote the phase spaceM :=
{

(I, ϕ, p, q) : (I, ϕ) ∈ V × Tn and (p, q) ∈ B
}

17 In general, maximal quasi–periodic solutions (i.e., quasi–periodic solutions with d rationally–independent fre-
quencies) for properly–degenerate systems do not exist: trivially, any unperturbed properly–degenerate system on
a 2d dimensional phase space with d ≥ 2 will have motions with frequencies not rationally independent over Zd.
But they may exist under further conditions on the perturbation f , as we shall see.

18 Arnold defines the “Lagrangian motions”, at p. 127 as follows: the Lagrangian motion is conditionally periodic
and to the n “rapid” frequencies of the Kepler motion are added n (in the planar problem) or 2n− 1 (in the space
problem) “slow” frequencies of the secular motions. This dynamics corresponds, essentially, to the above “truncated
integrable planetary dynamics”. The missing frequency in the space problem is because one of the spatial secular
frequency, say, ςn vanishes identically; compare Eq. (3.3) below.
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where V is an open bounded region in Rn and B is a ball around the origin in R2m;M is
equipped with the standard symplectic form

dI ∧ dϕ+ dp ∧ dq =

n∑
i=1

dIi ∧ dϕi +

m∑
i=1

dpi ∧ dqi .

Let, also, Hµ be a real analytic Hamiltonian on M of the form Hµ(I, ϕ, p, q) := h(I) +247

µf(I, ϕ, p, q), and denote by fav the average of f over the “fast angles" ϕ: fav(I, p, q) :=248 ∫
Tn

f(I, ϕ, p, q)
dϕ

(2π)n
.249

Theorem 3.2 (“The Fundamental Theorem”; [1]). Assume that fav is of the form250

fav = f0(I) +

m∑
j=1

Ωj(I)rj +
1

2
τ(I)r · r + o4 , rj :=

p2
j + q2

j

2
, (3.1)

where τ is a symmetric (m ×m)–matrix and lim(p,q)→0 |o4|/|(p, q)|4 = 0. Assume, also,251

that I0 ∈ V is such that252

deth′′(I0) 6= 0 (∗) ; det τ(I0) 6= 0 (∗∗) . (3.2)

Then, in any neighborhood of {I0} × Td × {(0, 0)} ⊆ M there exists a positive measure253

set of phase points belonging to analytic “KAM tori” spanned by maximal quasi–periodic254

solutions with n + m rationally–independent (Diophantine19 ) frequencies, provided µ is255

small enough.256

Let us make some remarks.257

(i) The function fav in (3.1) is said to be in Birkhoff normal form (with respect to the258

variables p, q) up to order 4 (compare [21] and Appendix B below). Actually, Arnold259

requires that fav is in Birkhoff normal form up to order 6 (instead of 4); but such con-260

dition can be relaxed and (3.1) is sufficient: compare [9], where Arnold’s Fundamental261

Theorem is revisited and various improvements obtained.262

(ii) Condition (3.2)–(∗) is immediately seen to be satisfied in the general planetary prob-263

lem; the correspondence with the planetary Hamiltonian in Poincaré variables (2.6)264

being the following: m = 2n, I = Λ, ϕ = λ, z = (p, q), h = hk, f = fp.265

(iii) Condition (3.2)–(∗∗) is a “twist” or “torsion” condition on the secular Hamiltonian.266

It is actually possible to develop a weaker KAM theory where no torsion is required.267

This theory is due to Rüssmann [27], Herman and Féjoz [17], where fav is assumed268

to be in Birkhoff normal form up to order 2, fav = f0(I) +
∑m
j=1 Ωj(I)rj + o2, and269

the secular frequency map I → Ω(I) is assumed to be non–planar, meaning that no270

neighborhood of I0 is mapped into an hyperplane.271

(iv) The ingenious idea of Arnold in order to remove the proper degeneracy of the system272

goes roughly as follows. Instead of h(I), consider ĥ(I, r) := h(I) + µfav
2 (I, r) as273

a new unperturbed part viewed as a function of the actions (I, r), fav
2 (I, r) being the274

19 A vector ω ∈ Rd is Diophantine if there exist positive constants γ and c such that |ω · k| ≥ γ/|k|c, ∀ k ∈
Zd\{0}.
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truncation of fav in (3.1) up to degree two in the variables r. By averaging theory, the275

original Hamiltonian can be symplectically conjugated to a new “effective” nearly–276

integrable system h̃(I, r) + µaf̂(I, r, ϕ.ψ) ((ϕ,ψ) ∈ Tn × Tm) with a ∈ N large277

enough and h̃ close to ĥ: this is the starting point for constructing Kolmogorov (n+m–278

dimensional) tori (note that the full torsion condition mentioned in the introduction279

corresponds to the Kolmogorov non–degeneracy of ĥ).280

(v) The elliptic secular equilibrium (p, q) = 0 plays a fundamental rôle in this construc-281

tion. The density of the tori is closer and closer to one as soon as the variables (p, q)282

(eccentricities and inclinations, in the planetary problem) approach the origin; see283

also Theorem 5.3 below. Arnold however noticed that, at least in the case of the planar284

three–body problem, a stronger result holds: fav is integrable and one can replace285

fav
2 with fav in the definition of ĥ (see the previous item); this yields a more global286

and astronomically relevant result. Indeed, the density of the tori depends only on287

µ and not on eccentricities and inclinations. The independence of the Kolmogorov288

tori from eccentricities (in such cases inclinations are not independent quantities20 )289

has been proved also for the spatial three–body case and the planar general case [24]290

(notwithstanding the fact that fav is no longer integrable).291

(vi) Actually, the torsion assumption (3.2)–(∗∗) implies stronger results:292

− It is possible to give explicit and accurate bounds on the measure of the “Kol-293

mogorov set”, i.e., the set covered by the closure of quasi–periodic motions ([9]);294

− The quasi–periodic motions found belong to a smooth family of non–degenerate295

Kolmogorov tori, which means, essentially, that the dynamics can be linearized in a296

neighborhood of each torus.297

− The above Kolmogorov tori are cumulation sets for periodic orbits with longer and298

longer periods. Thus the measure of the closure of periodic orbits tends to fill a set of299

full measure as the distance from the secular origin z = 0 tends to zero, showing that300

a “metric asymptotic” version of Poincaré’s conjecture about the density of periodic301

orbits in phase space holds in the general planetary NBP around co–planar and co–302

circular motions; see [7].303

On the basis of Theorem 3.2, Arnold’s strategy is to compute the Birkhoff normal form304

(3.1) of the secular Hamiltonian fav
p in (2.12) and to check the non–vanishing of the torsion305

(3.2)–(∗∗), a program which he carried out completely only in the planar three–body case306

(n = 2).307

The planar three–body case (Arnold, 1963). In the planar case the Poincaré variables308

become simply (Λ, λ, z) := (Λ, λ,η, ξ) ∈ Rn+ × Tn × R2n, with the Λ’s as in (2.7) and309

λi = `i + gi ,

{
ηi =

√
2(Λi − Γi) cos gi

ξi = −
√

2(Λi − Γi) sin gi
,

where, referring to the instantaneous ith two–body system planet–Sun, `i is the mean310

anomaly, gi the argument of the perihelion and Γi the absolute value of the ith angular311

20 In the spatial three–body problem completely reduced by rotations, the mutual inclination is a function of
eccentricities.
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momentum (compare Appendix A for more details). The planetary, planar Hamiltonian, is312

given by313

Hp,pln(Λ, λ, z) = hk(Λ) + µfp,pln(Λ, λ, z) , z := (η, ξ) ∈ R2n

with 1
(2π)n

∫
Tnfp,pln =: fav

p,pln = C0(Λ) +Qh(Λ) · η
2+ξ2

2 + O(|z|4). In Eq. (3.4.31), p.138314

of [1], Arnold computed the first and second order Birkhoff invariants for n = 2 finding, in315

the asymptotics a1 � a2:316 
Ω1 = −3

4
m1m2

(a1

a2

)2 1

a2Λ1

(
1 + O

(a1

a2

))
Ω2 = −3

4
m2

2

1

a2Λ2

(
1 + O

(a1

a2

)2)
τ = m1m2

a2
1

a3
2

(
3

4Λ2
1

− 9
4Λ1Λ2

− 9
4Λ1Λ2

− 3
Λ2

2

)
(1 + O(a

−5/4
2 )) ,

which shows that the Ωj’s are non resonant up to any finite order (in a suitable Λ–domain),317

so that the planetary, planar Hamiltonian can be put in Birkhoff normal form up to order 4318

and that the second order Birkhoff invariants are non–degenerate in the sense that21319

det τ = −(m1m2)2 117

16

a4
1

a6
2(Λ1Λ2)2

(1 + o(1)) = −117

16

1

m2
0

a3
1

a7
2

(1 + o(1)) 6= 0.

This allow to apply Theorem 3.2 and to prove Arnold’s planetary theorem in the planar320

three–body (n = 2) case.321

An extension of this method to the spatial three–body problem, exploiting Jacobi’s re-322

duction of the nodes and its symplectic realization, is due to P. Robutel [26].323

Obstacles to the generalization of Arnold’s project: Secular degeneracies. In the gen-324

eral spatial case it is customary to call σi the eigenvalues ofQh(Λ) and ςi the eigenvalues of325

and Qv(Λ), so that Ω = (σ, ς); compare (2.14).326

It turns out that such invariants satisfy identically the following two secular resonances327

ςn = 0 ,

n∑
i=1

(σi + ςi) = 0 (3.3)

and, actually, it can be shown that these are the only exact resonances identically satisfied by328

the first order Birkhoff invariants; compare [17, Prop. 78 at p. 1575].329

The first resonance was well known to Arnold, while the second one was apparently330

discovered by M. Herman in the 1990’s and is now known as Herman resonance.331

Both resonances violate Birkhoff’s non–resonance condition (compare Eq. (B.1) below)332

but do not violate a more special Birkhoff condition sufficient for rotational invariant sys-333

tems, as explained in Appendix B (compare, in particular Eq. (B.3)).334

There is, however, a much more serious problem for Arnold’s approach, namely, a strong335

degeneracy of the second order Birkhoff invariance, still a reflection of rotational invariance.336

Indeed, the torsion matrix τ is degenerate, as clarified in [12], where it is proven that τ is337

21 In [1] the τij are defined as 1/2 of the ones defined here.
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equivalent to a matrix of the form338 (
τ̄ 0
0 0

)
(3.4)

τ̄ being a matrix of order (2n− 1).339

4. Proofs of Arnold’s theorem340

Herman-Fejóz proof (2004). In 2004 J. Fejóz [17] published the first complete proof of341

a general version of Arnold’s planetary theorem: this proof completed a long project car-342

ried out by M. Herman. In order to avoid fourth order computations, Herman (also because343

seemed to suspect the degeneracy of the matrix of the second order Birkhoff invariant; com-344

pare the Remark towards the end of p. 24 of [20]), turned to a weaker KAM theory, which345

makes use of a “first order KAM condition” based on the non–planarity of the frequency346

map. But, the resonances (3.3) show that the frequency map lies in the intersection of two347

planes, violating the non–planarity condition. To overcome this problem Herman and Féjoz348

use a trick by Poincarè, consisting in modifying the Hamiltonian by adding a commuting349

Hamiltonian, so as to remove the degeneracy. By a Lagrangian intersection theory argu-350

ment, if two Hamiltonian commute and T is a Lagrangian invariant transitive torus for one351

of them, then T is invariant (but not necessarly transitive) also for the other Hamiltonian;352

compare [17, Lemma 82, p. 1578]. Thus, the KAM tori constructed for the modified Hamil-353

tonian are indeed invariant tori also for the original system. Now, the expression of the354

vertical component of the total angular momentum C3 has a particular simple expression in355

Poincaré variables: indeed, C3 =
∑n
j=1

(
Λj − 1

2 (η2
j +ξ2

j + p2
j + q2

j )
)

, so that the modified356

Hamiltonian Hδ := Hp(Λ, λ, z) + δC3 is easily seen to have a non–planar frequency map357

(first order Birlhoff invariants), and the above abstract remark applies.358

Herman’s KAM theory (as given in [17]) works in the C∞ category, so that the tori359

obtained in [17] are proven to be C∞, on the other hand, since the planetary Hamiltonian360

flow is real–analytic, it is natural to expect that also their maximal quasi–periodic solutions361

(and the tori they span) are real–analytic. This is proven in [13], where Rüßmann first–order362

KAM theory [27] is extended to properly–degenerate systems.363

Completion of Arnold’s project (2011). In [11] Arnold’s original strategy is reconsidered364

and full torsion of the planetary problem is proved by introducing new symplectic variables365

(called rps–variables standing for Regularized Planetary Symplectic variables), which al-366

low for a symplectic partial reduction of rotations eliminating one degree of freedom (i.e.,367

lowering by two units the dimension of the phase space). In such reduced setting the first368

resonance in (3.3) disappears (but not the second one) and the question about the torsion is369

reduced to study the determinant of τ̄ in (3.4), which, in fact, is shown to be non–singular;370

compare [11, §8] and [12] (where a precise connection is made between the Poincaré and371

the rps–variables compare also Theorem 5.1 below).372

In the next section we shall review the main ideas and techniques discussed in [11].373
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5. A new symplectic view of the planetary phase space and completion of374

Arnold’s project375

We start by describing the new set of symplectic variables, which allow to have a new insight376

on the symplectic structure of the phase space of the planetary model, or, more in general,377

of any rotational invariant model.378

The idea is to start with action–angle variables having, among the actions, two inde-379

pendent commuting integrals related to rotations, for example, the Euclidean length of the380

total angular momentum C and its vertical component C3, and then (imitating Poincaré) to381

regularize around co–circular and co–planar configurations.382

The variables that do the job are a “planetary” action–angle version of certain variables383

introduced by A. Deprit in22 1983 [15].384

The Regularized planetary symplectic (RPS) variables. Let n ≥ 2, 1 ≤ i ≤ n, and con-385

sider the “partial angular momenta” S(i) :=
∑i
j=1 C(j), (note that S(n) =

∑n
j=1 C(j) =: C)386

and define the “Deprit nodes”387  νi := S(i) × C(i) , 2 ≤ i ≤ n
ν1 := ν2

νn+1 := k(3) × C =: ν̄ ;

(recall the definition of the “individual” and total angular momenta in (2.5)).388

The Deprit action–angle variables (Λ,Γ,Ψ, `, γ, ψ) are defined as follows. Let Pi denote389

the coordinates of the ith instantaneous perihelion (relatively to the instantaneous planet–390

Sun 2–body system), let (k(1), k(2), k(3)) be the standard orthonormal basis in R3, and, for391

u, v ∈ R3 lying in the plane orthogonal to a non–vanishing vector w, denote by αw(u, v)392

the positively oriented angle (mod 2π) between u and v (orientation follows the “right hand393

rule”, the thumb being w).394

The Deprit variables Λ, Γ and ` are in common with the Delaunay variables (compare395

(A.4) in Appendix A), while396

γi := αC(i)(νi, Pi) Ψi :=

{
|S(i+1)| , 1 ≤ i ≤ n− 1
C3 := C · k(3) i = n

ψi :=

{
αS(i+1)(νi+2, νi+1) 1 ≤ i ≤ n− 1
ζ := αk(3)(k

(1), ν̄) i = n.

Define also G := |C| = |S(n)|.397

The “Deprit inclinations” ιi are defined through the relations398

cos ιi :=


C(i+1) · S(i+1)

|C(i+1)||S(i+1)|
, 1 ≤ i ≤ n− 1 ,

C · k(3)

|C|
, i = n .

Similarly to the case of the Delaunay variables, the Deprit action–angle variables are not399

defined when the Deprit nodes νi vanish or the eccentricitiy ei /∈ (0, 1), but on the do-400

22 See also [10] and [11].
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main where they are well defined they yield a real–analytic set of symplectic variables, i.e.,401 ∑n
i=1 dX

(i) ∧ dx(i) =
∑n
i=1 dΛi ∧ d`i + dΓi ∧ dγi + dΨi ∧ dψi; for a proof, see [10] or §3402

of [11].403

The rps variables are given by23 (Λ, λ, z) := (Λ, λ, η, ξ, p, q) with (again) the Λ’s as in404

(2.7) and, for 1 ≤ i ≤ n,405

λi = `i + γi + ψni−1 ,

{
ηi =

√
2(Λi − Γi) cos

(
γi + ψni−1

)
ξi = −

√
2(Λi − Γi) sin

(
γi + ψni−1

)
{

pi =
√

2(Γi+1 + Ψi−1 −Ψi) cosψni
qi = −

√
2(Γi+1 + Ψi−1 −Ψi) sinψni

where Ψ0 := Γ1, Γn+1 := 0, ψ0 := 0, ψni :=
∑
i≤j≤n ψj . On the domain of definition, the406

rps variables are symplectic:407

n∑
i=1

dΛi ∧ d`i + dΓi ∧ dγi + dΨi ∧ dψi =

n∑
i=1

dΛi ∧ dλi + dηi ∧ dξi + dpi ∧ dqi ;

for a proof, see [23] or [11, §4].408

As phase space, consider a set of the same form as in (2.8), (2.9), namely409

(Λ, λ, z) ∈M6n
rps := A× Tn ×B4n (5.1)

with B a 4n–dimensional ball around the origin (origin, which corresponds, as in Poincaré410

variables, to planar co–circular motions).411

Poincaré and rps variables are intimately connected: If we denote by412

φrpsp : (Λ, λ, z)→ (Λ, λ, z) (5.2)

the symplectic trasformation between rps and Poincaré variables, then the following result413

holds.414

Theorem 5.1 ([12]). The symplectic map φrps
p in (5.2) has the form415

λ = λ+ ϕ(Λ, z) z = Z(Λ, z)

where ϕ(Λ, 0) = 0 and, for any fixed Λ, the map Z(Λ, ·) is 1:1, symplectic (i.e., it preserves416

the two form dη∧dξ+dp∧dq) and its projections verify, for a suitable V = V(Λ) ∈ SO(n),417

with O3 = O(|z|3),418

ΠηZ = η +O3 , ΠξZ = ξ +O3 , ΠpZ = Vp+O3 , ΠqZ = Vq +O3 .

where O3 = O(|z|3).419

Partial reduction of rotations. Recalling that Γn+1 = 0, Ψn−1 = |S(n)| = |C|, Ψn = C3,420

ψn = αk(3)(k
(1), k3 × C) one sees that421 {

pn =
√

2(|C| − C3) cosψn
qn = −

√
2(|C| − C3) sinψn ,

23 Beware of notations: we use upright characters for Poincaré variables (Λ, λ, z) := (Λ, λ, η, p, ξ, q) and
standard italic for rps variables (Λ, λ, z) := (Λ, λ, η, ξ, p, q).
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showing that the conjugated variables pn and qn are both integrals and hence both cyclic for422

the planetary Hamiltonian, which, therefore, in such variables, will have the form423

Hrps(Λ, λ, z̄) = hk(Λ) + µfrps(Λ, λ, z̄) , (5.3)

where z̄ denotes the set of variables424

z̄ := (η, ξ, p̄, q̄) :=
(
(η1, . . . , ηn), (ξ1, . . . , ξn), (p1, . . . , pn−1), (q1, . . . , qn−1)

)
.

In other words, the phase spaceM6n
rps in (5.1) is foliated by (6n−2)–dimensional invari-425

ant manifolds426

M6n−2
pn,qn :=M6n

rps |pn,qn=const , (5.4)

and since the restriction of the standard symplectic form on such manifolds is simply dΛ ∧427

dλ + dη ∧ dξ + dp̄ ∧ dq̄, such submanifolds are symplectic and the planetary flow is the428

standard Hamiltonian flow generated by Hrps in (5.3). The submanifolds depend upon a429

particular orientation of the total angular momentum: in particular, M6n−2
0 correspond to430

the total angular momentum parallel to the vertical k3–axis. Notice, also, that the analytic431

expression of the planetary HamiltonianHrps is the same on each submanifold.432

In view of these observations, it is enough to study the planetary flow of Hrps on, say,433

the vertical submanifoldM6n−2
0 .434

Planetary Birkhoff normal forms and torsion. The rps variables share with Poincaré vari-435

ables classical D’Alembert symmetries, i.e., Hrps is invariant under the transformations436

(2.10), S being as in (2.11); compare also Remark 3.3 of [12].437

This implies that the averaged perturbation fav
rps :=

1

(2π)n

∫
Tn

frps dλ also enjoys438

D’Alembert rules and thus has an expansion analogue to (2.13), but independent of (pn, qn):439

fav
rps(Λ, z̄) = C0(Λ) +Qh(Λ) · η

2 + ξ2

2
+ Q̄v(Λ) · p̄

2 + q̄2

2
+ O(|z̄|4) (5.5)

with Qh of order n and Q̄v of order (n− 1). Notice that the matrix Qh in (5.5) is the same440

as in (2.13), since, when p = (p̄, pn) = 0 and q = (q̄, qn) = 0, Poincaré and rps variables441

coincide.442

Using Theorem 5.1, one can also show that Qv :=

(
Q̄v 0
0 0

)
is conjugated (by a unitary443

matrix) to Qv in (2.13), so that the eigenvalues ς̄i of Q̄v coincide with (ς1, ..., ςn−1), as one444

naively would expect.445

In view of the remark after (3.3), and of rotation–invariant Birkhoff theory24 , one sees446

that one can construct, in an open neighborhood of co–planar and co–circular motions, the447

Birkhoff normal form of fav
rps at any finite order.448

More precisely, for ε > 0 small enough, denoting

Pε := A× Tn ×B4n−2
ε , B4n−2

ε := {z̄ ∈ R4n−2 : |z̄| < ε} ,

an ε–neighborhood of the co–circular, co–planar region, one can find a real–analytic sym-449

plectic transformation φµ : (Λ, λ̆, z̆) ∈ Pε → (Λ, λ, z̄) ∈ Pε such that H̆ := Hrps ◦ φµ =450

24 According to which the only forbidden frequencies for constructing the Birkhoff normal form are generated by
those integer vectors k such that

∑
ki = 0; compare Proposition B.2, Appendix B below.
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hk(Λ) + µf(Λ, λ̆, z̆) with451

f̆av(Λ, z̆) :=
1

(2π)n

∫
Tn

f dλ̆ = C0(Λ) + Ω · R̆ +
1

2
τ̄ R̆ · R̆ + P̆(Λ, z̆)

where452 
Ω = (σ, ς̄)

z̆ := (η̆, ξ̆, p̆, q̆) , R̆ = (ρ̆, r̆) , P̆(Λ, z̆) = O(|z̆|6) ,
ρ̆ = (ρ̆1, · · · , ρ̆n) , r̆ = (r̆1, · · · , r̆n−1) ,

ρ̆i :=
η̆2i +ξ̆2i

2 , r̆i =
p̆2i +q̆2i

2

With straightforward (but not trivial!) computations, one can then show full torsion for453

the planetary problem.454

More precisely, one finds (compare Proposition 8.1 of [11]):455

Theorem 5.2. For n ≥ 2 and 0 < δ? < 1 there exist µ̄ > 0, 0 < a1 < a1 < · · · < an < an
such that, on the set A defined in (2.9) and for 0 < µ < µ̄, the matrix τ̄ = (τij) is non–
singular det τ̄ = dn(1 + δn), where |δn| < δ? and

dn := (−1)n−1 3

5

(45

16

1

m2
0

)n−1 m2

m1m0
a1

( a1

an

)3 ∏
2≤k≤n

( 1

ak

)4

.

Kolmogorov tori for the planetary problem. At this point one can apply to the planetary456

Hamiltonian in normalized variables H̆(Λ, λ̆, z̆) Arnold’s Theorem 3.2 above completing457

Arnold’s project on the planetary N–body problem.458

Indeed, by using the refinements of Theorem 3.2 as given in [9], from Theorem 5.2 there459

follows460

Theorem 5.3. There exists positive constants ε∗, c∗ and C∗ such that the following holds.461

If 0 < ε < ε∗ and 0 < µ < ε6/(log ε−1)c∗ then each symplectic submanifoldM6n−2
pn,qn (5.4)462

contains a positive measure Hrps –invariant Kolmogorov set Kpn,qn , which is actually the463

suspension of the same Kolmogorov set K ⊆ Pε, which is H̆–invariant.464

Furthermore, K is formed by the union of (3n− 1)–dimensional Lagrangian, real–analytic465

tori on which the H̆–motion is analytically conjugated to linear Diophantine quasi–periodic466

motions with frequencies (ω1, ω2) ∈ Rn × R2n−1 with ω1 = O(1) and ω2 = O(µ).467

Finally, K satisfies the bound25 measPε ≥ measK ≥
(

1− C∗
√
ε
)

measPε.468

Conley-Zehnder stable periodic orbits. The tori T ∈ K form a (Whitney) smooth fam-469

ily of non–degenerate Kolmogorov tori, which means the following. The tori in K can be470

parameterized by their frequency ω ∈ R3n−1 (i.e., T = Tω) and there exist a real–analytic471

symplectic diffeomorphism ν : (y, x) ∈ Bm × Tm → ν(y, x;ω) ∈ Pε, m := 3n − 1,472

uniformly Lipschitz in ω (actually C∞ in the sense of Whitney) such that, for each ω473

• H̆ ◦ ν = E + ω · y +Q; (Kolmogorov’s normal form)474

• E ∈ R (the energy of the torus); ω ∈ Rm is a Diophantine vector;475

• Q = O(|y|2) and det

∫
Tm

∂yyQ(0, x) dx 6= 0 , (non–degeneracy)476

25 In particular, measK ' ε4n−2 ' measPε.
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• Tω = ν(0,Tm).477

Now, in the first paragraph of [14] Conley and Zehnder, putting together KAM theory (and in478

particular exploiting Kolmogorv’s normal form for KAM tori) together with Birkhoff–Lewis479

fixed–point theorem show that long–period periodic orbits cumulate densely on Kolmogorov480

tori so that, in particular, the Lebesgue measure of the closure of the periodic orbits can be481

bounded below by the measure of the Kolmogorov set. Notwithstanding the proper degen-482

eracy, this remark applies also in the present situation and as a consequence of Theorem 5.3483

and of the fact that the tori in K are non–degenerate Kolmogorov tori it follows ([7]) that in484

the planetary model the measure of the closure of the periodic orbits in Pε can be bounded485

below by a constant times ε4n−2.486

A. Details on the classical Hamiltonian structure487

Inertial manifold. Equations (2.1) are invariant by change of “inertial frames”, i.e., by488

change of variables of the form u(i) → u(i) − (a+ ct) with fixed a, c ∈ R3. This allows to489

restrict the attention to the manifold of “initial data” given by490

n∑
i=0

miu
(i)(0) = 0 ,

n∑
i=0

miu̇
(i)(0) = 0 ; (A.1)

indeed, just replace the coordinates u(i) by u(i) − (a+ ct) with

a := m−1
tot

n∑
i=0

miu
(i)(0) and c := m−1

tot

n∑
i=0

miu̇
(i)(0) , mtot :=

n∑
i=0

mi .

The total linear momentum Mtot :=
∑n
i=0 miu̇

(i) does not change along the flow of (2.1),491

i.e., Ṁtot = 0 along trajectories; therefore, by (A.1), Mtot(t) vanishes for all times. But,492

then, also the position of the total center of mass B(t) :=
∑n
i=0 miu

(i)(t) is constant (Ḃ =493

0) and, again by (A.1), B(t) ≡ 0. In other words, the manifold of initial data (A.1) is494

invariant under the flow generated by (2.1).495

The Linear momentum reduction. In view of the invariance properties discussed above,496

in the variables (U (i), u(i)) ∈ M̂, (recall (2.2) and that U (i) := miu̇
(i)), it is enough to497

consider the submanifold M̂0 := {(U, u) ∈ M̂ :
n∑
i=0

miu
(i) = 0 =

n∑
i=0

U (i)}, which498

corresponds to the manifold described in (A.1).499

The submanifold M̂0 is symplectic, i.e., the restriction of the form (2.3) to M̂0 is again500

a symplectic form; indeed:
( n∑
i=0

dU (i) ∧ du(i)
)∣∣∣
M̂0

=

n∑
i=1

m0 + mi

m0
dU (i) ∧ du(i).501

Poincaré’s symplectic reduction (“reduction of the linear momentum”) goes as follows.502

Let φhe : (R, r)→ (U, u) be the linear transformation given by503

φhe :

{
u(0) = r(0) , u(i) = r(0) + r(i) , (i = 1, ..., n)
U (0) = R(0) −

∑n
i=1R

(i) , U (i) = R(i) , (i = 1, ..., n) ;
(A.2)
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such transformation is symplectic, i.e.,
∑n
i=0 dU

(i)∧du(i) =
∑n
i=0 dR

(i)∧dr(i). recall that504

this means, in particular, that in the new variables the Hamiltonian flow is again standard:505

more precisely, one has that φt
Ĥ

N

◦ φhe = φhe ◦ φtĤ
N
◦φ

.506

Letting mtot :=
∑n
i=0 mi one sees that, in the new variables, M̂0 reads507

{
(R, r) ∈ R6(n+1) : R(0) = 0, r(0) = −m−1

tot

n∑
i=1

mir
(i) , 0 6= r(i) 6= r(j) ∀ 1 ≤ i 6= j ≤ n

}
.

The restriction of the 2–form (2.3) to M̂0 is simply
n∑
i=1

dR(i) ∧ dr(i) and

H
N

:= Ĥ
N
◦ φhe|M0

=

n∑
i=1

|R(i)|2

2 m0mi

m0+mi

− m0mi

|r(i)|
+

∑
1≤i<j≤n

R(i) ·R(j)

m0
− mimj

|r(i) − r(j)|
.

The dynamics generated by ĤN on M̂0 is equivalent to the dynamics generated by the508

Hamiltonian (R, r) ∈ R6n → HN(R, r) on509

M0 :=
{

(R, r) = (R(1), ..., R(n), r(1), ..., r(n)) ∈ R6n : 0 6= r(i) 6= r(j) ,∀i 6= j
}

with respect to the standard symplectic form
∑n
i=1 dR

(i) ∧ dr(i); to recover the full dy-510

namics on M̂0 from the dynamics onM0 one will simply set R(0)(t) ≡ 0 and r(0)(t) :=511

−m−1
tot

n∑
i=1

mir
(i)(t).512

Since we are interested in the planetary case, we perform the trivial rescaling by a small513

positive parameter µ:514

m0 := m0 , mi = µmi (i ≥ 1) , X(i) :=
R(i)

µ
, x(i) := r(i) ,

Hplt(X,x) :=
1

µ
H

N
(µX, x) ,

a transformation which leaves unchanged Hamilton’s equations.515

Delaunay and Poincaré variables.. The HamiltonianH(0)
plt in (2.4) governes the motion of516

n decoupled two–body problems with Hamiltonian517

h
(i)
2B =

|X(i)|2

2Mi
− Mim̄i

|x(i)|
, (X(i), x(i)) ∈ R3 × R3

∗ := R3 × (R3\{0}) .

Such two–body sytems are, as well known, integrable. The explicit “symplectic integration”518

is done by means of the Delaunay variables, whose construction we, now, briefly, recall (for519

full details and proofs, see, e.g., [5]).520

Assume that h(i)
2B(X(i), x(i)) < 0 so that the Hamiltonian flow φt

h
(i)
2B

(X(i), x(i)) evolves521

on a Keplerian ellipse Ei and assume that the eccentricity ei ∈ (0, 1).522

Let ai, Pi denote, respectively, the semimajor axis and the perihelion of Ei.523
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Let C(i) denote the ith angular momentum C(i) := x(i) × y(i).524

Let us, also, introduce the “Delaunay nodes”525

ν̄i := k(3) × C(i) 1 ≤ i ≤ n , (A.3)

where (k(1), k(2), k(3)) is the standard orthonormal basis in R3. Finally, for u, v ∈ R3
526

lying in the plane orthogonal to a non–vanishing vector w, let αw(u, v) denote the positively527

oriented angle (mod 2π) between u and v (orientation follows the “right hand rule”).528

The Delaunay action–angle variables (Λi,Γi,Θi, `i, gi, θi) are, then, defined as529 {
Λi := Mi

√
m̄iai

`i := mean anomaly of x(i) on Ei
,

{
Γi := |C(i)| = Λi

√
1− e2

i

gi := αC(i)(ν̄i, Pi){
Θi := C(i) · k(3)

θi := αk(3)(k
(1), ν̄i)

(A.4)

Notice that the Delaunay variables are defined on an open set of full measure of the530

Cartesian phase space R3n × R3n
∗ , namely, on the set where ei ∈ (0, 1) and the nodes ν̄i531

in (A.3) are well defined; on such set the “Delaunay inclinations” ii defined through the532

relations533

cos ii :=
C(i) · k(3)

|C(i)|
=

Θi

Γi
, (A.5)

are well defined and we choose the branch of cos−1 so that ii ∈ (0, π).534

The Delaunay variables become singular when C(i) is vertical (the Delaunay node is no535

more defined) and in the circular limit (the perihelion is not unique). In these cases different536

variables have to been used (see below).537

On the set where the Delaunay variables are well posed, they define a symplectic set of538

action–angle variables, i.e.,
∑n
i=1 dX

(i)∧dx(i) =
∑n
i=1 dΛi∧d`i+dΓi∧dgi+dΘi∧dθi,539

for a proof, see §3.2 of [5].540

In Delaunay action–angle variables ((Λ,Γ,Θ), (`, g, θ)) the Hamiltonian H(0)
plt takes the541

form (2.7). We shall restrict our attention to the collisionless phase space542

Mplt :=
{

Λi > Γi > Θi > 0 ,
Λi

Mi
√
m̄i
6= Λj
Mj
√
m̄j

, ∀ i 6= j
}
× T3n ,

endowed with the standard symplectic form
∑n
i=1 dΛi ∧ d`i + dΓi ∧ dgi + dΘi ∧ dθi.543

Notice that the 6n–dimensional phase spaceMplt is foliated by 3n–dimensional H(0)
plt–544

invariant tori {Λ,Γ,Θ} × T3, which, in turn, are foliated by n–dimensional tori {Λ} × Tn,545

expressing geometrically the degeneracy of the integrable Keplerian limit of the (1 + n)–546

body problem.547

A regularization of the Delaunay variables in their singular limit was introduced by548

Poincaré, in such a way that the set of action–angle variables ((Γ,Θ), (g, θ)) is mapped onto549

cartesian variables regular near the origin, which corresponds to co–circular and co–planar550

motions, while the angles conjugated to Λi, which remains invariant, are suitably shifted.551

More precisely, the Poincaré variables are given by (Λ, λ, z) := (Λ, λ,η, ξ,p, q) ∈ Rn+×552

Tn × R4n, with the Λ’s as in (A.4) and553

λi = `i + gi + θi,

{
ηi =

√
2(Λi − Γi) cos (θi + gi)

ξi = −
√

2(Λi − Γi) sin (θi + gi)
,

{
pi =

√
2(Γi −Θi) cos θi

qi = −
√

2(Γi −Θi) sin θi



20 L. Chierchia and G. Pinzari

Notice that ei = 0 corresponds to ηi = 0 = ξi, while ii = 0 corresponds to pi = 0 = qi;554

compare (A.4) and (A.5).555

On the domain of definition, the Poincaré variables are symplectic556

n∑
i=1

dΛi ∧ d`i + dΓi ∧ dgi + dΘi ∧ dθi =

n∑
i=1

dΛi ∧ dλi + dηi ∧ dξi + dpi ∧ dqi ;

for a proof, see Appendix C of [4].557

B. Birkhoff normal forms558

In this appendix we recall a few known and less known facts about the general theory of559

Birkhoff normal forms.560

Consider as phase space a 2m ball B2m
δ around the origin in R2m and a real–analytic561

Hamiltonian of the form H(w) = c0 + Ω · r + o(|w|2) where562 {
w = (u1, . . . , um, v1, . . . , vm) ∈ R2m ,

r = (r1, . . . , rm) , rj =
u2
j+v2j

2 .

the symplectic form being
∑
dui ∧ dvi. The components Ωj of Ω are called the first order563

Birkhoff invariants. The following is a classical result due to G.D. Birkhoff.564

Proposition B.1. Assume that the first order Birkhoff invariants Ωj verify, for some a > 0565

and integer s,566

|Ω · k| ≥ a > 0, ∀ k ∈ Zm : 0 < |k|1 :=

m∑
j=1

|kj | ≤ 2s . (B.1)

Then, there exists 0 < δ′ ≤ δ and a symplectic transformation φ̆ : w̆ ∈ B2m
δ′ → w ∈ B2m

δ567

which puts H into Birkhoff normal form up to the order 2s, i.e.,568

H ◦ φ̆ = c0 + Ω · r̆ +
∑

2≤h≤s

Ph(r̆) + o(|w̆|2s)] , (B.2)

where Ph are homogeneous polynomials in r̆j = |w̆j |2/2 := (ŭ2
j + v̆2

j )/2 of degree h.569

Less known is that the hypotheses of this proposition may be loosened in the case of rotation570

invariant Hamiltonians: this fact, for example, has been used neither in [1] nor in [17].571

First, let us generalize the class of Hamiltonian functions so as to include the secular572

Hamiltonian (2.13): let us consider an open, bounded, connected set U ⊆ Rn and consider573

the phase space D := U × Tn × B2m
δ , endowed with the standard symplectic form dI ∧574

dϕ+ du ∧ dv.575

We say that a Hamiltonian H(I, ϕ, w) on D is rotation invariant if H ◦ Rg = H for any576

g ∈ T, where Rg is a symplectic rotation by an angle g ∈ T on D, i.e., a symplectic map of577

the formRg : (I, ϕ, w)→ (I ′, ϕ′, w′) with I ′i = Ii, ϕ
′
i = ϕi + g, w′ = Sgw, with Sg578

definined in (2.11).579
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Now, consider a ϕ–independent real–analytic Hamiltonian H : (I, ϕ, w) ∈ D →580

H(I, w) ∈ R of the form H(I, w) = c0(I) + Ω(I) · r + o(|w|2; I), by f = o(|w|2; I)581

we mean that f = f(I, w) and |f |/|w|2 → 0 as w → 0.582

Then, it can be proven the following583

Proposition B.2. Assume that H is rotation–invariant and that the first order Birkhoff in-584

variants Ωj verify, for all I ∈ U , for some a > 0 and integer s585

|Ω · k| ≥ a > 0, ∀ 0 6= k ∈ Zm :

n∑
i=1

ki = 0 and |k|1 ≤ 2s . (B.3)

Then, there exists 0 < δ′ ≤ δ and a symplectic transformation φ̆ : (I, ϕ̆, w̆) ∈ D̆ :=586

U ×Tn×B2m
δ′ → (I, ϕ, w) ∈ D which puts H into Birkhoff normal form up to the order 2s587

as in (B.2) with the coefficients of Ph and the reminder depending also on I . Furthermore,588

φ̆ leaves the I–variables fixed, acts as a ϕ̆–independent shift on ϕ̆, is ϕ̆–independent on the589

remaining variables and is such that590

φ̆ ◦ Rg = Rg ◦ φ̆ . (B.4)

The proof of Proposition B.2 may be found in §7.2 in [11].591

C. Arnold’s statements (from [1])592

• Conditionally periodic motions in the many–body problem have been found. If the593

masses of n “planets” are sufficiently small in comparison with the mass of the central594

body, the motion is conditionally periodic for the majority of initial conditions for595

which the eccentricities and inclinations of the Kepler ellipses are small. Further, the596

major semiaxis perpetually remain close to their original values and the eccentricities597

and inclinations remain small. [1, p. 87]598

• With the help of the fundamental theorem26 of Chapter IV , we investigate in this599

chapter the class of “planetary” motions in the three–body and many–body problems.600

We show that, for the majority of initial conditions under which the instantaneous601

orbits of the planets are close to circles lying in a single plane, perturbation of the602

planets on one another produces, in the course of an infinite interval of time, little603

change on these orbits provided the masses of the planets are sufficiently small.604

In particular, it follows from our results that in the n-body problem there exists a set605

of initial conditions having a positive Lebesgue measure and such that, if the initial606

positions and velocities of the bodies belong to this set, the distances of the bodies607

from each other will remain perpetually bounded. [1, p.125]608

• At p. 127 one finds Theorem 3.1 reported at the beginning of § 3 above.609

• As mentioned in the introduction, Arnold provides a full detailed proof, checking610

the non–degeneracy conditions of his fundamental theorem, only for the two–planet611

model (n = 2) in the planar regime. As for generalizations, he states:612

26 I.e., Theorem 3.2 above.
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• The plane problem of n > 2 planets. The arguments of §2 and 3 easily carry over613

to the case of more than two planets. [· · · ] We shall not dwell on the details of the614

calculations which lead to the results of §1, 4. [1, p. 139]615

• Finally, for the spatial general case:616

The rather lengthy calculations involved in the solution of (3.5.9), the construction of617

variables satisfying conditions 1)–4), and the verification of non–degeneracy condi-618

tions analogous to the arguments of § 4 will not be discussed here. [1, p. 142]619
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