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smooth pros curve

Z ooh C Q

Z 7 dey F i rk 7

cha 7 si ch Ct

M 17 III slope

1 Z 6h i HEY E

I H G 2 HEX 2

2 740 2m 220 2m 2 0 Re 2 0

dim X Z 2 x smooth pros surface

search for

2 6h X Q with 1 and 2
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F GeCup paces Mr Z 17 70 62 0
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One i oka go to Gien Ken stability

Another change abelian category

Start with A Ch x consider D A Db

look for another obeli on category A Dht

A FEW THINGS ABOUT DER CAT

C E Db Ca
i it

I P 1 52

disting triangles A to B C An

iso to A f B f BEAT

H p 33 Det 2.15

4 Axioms l g A B c An

É it get
amulet've

g not recess wife

Corollary A B C An

B AOC






























































































Example E E I E

ked n I E Cokerof dist tiong
Ho IE

H 7YETCD
i e Coked Cle

Exercise

Fact A B c A in

triangle A B C f A

Aco B C exact

E F E A Horn E Fri Ext E F

DCA A

CAT Prop 2.56

E E D Ccorollary C

FIFI icici

Int start with the case E E to then

4 II G E Hole H GID Y Hom H E H 27

Ext C 0



New elation suberet I E D A

t structure 1 BBG 1.29 40
t.g.tn sfrct

Eo

z
Full subnet S t 8 0 C Hice o isol

oso

Eclti

1 D E F E DEO
D 205 77 E D 0

2 Hom 2
0 DE 20

3 A s e D F A C S B AGT

210 831

A DE n 80 heartottstucture

bet
DEO my

In DEO E n

Theorem a F e En DCA DE
F e n a sa s D

n

b cold c e c

f
I Institute

TE 0 C C kendo o o

a

Iii

C It is abelian

I



Det Hm D A
V

Mo e En o 77m 23m 2 Cm

H is a chronological functortheorem
long exact see

Remark At A Ho FAI EA
niff

pet bold t struct Hm c to

Iso H C Ho ca

Given A to B C CA Aa

Kerf A C TEC C T

Coker f e H c 230 c

E P'D
A CRITERION for A C D

full subcategory to be the

HEART of a t structure in by its heart

A Hong A ACR o kco



B V E F D F Ri R s Rn

H O Eo En Ez Em Em E

AzAt
Ai e Acri

Pf start with bold t structure

let k c k c c rn sit H
R

E o

T E Ri E En En TE Rile Ai H e a

link of livid t structure

and assume Rap Rm 1,2 i m

start with A with A and B

Define

010 E Ai o ri o

030 E I Ai O Ri o

i e cut in two



Torsion pairs my t structure no I

CMS lect 56

7 I full subcategories of A 1 644

1 Hrm T F 0 TET FE F

2 Y E E A 7 O TLE E F

I F

knife on 2 functorial
n

I E ED H E co i 1,0 A E EF H E t

E E I E H E CAT E HO IE

short exact sequence in A

S Fa extension closure 2

I abelian it is the heart of a t structure

MSlect 56

I A on D
0

where
DEO E ED I H CE O i o H IE ET

D 30 EFD H E o i c I H IE E F



Ike X smooth his surface

B E NS x WE Amp X E E Gh x

M B w
E É O B if alt to

O if

rtEMm stability as usual

Herder Narasimhan

O E Cen c c em cen t

Ai Ei
Ei M stable

Mt let M Can M Am p II

I B We E e Gh x For all E F MCF so Torsion
in Count

7 B W Ee Gh x For all FGE MINEO Tor free

Ev For all H n factor A of E

usual rules e g E F semist Ma MELEE o

f B W F B O torsion pair

GLB E E D E E Y EO H E G E H E
A

2B WFrio n



Lemma left E E Z a sub objet of E

is given by a B E f 2 BW

2 f B E

3 Ker f 7

It f B E morphism in A Cop W x

can use the detrition of kerf p Otherwise

complete f to a triangle B F E s C in D It

A Gh x

H C A H B O H CL 1 H B HOLE HO C 70

40171 YEFactp

f monomakh C E I H 21 7 0 H B1 0

B E Z 17 Ifl f Kerf H CCI EF

Vice vena Bff 4 B o H 1 0

H e kerf E F Also Ho E E Ho c to

Ce't

ke B Pw pro Gx e ZB

Next



Definition A stability functions on A abelian cot

is given by
2 ko A E additive

Sit In 2 20 22 0 Re 2 0
ZE

1 0 7

É le zee e
t Ole phase of E E p co

R 2n 2

D Re Z
E Dt i R

Notion of

I slope
M Z stability semistability

R O V X

E E A Z Ss no subobj FCE has E slate

we will later examine

I anect o
H N and J H wit 26

2 numeric if 2 factors
Det

Z K CA X a

biteoimhetticeZ E ZILLE

Earle X smooth hog subere

A HI ex 7

One possibility XC ch MS lect sect 6.2

on if X is a Ks
N I VI ch C TEX

Mukai vector



A COLBY BE NSA w Amp X

Chor cho en

Ret ch e
B che a cha Bch

ch cha Boh Echo

2 t.IE pl BiaMchlE

S exp tiny
ChB E

f a tin I chisel ch e chile

Chile E ChB e ti w ch E

LF I w file reel B

i r MB W

Lemmy 2 is a state function

Pf It let any E H E

5
in

2C Z H IE
I In 220

Suppose In 21 720 In 2 HYE 2m 2 11 E 0

slit tellme Hotel o H E f MBwH'fell o

rCHO E 1 0 CnCHIEN O Chal El o

Rifle ch E fo



Went Re
214151

0

M Z 177 0 m 1 0 F M Ss

1 W Ch F D Hodge index the ren a

ch F O

2 Bogomolov M s p 32 F mpg ss torsion tree

ch Let z ch f che fl o

g Chi F E o Re 2 F O H
Edt F o

Case of K 3 surfaces mostly when Pick Z H

Hainstao use yr and Mukai

pairing

E Ch E chalet Cha E Cho E

2 E exp I Btiw OLE

Z A E

In all relevant results K 3 surf case

Pie X 2 H so

B P H W L H PER LE IR



OLE V r CH s s Ch E Cho E

n cho le CH ch E

2ps El s P H Z p 2 H i Corp aH

Theorem X a K 3 surface Zpy is

a stability function for 6hPa x

if the following curlition is satisfied

x
K S e X with 81 2 a 181 o

and Mpa
d o then Re Zp 8 o

this always happens
if 4 H 2

PI As he fore up to the point

where must show Red H CET co

May assume H E 0 Since Im H E o

Mpa 17 IA o H SAI Mp 55 torsion free

positive rank may assume stable

H E z 2 Set u H El v L a s

If v3 2 set S H le and x

Re 218 0 Otherwise v2 at 2ns so



Since c spit get rip it ers so

Re 2 H IE S 3 Rap 2242 I go

Read Maw le Tiff
when B BH W AH G E CLE H

Mpa E É E

The expression Mp SE Impact

only depends on B

we can wite FP ZP GGP

instead of 7PM

Lemme In all x e X G E FPC 6hPa

is minimal i e has no nontrivial shobject

Pf Guinn o A a B o in 6ohB X

Then H Al no thot A H CA and we get

o H CBI A H ex H B o

exactsequence of sheaves Ex



But then Mp H Bl
Mp H Call

which is absurd on HtcB EFP and A HCA EEP

The only way out is H Bl 0

but then 0 A ex Hotel 1.0 is

exact in Ch x s that either Ae

er A G

The Large Volume limit see BrK3 514

We limit ourselves to the core X K

Pre IX 2 It and to Epa L A

P E IR
Le Ry

but valid

for general Pie and for 2B.w

B W E NSA IR WE Amp X

So consider the stob function
Zp

and the Zp 2 semistability i EEGhP X is 2 S s

ACE Upa A E up let
V Itf

equiv 4ps Al E Gpa El arcot

S E G CH s e C S Afarcott



Mp E P

if E e Gh x reduced bill holy

Pe m ME Em It
Str XIE

Gieeker A Ss

Can 7551r 0 t ACE

E see if É E then I E

r o I c E

write Ap le

Useful formula RIE 0 RCA o

21ft 21,44 spiel xp A iafmpletnp.la

recall

2ps El s P H Z p 2 H i Corp aH



Theorem let EE 649 7 Assume

either r o and e peso Mp o

Or 2 0 C O

Then I L E Rt

E is Epa ss t a za Ers Gieseke H ss
sheaf

Pf

Itf
s tee Elma it It

C Pr 2 H2 1

Supple X 270

thisd to olim Supp E n 9 0 1C 0

hm supple o s s o

I
m 2 0

0 1
De Z co

0 1 arent Refz
a a n

e

case r E o

17 E C T E H E

A IE torin Lee 41,0
H E 7 0

Em OH E 7 1 Also riel o

to 7,4 7 0 so H e as detalilits E

for 2770 against the hypothesis Absurd



H E to E He IE is a sheaf

Suppose not Gieseke stable then a Aci

Mp Al Mp E or M CA
p Mp E

and Xp a Xp IE

suture up lat Mp let
i e Mp Cal SMple

571

If La 22 M t Imp A 2172

Eff LE t L M ti Mp E 211

CAI LO IE for as O

i

e

cost Mp.CA p E use A1 P 16

Carl R E o easier

1 1 Gantt Gd



P TESTABILITY CONDITIONS

Jelinition A atelier 2 Ko A I stab fruition

the pair 6 2 A is a presto lility
condition

f every object Ee A nos a Harder Nerasimhen

Tithection o E o CE c C En i C Ent E

wth i Ea e It Ai EYE 2 suitable

and 4 Aa 0 Am

Otte Ole

a

y
7 Ee E

TI E I 3704

An Ez the H N polygon
g

2

En A Tq
E

E



Hauler Narasimhan

Br TC p 323
Theorem

Z KCA Q stob function s t

a I infinite seq CER CER C C EEE

741 Ertl been

b I infinite mg En Er 7 E 77

Er O Ent

Then HN holds for 2

I Given Ee A find a maximal

destabilizing quotient E B

i e V E B B OCB

wth off E B B

Corollary Brk3 Proposition7.1 Cott Zap 2 BE Q

is a pestability emolition i e

H N holds

Pf Must show a and b



suppose a does not hold I short exact

o Eiti E i Fi o Since huzzo

Mr Z Eiti 2 In 2 Ei

Image Z discrete Mn Z fi const is 0

M Z Fi o Re Z Fi co

Re 2 Eiti Re Z Ei but Ein Ei

b Similar harder

Theorem MS lect Prop 4.10

2 K A E stob Tinct

A noetherian category

Wage NZ CC oh acte

then 2 satisfies H N

Pf graph proof following Shatz on

Ba Town Theorem 2 1.6
revived by Boyer

Coke Zap
2 B EQ

Émprestability con ti ton

Proof
Must show Gh P is

a Noetherian category MS lect Lemma 6.17



slicings

Definition A slicing 8 of a triangulated

category D e.g D D K is the datum

of a full subset P O CD to ER sit

1 P OH DING HO É IR

2 Hom En E 7 0 ELE 810 4,742

3 V E E D F di agr of olist tiny

O Eo En En Em Em E

at Eats LAz
Howler Narasimhan

Ai E Poi d On

ACE G E

Definition 8cg semi stable object
of phaseof

Remark H N is unique up to iso

Super Eb Eli E'm E

ai at



Supper P CE 0 Er

R minimal s t 7 Ey En

Then E Eh An

9C An 17 4 É 70 le I 74 Ar

all But 4157 HEYER 0 Art

can

An E i e r so that E En O

This it makes sense to set

At E On G E

Q Q E

Notice

If everything
takes place in an atelier

category no that ti angles are exact sequence

Jet E E and therefore unieriness



Definition I CR interval

8 I Lextension closure of the FCO OEI

E E C 4 E E

Remark 8K a b E ED a G E s E b us

EE D each pile e a b u 03

hot sition Old pts heart at a t structure

Gees
DEO PC e D PEE

Deon 230 864,9 1
Ch B Proposition1.9

Remark 810 is abelian

PI A B in 810 e 844 1,03
abelian

A B
yea PETE

I m f
Also Pt I E p B p

CH E P 4 IS qt II 1 0 It 09

Ken and Coker similar



Theorem The following on equivalent 250

a the datum 6 28,2 where d is a

slicing of D and 2 K D E

is e homomorphism sit Y of E R

and E E d Z E E R

b a guestability condition A Z

where It is the heart at a t structure

on D

Pf Iebc

8,2 mus A Z 1 860,7

AZ w 812 8 8101

where 8 4 Sis obj of phase of in A if

YE 6 2

otherwise f o f open if O E L uts m

also Z Ear f y Z E et Z E

But one has to deal with H N

in both directions



al b A pl som is the heart of a

f structure Restrict 2 to A and get

a stability function Must check H N for It

Since given E E A P 0,27 we have

O E E E OTE El

the Honour Narasimhan in the definition of f

actually takes place in A

b a take t N in the Criterion

of p 5 then in each A Cri

use the H N for Z in A

Con put these together
we octaedron

t
see Alp Prop 7 3

I i



GROUPACTOX

Stob x pvestob.cond.mx

GTI IR wir cover of Gta IR

acts on
Stab X pre

F E GIRI 5 f g g e GLI R

f R R increasing f 10th front

such that

91s i s W sizes
f É II

coincide

then J 8,2 8 z when

Z g o2 d 4 8 f 107

M S lect Example 5.77 C smooth curve

Stab x
ve
GEAR standard stab and



Bridgeford stability conditions

Det A Bridgehead stability
condition

on D is the datum of a pustalility

condition 6 A Z where A is a

heart in D satin tying the

sentient puberty that is

i e J c 0 sit U E suitable

Z VCE CASEIN

11 i some norms on I

Remark Z K A IN A

Finitely many Z E Zf E

in a unfect K c f
t Esemitable

TE VE ZISIES EK VCE ZWEI A

via supp prop y E y 2 A a finite



the supp trop says that there is no

sequence of s s Em such that

my

otherwise in a ball eromol Zo

lin Z Em Zo

of rooting k we would have

K Zen CHIEN H

which is absurd hang A discrete

As a consequence get Jordon
Hilder

in the echelon category D lo

Pt Suffices to prove
that 8 co

is

Artinian
it s also Noetherian

suppose
e Ai c C A A E 850

o Ai ta Ai AYA
O E P O

2 Ai Ait
o against

support
property

Cold c Ziel if deget Erk E It is

e testability audition without supp motets

Every E e Chala is c s of Z slope



Kentserich Soi helm on

the following two conditions

are convalent

1 I 11 11 on Jlp St

V E Z sis 2 rt CISAR

2 7 quadratic form Q on

dir St Q azl O and

I E Zytable
Q E Zo

1 2

Set o 210 Chuy

2 27 Ch B Proposition 1.13



Remy Am Air to Ken
A

I 1
dim 9 2

dim 2 din S we amassing

Z X e

P Air Kaz can write

0107 Q v Ipad Kaz

Il ruz induced by Q on Ken Z

Q a quohetic form on IR G

Rennert Enough to duck 2

I stable E
7 ZE

Ari An J H factors of E

Suppose Q 15 Ai 20 Flail
Q 12 E 1 1 Q zlai

Q Zain Z I Np lol Aisha APIs E Luz
1

i
fwangle in Ken 2

byhypothesis



Example GL Zap is a stability

condition when af E Q

I Must verify support
property

ve KenZap c rp o

H
o s pH p 2 It

r r pH 2184274

Yo Np'H n p 22 r a H Lo

wit dip Nip to Ken 2
ding

p Air Ken Z sign I 2,5

choose 11 11 on NR s t

v r 11210711g Aploy mornin
had

by on

Ken Z



would like VIE OLE 20 330

V E stable But VIE S E 7 2

must take cars at SEA v1 v 2

observe that Z f to by x p 13

11215111 a APE lienz

U K only finite no of 8 with

1218711 Ck F C o a t A SEA

1215111 C set

Qz Iu ur 22 1210711

1210711 Nell

Q z gives support property



Topology on Stab X

Notation D x stab D Stab x

slice D slicing J 8101

d P 2 11,80517 EH ICE ECE

imfz.lt er 2107C 860 e 0 5

Sy
E d 4 051 Ee ten

Stub D
P 91 slice D Hom L.A

P Z
d 2

Definition Top on stab D is settopk.mg

p a continuous

Lenny GT Carl acteustinuouton
stab CX



Iem Bridgehead oilermotion In

For each connected component E of

Stob X there is a livres sub tece

E C Hom Arie such that

q E V E E Hom Kiril
18,27 Z

is a load homeomorphism I is called full

if VCE 17am Xp

A full E hes the structure of

a complex manifold of d dimension

equal to NRG

Lemmy d Z 2,2 e Stob X

d P Q a 8 2

PI EE 810 We went Ee 219



410,2721 A 1 EGLE E DICE Atl

PCO C 210 1 OH

Ex Even F E 2 x

4 124 2
CFI SPICE C 4 1

214 CP x 1,4 1

day 4 I 02 E E E 421510 1

alreadyPI Suppose PIE of reworked

Rt Z E I ZCE E I r it P
2

my o

70 absurd 0 of analogous
similar

want FIFE and IE

suppose 020261 4 7

FELLA F EYE DA
n I n

210,0 11 of 214 1,03

Me 1 1 As before 41 Of F 8



Pls s att F B
x

40
I

8
4,41 Y 86 1,1

But G l E Y 0
in

a G x

poll d014,41
A FBI F E

4 2,0 1

Absurd since G F is not zero

Assume that Q her sign
2 RR 2

6 18.2 dy
kkbg

Q the

g E Gta IR s f I VEX
Qiu g 267

Q econ there

P Air ke 2 istheorthigounietin

PI Air Air Oken Z Z Ar E

ie H2 kn zH

write alot 1121411 t Q piri and let g send

A lie to 1 la

Ears npto amota.cm ang g l



Bridgeland deformation theorem

Z Stab D Hom A G

6 41,2 2

in a local homeomorphism

Ken given
Z done to 2 search for

a s close to a lifting Z i.e G A Z

opetoat
s A Z

with some t end some
Q giving

the

sulfort property
not quite

but almost

set U Z e Hom Arie 01,2
0

to HomaG is an open
neighbourhood

of Z

may
assume

t connected

Call Qfrenz co
Q E O f E 6 sea table

let t be the connector
component of

g t anti my 6

there 1
V v i h.ve



We will only prove that g ie e

deed homeomorphism
around 6

and that I T E T near 6 Q gives the

mint party here

Boyette Look at the following

linear section of t

We Z'EV I Z'lazy
Z
furzy

Remand Z E W F Z Z no p Mee

n Ker Z E ah 1141121
a 11 being

the operator
norm given by

nun EEE IIH Fai Iz

PI Being in W entails two conditions

Z Z mz1
o f

2 Z hop

Atkerz e

z et Other Z
o

Assume that Z 2 tu p and 11421 Then

is satisfied and for we Ken Z We have



Q w 2 W t PW IUPUI Q PCWII O

Z e t no that Z E W Vieevene assume Z'EW

then Z Z not Suppose 114117,1 can assume I W E Ken Z

with Owl 1 not 1 let welker27 sit

2 o hearted z is surf Then

Z'to turn Zeo tar hop total
u lol Ufw 0

But Q rt W Q lol Qtr Q 101 1 12107 I

u w
2
130

against

Nextstep Since Z is close to Z can

choose g f Gt IR clone to 1 such

that g Z and Z coincide on Kee Z

Substitute Z with j Z and assure

Z 2 uop t i crop with u and u in

Hom Ken Z R and chore to 0 the old u is now

utio Set 2 2 uop then Z is

close to 2

Lemma Given G A Z and Z Zt up

with a e Hom Air IR close to O then we

can lift Z to a stab annuli tin G close
to 6



Go back to 2 Zt nap By the lemma

we can replace 2 with 2 and 6

with G and assume that

Z Z troop

with p cha top Now up to replacing

Z with g z with g close to 1 we

can assume p p
We must lift Z

We have

i Z i Z trop

let Ted r be a lifting of malt by i EGLIN

Temporarily replace 6 and Z with

To and i Z Then the Lenne gives

a lifting of iz to a stability cnn.li tin

T close to go We can then take

as a etty of 2 the stab conolition

G g t which is close to 6

The final step is to prove then lemme



sketchothof we start with

6 A Z and Z Z nap
u hate o

and red

clone G A Z is a stob coli tin

close to 6 with support projects given

by Q the quadratic form Q gives
the

sullort protects for 6 Must prove

a Z stob funct I Zhes supp
hp v it Q

b H N for Z

Cl Q gives support
property

L

for A Z

the key in the thee cores is the support

putenty for 6 given by
Q

Now one can read section 5 in

Ba Short

To give an idea we hve the simplest

of the three item a

Pf u real Mr Z e M Z Do



Suppose 2m Z E M Z E 0 EEA

Then 2 E E IR co end E is 6 sent table

Thus if 0 5 E we have

Qb 1210
2

Q pin 70

i e 2 v 7 Q plus

Z o

Z E ZCE a opto C Z IE Hull Q Plo

Ek
n E 261 Zee 0

The proof of b consists in showing that

fun E Et end c e R there are

only a bust number of v e x

with 5 0 CF F C E and

Re Z wept f s C

Not too bad I Pent c is more subtle



stability conolitions on K 3 surfaces

X a k C Mukai pairing

on 16 N X H x NS X O H X

2 Hom air E Exe

stab x
9 Hom Air E

6 4.21
Z

L c x

e
N x 0 6

167 Z Tle

f x T ntirlcu.rs o

GLI Girl acts freely m Nhl or

section
of this action

2 x
Fedex CMT o TF o ret I

NS x Ox
2 x

w B
exp Brio

1 Bria I 1132W
i B W

6270
later B PH w LH



8 x Comm conf of 8 antaniz 2 X 450

8 x StG
g

St C Nanae

A 8 NH a 1 82 2

Theorem Bridgehead Iggy
exists e conn

comp

Fabians
met

stab x
8 X che

covering group
n Atx o preserves

stabt



Moreoverlet
Vos x Gh x Zaw B WENS x w o

then GT R Nns U X

um
ucxifoest.ba

real codimension
and U x Stab x

a submanifolds

Oneida E stable of phon o be

ex stable of phase I Hom II Ex7 0

i co Serre oboe tis Hom E G I Home G E
O I 2

Bridgeford Macioce

Homologed gey
E i E E
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