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Joint work with:
A. Ragusa and G. Zappala : Linear quotients of Artinian Weak
Lefschetz Algebras.
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Weak Lefschetz Property

@ Let k be a field of characteristic zero.
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@ Let k be a field of characteristic zero.

@ R = k[xi,...,x,], standard graded polynomial ring.
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Weak Lefschetz Property

@ Let k be a field of characteristic zero.
@ R = k[xi,...,x,], standard graded polynomial ring.
o lLet

A=R/I
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Weak Lefschetz Property

@ Let k be a field of characteristic zero.
@ R = k[xi,...,x,], standard graded polynomial ring.
o lLet

A=R/l = éA,
i=0

be an Artinian standard graded algebra.
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Weak Lefschetz Property

Let ¢ € R, be a “general” linear form.
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Weak Lefschetz Property

Let / € R, be a “general” linear form. For each i, ¢ induces a
multiplication
Xt : A — Ai+1.

Favacchio Giuseppe La proprieta di Betti Weak Lefschetz



Weak Lefschetz Property

Let / € R, be a “general” linear form. For each i, ¢ induces a
multiplication
Xt : A — Ai+1.

Since ¢ is general we expect that this multiplication should be
either injective or surjective
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Weak Lefschetz Property

Let / € R, be a “general” linear form. For each i, ¢ induces a
multiplication
Xt : A — Ai+1.

Since ¢ is general we expect that this multiplication should be
either injective or surjective i.e.

rank(x/¢) = min{dimy A;, dimy A;1}.
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Weak Lefschetz Property

Definition
We say that A has the Weak Lefschetz property (WLP)
if there is an element ¢ € Ry (called a Lefschetz element) such

that the linear map

X0 : A,' — A,'+1

has maximal rank, for every i.
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Weak Lefschetz Property

Definition

We say that A has the Weak Lefschetz property (WLP)
if there is an element ¢ € Ry (called a Lefschetz element) such
that the linear map

X0 : A,' — A,'+1

has maximal rank, for every i.

An algebra with the WLP will be call Weak Lefschetz
algebra.
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Weak Lefschetz Property

If Ais a standard algebra and ¢ € R; such that the
multiplication map
X0 : A,' — Af+1

is surjective
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Weak Lefschetz Property

If Ais a standard algebra and ¢ € R; such that the
multiplication map
X0 : A,' — Af+1

is surjectivethen, for any r > i, the multiplication map

X0 : A, — Ar+1
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Weak Lefschetz Property

If Ais a standard algebra and ¢ € R; such that the
multiplication map
X0 : A,' — Af+1

is surjectivethen, for any r > i, the multiplication map
X0 : A, — Ar+1

is also surjective.
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Weak Lefschetz Property

If Ais a standard algebra and ¢ € R; such that the
multiplication map
X0 : A,' — Af+1

is surjectivethen, for any r > i, the multiplication map
X0 : A, — Ar+1

is also surjective.
An sequence (1, hy, ..., hs), with hs # 0 is called unimodal if
there is an integer t such that

b <. < hy>hey>...> hs
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Weak Lefschetz Property

An Artinian standard graded algebra with Hilbert function

h=(1,3,6,6,7,2,0...)
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Weak Lefschetz Property

An Artinian standard graded algebra with Hilbert function
h=1(1,3,6,6,7,2,0...)

never satisfy the WLP.
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Weak Lefschetz Property

An Artinian standard graded algebra with Hilbert function
h=1(1,3,6,6,7,2,0...)

never satisfy the WLP.
Strictly unimodal:

h1<...<ht2ht+12...2hs.
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Weak Lefschetz Property

An Artinian standard graded algebra with Hilbert function
h=1(1,3,6,6,7,2,0...)

never satisfy the WLP.
Strictly unimodal:

h1<...<ht2ht+12...2hs.

Brenner-Kaid: A= R/l where

I =(x3,y% 2% xyz) C R = k|x,y, Z]

Favacchio Giuseppe La proprieta di Betti Weak Lefschetz



Weak Lefschetz Property

An Artinian standard graded algebra with Hilbert function
h=1(1,3,6,6,7,2,0...)

never satisfy the WLP.
Strictly unimodal:

hy <...<hi>hpy1>...> h.
Brenner-Kaid: A= R/l where
I =(x3,y% 2% xyz) C R = k|x,y, Z]
has Hilbert function

Ha = (1,3,6,6,3,0,...)
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Weak Lefschetz Property

An Artinian standard graded algebra with Hilbert function
h=1(1,3,6,6,7,2,0...)

never satisfy the WLP.
Strictly unimodal:

hy <...<hi>hpy1>...> h.
Brenner-Kaid: A= R/l where
I =(x3,y% 2% xyz) C R = k|x,y, Z]
has Hilbert function
Ha=(1,3,6,6,3,0,...)

fails the WLP.



Weak Lefschetz Property

Which algebras have the WLP?
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Weak Lefschetz Property

Which algebras have the WLP?
@ standard algebras on R = k[x, y];
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Weak Lefschetz Property

Which algebras have the WLP?
@ standard algebras on R = k[x, y];

Theorem (Stanley 1980)

Let R = k[x1,...,x,]. Let | be an Artinian monomial
complete intersection, i.e.

I =(x" ..., x2").

Then R/I has WLP.
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Weak Lefschetz Property

Which algebras have the WLP?
@ standard algebras on R = k[x, y];

Theorem (Stanley 1980)

Let R = k[x1,...,x,]. Let | be an Artinian monomial
complete intersection, i.e.

I =(x" ..., x2").

Then R/I has WLP.

@ Do all complete intersections have WLP?
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Weak Lefschetz Property

Theorem (Harima - Migliore - Nagel - J. Watanabe

2003)

Let R = k[x,y,z]. Let | = (Fy, F2, F3) be a complete
intersection ideal. Then R/l has WLP.
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Weak Lefschetz Property

Theorem (Harima - Migliore - Nagel - J. Watanabe

2003)

Let R = k[x,y,z]. Let | = (Fy, F2, F3) be a complete
intersection ideal. Then R/l has WLP.

Artinian Gorenstein algebras in codimension > 4 do not
necessarily have WLP
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Weak Lefschetz Property

Theorem (Harima - Migliore - Nagel - J. Watanabe

2003)

Let R = k[x,y,z]. Let | = (Fy, F2, F3) be a complete
intersection ideal. Then R/l has WLP.

Artinian Gorenstein algebras in codimension > 4 do not
necessarily have WLP

@ do all Artinian Gorenstein algebras in codimension 3 have
WLP?
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Weak Lefschetz Property

Let A be an Artinian standard graded algebra and ¢ € R;
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Weak Lefschetz Property

Let A be an Artinian standard graded algebra and ¢ € R;

wri A = A
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Weak Lefschetz Property

Let A be an Artinian standard graded algebra and ¢ € R;

wri A = A

0 — Kerpp: — A =5 Aipy — (AJUA) 141 — 0.
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Weak Lefschetz Property

Let A be an Artinian standard graded algebra and ¢ € R;

wri A = A

0 — Kerpp: — A =5 Aipy — (AJUA) 141 — 0.

HA/gA(i + 1) = AHA(I + 1) + dimk Ker ©Lei-
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Weak Lefschetz Property

Let A be an Artinian standard graded algebra and ¢ € R;

wri A = A

0 — Kerpp: — A =5 Aipy — (AJUA) 141 — 0.

HA/gA(i + 1) = AHA(I + 1) + dimk Ker ©Lei-

Pe,i injective = HA/[A(I. + 1) = AHA(I -+ 1)

Favacchio Giuseppe La proprieta di Betti Weak Lefschetz



Weak Lefschetz Property

Let A be an Artinian standard graded algebra and ¢ € R;

wri A = A

0 — Kerpp: — A =5 Aipy — (AJUA) 141 — 0.

HA/gA(i + 1) = AHA(I + 1) + dimk Ker ©Lei-

Pe,i injective = HA/[A(I. + 1) = AHA(I -+ 1)
@i surjective = Ha/pa(i +1) = 0 and
AHA(I + 1) = — dimk Ker Pe,i-
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Weak Lefschetz Property

Let A be an Artinian standard graded algebra. The following
are equivalent

@ A has the WLP;
@ there is an element { € Ry such that Hp/a = AHX.
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Weak Lefschetz Property

Proposition

Let A be an Artinian standard graded algebra. The following
are equivalent

@ A has the WLP;
@ there is an element { € Ry such that Hp/a = AHX.

A has the WLP if and only if its Hilbert function has a
good behavior with respect to a generic linear form.
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Linear Quotients of Artinian Algebras

Let A= R/I be an Artinian standard graded R-algebra.

HA = {HA/gA | f c R]_};
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Linear Quotients of Artinian Algebras

Let A= R/I be an Artinian standard graded R-algebra.

HA = {HA/gA | f c R]_};

HA - {Hl,HQ,...,Hr}
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Linear Quotients of Artinian Algebras

Let A= R/I be an Artinian standard graded R-algebra.

HA = {HA/gA | f c R]_};

Ha= {H17H27"'7Hr}

Now we define

SH,. = {[6] S Pk(Rl) | HA/gA = H,}
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Linear Quotients of Artinian Algebras

Let A= R/I be an Artinian standard graded R-algebra.

HA = {HA/gA | f c R]_};

HA - {Hl,HQ,...,Hr}

Now we define
SH,. = {[6] - Pk(Rl) | HA/gA = H,}
So we have that set-theoretically

Pi(R) = Sy, U+ U Spy.
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Linear Quotients of Artinian Algebras

Let A= R/I be an Artinian standard graded R-algebra.

HA = {HA/gA | f c R]_};

Ha={Hi,Ha,...,H}
Now we define
Sh, = {[{] € Pr(R1) | Hayea = Hi}.
So we have that set-theoretically
Pi(R1) = Sy U--- U Sy,

There exists u such that Sy, contains a non empty open
subset U C Py (Ry).
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Linear Quotients of Artinian Algebras

Definition

With the above notation we say that A/¢A has the generic
Hilbert function with respect to A iff [(] € Sy,. In this case
Hy, = Ha/ea will be called the Hilbert function of the generic
linear section of A and will be denoted by H3"".
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Linear Quotients of Artinian Algebras

With the above notation we say that A/¢A has the generic
Hilbert function with respect to A iff [(] € Sy,. In this case
Hy, = Ha/ea will be called the Hilbert function of the generic
linear section of A and will be denoted by H3"".

Let A= R/l be an Artinian standard graded R-algebra. The
poset Ha has only one minimal element, precisely H5 "
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Linear Quotients of Artinian Algebras

With the above notation we say that A/¢A has the generic
Hilbert function with respect to A iff [(] € Sy,. In this case
Hy, = Ha/ea will be called the Hilbert function of the generic
linear section of A and will be denoted by H3"".

Let A= R/l be an Artinian standard graded R-algebra. The
poset Ha has only one minimal element, precisely H5 "

A has the WLP iff HE" = AH/
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Linear Quotients of Artinian Algebras

SE = Spaen = {[{] € Px(R1) | Hajea = HZ™"}.
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Linear Quotients of Artinian Algebras

SE = Spaen = {[{] € Px(R1) | Hajea = HZ™"}.

Ba = {B(A/LA) | [(] € 55}

Favacchio Giuseppe La proprieta di Betti Weak Lefschetz



Linear Quotients of Artinian Algebras

SE = Spaen = {[{] € Px(R1) | Hajea = HZ™"}.

Ba={B(A/LA) | [(] € 55"}
By Bigatti, Hulett and Pardue the set B4 is finite.

Ba={b1,..., 06}
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Linear Quotients of Artinian Algebras

SE = Spaen = {[{] € Px(R1) | Hajea = HZ™"}.

Ba={B(A/LA) | [(] € 55"}
By Bigatti, Hulett and Pardue the set B4 is finite.

Ba={b1,..., 06}

Zs = {[0] € S&" | Bajea = Bi}-
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Linear Quotients of Artinian Algebras

SE = Spaen = {[{] € Px(R1) | Hajea = HZ™"}.

Ba={B(A/LA) | [(] € 55"}
By Bigatti, Hulett and Pardue the set B4 is finite.

Ba={b1,..., 06}

Zs = {[0] € S&" | Bajea = Bi}-

SEM = 7y U U Z,.
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Linear Quotients of Artinian Algebras

SE = Spaen = {[{] € Px(R1) | Hajea = HZ™"}.

Ba={B(A/LA) | [(] € 55"}
By Bigatti, Hulett and Pardue the set B4 is finite.

Ba={b1,..., 06}

Zs = {[0] € S&" | Bajea = Bi}-

SEM = 7y U U Z,.

There exists v such that Z3, contains a nonempty open subset
V of 58",
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Linear Quotients of Artinian Algebras

Definition

With the above notation we say that A//A has the generic
Betti sequence with respect to A iff [¢(] € Zg,. In this case
B(A/LA) will be called the Betti sequence of the generic linear

section of A and will be denoted by 557"
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Linear Quotients of Artinian Algebras

Definition

With the above notation we say that A//A has the generic
Betti sequence with respect to A iff [¢(] € Zg,. In this case
B(A/LA) will be called the Betti sequence of the generic linear
section of A and will be denoted by 557"

Proposition

Let A= R/I be an Artinian standard graded R-algebra. The

poset B has only one minimal element, precisely 35"
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Linear Quotients of Artinian Algebras

Let R = k[x,y,z] and let A= R/I, where

I = (xX*+x°z(y+2z), Xy —xyz(y +2), °y*+y*2, 2%, y°, xy*).
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Linear Quotients of Artinian Algebras

Let R = k[x,y,z] and let A= R/I, where
= (< +x72(y+2), Xy —xyz(y +2), X°y* +y°2%, 2%, y° 3y ).

Then
Hx=(1,3,6,10,12,9,2,1,0)
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Linear Quotients of Artinian Algebras

Let R = k[x,y,z] and let A= R/I, where
= (< +x72(y+2), Xy —xyz(y +2), X°y* +y°2%, 2%, y° 3y ).

Then
Hx=(1,3,6,10,12,9,2,1,0)

The linear forms g =x+y+2z, {1 =y +zand l, =z
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Linear Quotients of Artinian Algebras

Let R = k[x,y,z] and let A= R/I, where
= (< +x72(y+2), Xy —xyz(y +2), X°y* +y°2%, 2%, y° 3y ).

Then
Hx=(1,3,6,10,12,9,2,1,0)

The linear forms {g =x+y + 2z, {1 =y + z and {, = z are
WL forms for A;
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Linear Quotients of Artinian Algebras

Let R = k[x,y,z] and let A= R/I, where
= (< +x72(y+2), Xy —xyz(y +2), X°y* +y°2%, 2%, y° 3y ).

Then
Hx=(1,3,6,10,12,9,2,1,0)

The linear forms {g =x+y + 2z, {1 =y + z and {, = z are
WL forms for A;we have that

HA/ZOA = HA/ZlA = HA/ZOA = AHE’_/I = H&" = (172,3,4, 2,0)
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Linear Quotients of Artinian Algebras

We have
Ba = ((4,5%,(6,7'°,9),(8°10))
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Linear Quotients of Artinian Algebras

We have
Ba = ((4,5%,(6,7'°,9),(8°10))

and

Baja = ((4°), (6%));
6/\/51/\ = ((437 5)7 (57 62));
6/4/42/4 = ((437 52)7 (527 62))
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Linear Quotients of Artinian Algebras

We have
Ba = ((4,5%,(6,7'°,9),(8°10))

and

Baja = ((4°), (6%));
6/\/51/\ = ((437 5)7 (57 62));
5/4/42/4 = ((437 52)7 (527 62))

Consequently 357" = ((43), (6%)).
Moreover one can see that B4 contains only these three Betti
sequences.
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Betti Weak Lefschetz Property

gen gen
HA A
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Betti Weak Lefschetz Property

Hg en gen

HE" > AH}
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Betti Weak Lefschetz Property

gen gen

HA A
gen + gen
HE" > AH; gen > 7
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Betti Weak Lefschetz Property

A= R/l WL algebra and ¢ € R; a WL element for A.
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Betti Weak Lefschetz Property

A= R/I WL algebra and ¢ € R; a WL element for A.
Let 3,;(A/CA) be the graded Betti numbers of the algebra
A/lA as an R/(()-algebra.

Favacchio Giuseppe La proprieta di Betti Weak Lefschetz



Betti Weak Lefschetz Property

A= R/l WL algebra and ¢ € R; a WL element for A.

Let B,-J-(A/KA) be the graded Betti numbers of the algebra
A/lA as an R/(()-algebra.

We set R := R/(¢), I :=1/({) C R

A:=R/l = AJlA.
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Betti Weak Lefschetz Property

A= R/l WL algebra and ¢ € R; a WL element for A.

Let B,-J-(A/KA) be the graded Betti numbers of the algebra
A/lA as an R/(()-algebra.

We set R := R/(¢), I :=1/({) C R

A:=R/l = AJlA.

We set
t := max{j | AHa(j) > 0}.
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Betti Weak Lefschetz Property

A= R/l WL algebra and ¢ € R; a WL element for A.

Let B,-J-(A/KA) be the graded Betti numbers of the algebra
A/lA as an R/({)- algebra

We set R := R/(¢), | :=1/(¢) C

A:=R/l = AJlA.

We set
t := max{j | AHa(j) > 0}.

Bo;(A) =0 forall j >t +2
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Betti Weak Lefschetz Property

A= R/l WL algebra and ¢ € R; a WL element for A.

Let B,-J-(A/KA) be the graded Betti numbers of the algebra
A/lA as an R/({)- algebra

We set R := R/(¢), | :=1/(¢) C

A:=R/l = AJlA.

We set
t := max{j | AHa(j) > 0}.

Bo;(A) =0 forall j >t +2

BOJ(Z) = So,j(A) forall j <t
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Betti Weak Lefschetz Property

ﬂOl B12 e ﬁnfl,n
ﬁ02 ﬂ13 e ﬁnfl,n+1

A) = BO,t—l Bl,t e Bn—l,n+t—2
B(A) = N

Bo,t B1,e41 Br—1,nt-1
B(),H—l Bl,t+2 e 6n—1,n+t
ﬁ07t+2 Bl,t+3 e ﬁnfl,n+t+1

éOl él2 e énfl,n
Boz B3 o Bt

B(Z) — Bo,t—l El,t Bn—l,n+t—2

60,1‘ §17t+1 Bn—l,n-&-t—l

EO,H—I él,t+2 Bn—l,n+t

BO,t+2 Bl,t+3 Bn—l,n+t+1

Favacchio Giuseppe La proprieta di Betti Weak Lefschetz



Betti Weak Lefschetz Property

BOI B12 e ﬂn—l,n
Bo2 B13 s Baslngl

B(A) = Bo,e—1 B s Bamlngt—2
50,t Bl,t+1 T Bn—l,n—}—t—l

Bot+1 Bre+2 0 Ba—intt

Bot+2  Bre+z o+ Ba—intt+1

Em Elz Enq,nzo
Boz B3 e B =

B(Z) = Eo,tfl ELI’ Enfl,n+t72 =0
éo,t 51,t+1 5n—1,n+t—1 =0

50,t+1 El,t+2 6n—1,n+t20
0 0 .0
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Bo1 B2

Bo2 B13

| Boe—1 B
pla) = Bo,¢ B1,e+1
Bot+1 Bre+2
Bo,t+2  B1,e43

601 Eu
Bz Pis

B(A) =1 Bot1 Bus
EO,t él,t-kl
50,t+1 51,t+2
0

Betti Weak Lefschetz Property

ﬂn—l,n

ﬁnfl,nqtl

ﬁn717n+t72
Bn—l,n—}—t—l
ﬂn—l,n—}—t

6n—1,n+t+1

énfl,n+t72 =0
én—1,n+t—1 =0
Bn—l,n—}-t = O

0
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Betti Weak Lefschetz Property

We consider the following

(RIN, -5 (R/(t)),.,
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Betti Weak Lefschetz Property

We consider the following

(RIN, -5 (R/(t)),.,

®

N v
(R/1)esa
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Betti Weak Lefschetz Property

We consider the following

(RIN, -5 (R/(t)),.,

®

¢ i
(R/I)H-l

Bo t+1(z) — 60 t+1(A) = dimk(Ker Qﬂ) — dimk(Ker QO).
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Betti Weak Lefschetz Property

With the above notation

i) v is surjective iff By .1(A) = 0;
ii) 1 is injective iff By 11 1(A) = Bo t+1(A) + AHa(t + 1).
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Betti Weak Lefschetz Property

Let us consider a graded minimal free resolution of A as a
R-module

Fe : 0—>FC,1—>-~~%F,-ﬂ>F,-,1%~-—>Fo—>R—>A—>O
and a graded minimal free resolution of A as a R-module
G:0 G- 2GHG - 2GR AS0.

Let 7, : li. — G, be a lifting of the natural map of R-modules
T:A— A
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Betti Weak Lefschetz Property

Theorem

With the above notation, for every i > 0, let

{7i1,---,vig}, degvin < ... < degvis,

be a minimal set of generators for Im d;, and

ui = 1|{j | deg; < t+i}|. If u; >0 then

{mi—1(vi1)s - - -, mi—1(7iy;)} can be completed to a minimal set
of generators for Im d! with elements of degree > t + i.
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Betti Weak Lefschetz Property

Theorem 4.3 give a description of the graded Betti numbers of
A

Bin(A) = Bin(A), fori >0and h—i <t —1.
Moreover B; ,.:(A) > Bi t1i(A).
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Betti Weak Lefschetz Property

Theorem 4.3 give a description of the graded Betti numbers of
A

Bin(A) = Bin(A), fori >0and h—i <t —1.
Moreover B; ,.:(A) > Bi t1i(A).

Bn1n(A)=0forall h<t+n—1.
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Bo1 B2

Bo2 B13

| Boe—1 B
pla) = Bo,¢ B1,e+1
Bot+1 Bre+2
Bo,t+2  B1,e43

601 Eu
Bz Pis

B(A) =1 Bot1 Bus
EO,t él,t-kl
50,t+1 51,t+2
0

Betti Weak Lefschetz Property

ﬂn—l,n

ﬁnfl,nqtl

ﬁn717n+t72
Bn—l,n—}—t—l
ﬂn—l,n—}—t

6n—1,n+t+1

énfl,n+t72 =0
én—1,n+t—1 =0
Bn—l,n—}-t = O

0
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Betti Weak Lefschetz Property

Bo1 B12 coo Ba=in
Boz2 B3 s Ba—in4l

,B(A) _ gg,i—l Bl,t te 5n—1,n+t—2

B4 0 Ba—intt-1
Boe+1 Brit2 o Ba—intt
Bot+2  Bre+s - Ba—intetl

Bo1 B12 coo Pac1n=0
Boz P13 o Baipp1 =0

B(A) = Bo,t—1 él,t En717n+t72 =0
EO,t él t+1 T Bn—l ntt—1 — 0

50 t+1 ﬁl,t+2 ﬂnfl,nth:O
0 0 .0
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Betti Weak Lefschetz Property

Bo1 B12 <o Pam1n=0
Boz P13 o Ba1ny1 =0

B(A) = gg,z—l B¢ oo Ppainyt—2=0

Brevr 0 Ba—inpt-1=0
Boe+1 Bret2 o Ba—intt
Bot+2  Bre+s - Ba—intesl

Bo1 B12 coo Pac1n=0
Boz P13 o Baipp1 =0

BA)=| Boi—1 Pre -+ PBoinre—2=0
Eo,t §1 t+1 én—l nt+t—1 — 0
50 t+1 ﬁl,t+2 ﬁnfl,nth =0
0 0 o0
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Betti Weak Lefschetz Property

Bl t+1(z) =5 t+1(A) + dimk(Ker 1/1)
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Betti Weak Lefschetz Property

Corollary

B1 11(A) = B1 e41(A) + dimi(Ker ).

Bi +1i(A) = Bi ¢+i(A) for every i > 0 iff 1 is injective.

v
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Betti Weak Lefschetz Property

BOI 512 coe ﬂn—l,n =0
Bo2 B13 oo P11 =0

B(A) = Bo,e—1 B oo Pa—inyt—2=0
Bo,¢ Bre+1  Ba—1nptt—1=0

BO,H—I Bl,t+2 e ﬂn—l,n+t

Bot+2  Bre+z -+ Ba—intt+1

1 is injective iff
Bo1 B12 oo Bae1n=0
Bo2 P13 o Bacipr1 =0
B(A)=| Boi—1 Bt - Bo-ipye—2=0

Bo.t Presr -+ Broinye-1=0

ﬁo t+1 Bl,t+2 ﬁnfl,n+t:0
0 0 )
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Betti Weak Lefschetz Property

Collecting the previous results we can give a description of the
graded Betti numbers of A.

Bii(A) ifj<t+i—1
3.(A) = Bij(A) +m; _ ifj=t+i
i Sz (CDITB, j(A) + (1) TPATIAHY () + mig i j=t+i41
0 ifj>t4+i+1
(1)

where m; > 0 and in particular mg = 0 and m; = dimy ker 1.
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Betti Weak Lefschetz Property

We say that A= R/I has the Betti Weak Lefschetz Property,
briefly 5-WLP, if there exists ¢ € R; such that
© /is a Weak Lefschetz form for A;

@ Yy is injective, i.e. X0 :(R/I) — (R/(l<t))ey1 is
injective.
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Betti Weak Lefschetz Property

We say that A= R/I has the Betti Weak Lefschetz Property,
briefly 5-WLP, if there exists ¢ € R; such that
© /is a Weak Lefschetz form for A;

@ Yy is injective, i.e. X0 :(R/I) — (R/(l<t))ey1 is
injective.

Let A be a standard graded R-algebra. The following are
equivalent

Q A has the p-WLP and ¢ is a 5-WL form;

Q The graded Betti numbers of A are determined by (1)
with m; = 0 for every i.
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Betti Weak Lefschetz Property

It is known from Harima Migliore Nagel Watanabe, (2003),
that if H is a Weak Lefschetz sequence then the set

- ={08a | Ha = H and A has the WLP}

admits exactly one maximal element, say, 3".

Proposition

Let H be a Weak Lefschetz sequence and let A= R/I be an
Artinian algebra with Hy = H such that A has the WLP. If
Bo t+1(A) = B¢ .1 then A has the 3-WLP.

Favacchio Giuseppe La proprieta di Betti Weak Lefschetz



Betti Weak Lefschetz Property

Let R = k[x1,...,Xy]. Let A= R/l be a WL Artinian
standard graded algebra, where | = (gi,...,8,) is a complete
intersection ideal and degg; < deggj 1 for 1 </ <n-—1.
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Betti Weak Lefschetz Property

Let R = k[x1,...,Xy]. Let A= R/l be a WL Artinian
standard graded algebra, where | = (gi,...,8,) is a complete
intersection ideal and degg; < deggj 1 for 1 </ <n-—1.

Proposition

Let A be as above then
Q /fdegg, > t then A has the 5-WLP.
Q /fdegg, <t and AHx(t+ 1) = 0 then A has the 5-WLP.
@ Ifdegg, <t and AHa(t+ 1) <O then A has not the

B-WLP.
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Betti Weak Lefschetz Property

Let R = k[x1,...,Xy]. Let A= R/l be a WL Artinian
standard graded algebra, where | = (gi,...,8,) is a complete
intersection ideal and degg; < deggj 1 for 1 </ <n-—1.

Proposition

Let A be as above then
Q /fdegg, > t then A has the 5-WLP.
Q /fdegg, <t and AHx(t+ 1) = 0 then A has the 5-WLP.
@ Ifdegg, <t and AHa(t+ 1) <O then A has not the

B-WLP.

The item 3 of the previous proposition in particular says that
1y is not injective but still it has maximal rank.
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Betti Weak Lefschetz Property

We say that A = R/I has the generators Weak Lefschetz
Property, briefly 5o-WLP, if there exists ¢ € R; such that
@ /is a Weak Lefschetz form for A;
© v, has maximal rank.
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Betti Weak Lefschetz Property

Definition

We say that A = R/I has the generators Weak Lefschetz
Property, briefly 5o-WLP, if there exists ¢ € R; such that

© /7 is a Weak Lefschetz form for A;
@ 1, has maximal rank.

Note that for complete intersections the WLP and the
Bo-WLP are equivalent.

B-WLP = B,-WLP = WLP
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Betti Weak Lefschetz Property

Definition
We say that A = R/I has the generators Weak Lefschetz
Property, briefly 5o-WLP, if there exists ¢ € R; such that
© /7 is a Weak Lefschetz form for A;
©Q ¢y has maximal rank.

Note that for complete intersections the WLP and the
Bo-WLP are equivalent.

B-WLP = B,-WLP = WLP

B-WLP 4 Bo-WLP £ WLP.
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