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Introduction

Life is what happens while you are making other plans.

J. Lennon

Subharmonic bifurcations have been extensively studied in the literature, and are by now
a standard topic of many classical textbooks [6l, [IT].

An intuitive formulation of the problem, far from being formal, is the following. Imagine
the cylinder C = {(z,y,2) € R® : 22+ y? = 1} in the euclidean tridimensional space, and let us
suppose a point moving on C along the curve y(t) = (cos(w(Ao)(t+1o)),sin(w(Ao)(t+1%o)), Ao)
for fixed height Ay and initial time tg. Suppose the frequency to change monotonically for
varying height and let us call ag(t) = w(Ap)t the angle described by 7(t). Hence, the velocity
field on C is constant at fixed height, i.e. is given by

with respect to the angle and the height.

Let us call ¥(t) = (cos(w(Ag)(t+1p)),sin(w(Ao)(t+to))), i.e. the projection of v on the =,y
plane, and let us consider the cylinder C= {7} x R in the extended phase space.

Suppose to cut C at zero and T = T(Ag) = 2r/w(Ap) height, and to merge the two
boundaries, so that we obtain a torus as depicted in Figure 2. Such an operation is known as

topological quotient of the cylinder C and we shall denote the obtained torus as {3} x R/T(Ag)Z.
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Figure 1: Trajectories on the plane «, ¢ for some initial data.

Figure 2: The torus {7} x R/T(Ao)Z.

If we alternatively consider the torus {7} x R/27Z, we notice that, for varying Ay some
curves are closed while others are torus-filling curves. More precisely, the curves such that
w(Ap) =p/q € Q, i.e. those having rational slope on the «,t plane, are still closed on the torus
{7} x R/27Z.

Now, let us come back to the cylinder C and consider a small perturbation in the velocity
field (), both in the angular and in the vertical directions, which is 27-periodic with respect
to the angle and to the time. We shall therefore write

& =w(A)+eF(a, A,t),
| (A) +eF(a, A t) @
A=eG(a, A)t).

Of course not all curves will still be closed: in fact, if no further hypotheses are made

on the perturbation, in general all the trajectories corresponding to the torus-filling curves in
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{7} x R/27Z will not survive under the perturbation, while Somﬂ of those with frequency
w(Ap) =p/q € Q are left. We are interested in studying whether some periodic solutions with
period T' = 27q/p, persist under the action of the perturbation. Solutions with this property
are called subharmonic solutions of order q/p.

We notice that our techniques applies also to systems of the form

& =w(A)+eF(a, A e,t),
! (A) +eF( ) 3)

A =eG(a, A, g,t),
where the perturbation depends analytically on £. Such a problem naturally arises, for instance,
in the study of a periodically driven or forced system, in presence of dissipation, with one degree
of freedom. In this case one has typically two parameters: the perturbation parameter ¢ and

the damping coefficient ~, i.e. one deals with an equation of the form
Z+g(x)+vyt=cf(x,t), zeR. (4)

Hence, an interesting problem can be to study the region in the space of parameters where
subharmonic solutions can occur and to determinate the bifurcation curves which divide the
regions of existence and non-existence (see Figure 3) of these solutions; cf. for instance [2, B,
13, [T4], where Melnikov theory is applied to such situations.

As the computation for (Bl) are very similar to those performed for the system (@), we shall
restrict our analysis to that case.

One can formulate the problem both in the C™ Whitney topology and in the real-analytic
setting. We shall choose the latter. From a technical point of view, this is mandatory since
our techniques require for the system to be analytic. However, it is also very natural from a
physical point of view, because in pratice, in any physical application, the functions appearing
in the equations are analytic, often even polynomials, and when they are not analytic they are
not even smooth. Moreover, we notice since now that, even though we restrict our analysis
to the analytic setting, this does not mean at all that we can not deal with problems where
non-analytic phenomena arise. The very case discussed here provides a counterexample.

The problem of subharmonic bifurcations was first considered by Melnikov [20], who showed
that the existence of subharmonic solutions is related to the zeros of a suitable function, nowa-
days called the subharmonic Melnikov function. The standard Melnikov theory usually studies
the case in which the Melnikov function has a simple (i.e. first order) zero. In such a case the

problem can be reduced to an implicit function problem.

IThe existence of closed orbits on C will depend on the initial datum to.

iii
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Figure 3: Set of existence (grey region) of subharmonic solutions in the plane ¢, .

Nonetheless, it can happen that the subharmonic Melnikov function either vanishes identi-

cally or has a zero which is of order higher than one.

In the first case one can hopefully go to the higher orders, and if a suitable higher order
generalisation of the subharmonic Melnikov function has a first order zero, then one can proceed
very closely to the standard case, and existence of analytic subharmonic solutions is obtained.
Most of the papers in the literature consider this kind of generalisations of Melnikov’s theory;
for instance Liu and Gu [I9], gave an explicit expression for the second-order Melnikov function
for the simple pendulum, and later Guo et al. [12], provided an explicit (and more general)
expression for the second-order Melnikov function, and used it to obtain the existence of a
solution for the equation of motion up to the first order in the perturbation parameter. However
the explicit construction of such a solution was not performed there. Similar computation are
performed in [3T1), 2], and also in [25], B0] a second order analysis is enough to settle the problem,
under the hypothesis that the second-order Melnikov function has a simple zero. An explicit
formula for the first two orders of the Melnikov function can be found in [I§]. Another extension
in this direction can be found in [B], where it is showed that, in a special case, there are at
most three limit cycles bifurcating from the set of periodic orbits of the unperturbed system,
and the first three orders of the Melnikov function are explicitly computed for that case. Also
Iliev computed explicitly the first four orders of the Melnikov function in a special case [IH].

Of course there are exceptions, such as [16, 28, B4 35], dealing with analysis to arbitrarily high

v
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order. We remark that the papers cited above have to be considered just as examples with
respect to the plenty of studies on Melnikov’s theory.

The case in which the Melnikov function has a zero of finite order (higher than one) is more
subtle. The problem can be still reduced to an implicit function problem, but the fact that
the zeros are no longer simple prevents us from applying the implicit function theorem. Thus
other arguments must be used, based on the Weierstrass preparation theorem [4, 6] and on
the theory of the Puiseux series [II, @, |6, 23]. However a systematic analysis is missing in the
literature. Furthermore, in general, these arguments are not constructive: if on the one hand
they allow us to prove (in certain cases) the existence of at least one subharmonic solution,
on the other hand the problem of how many such solutions really exist and how they can be
explicitly constructed has not been discussed in full generality.

The main difficulty for a constructive approach is that the solution of the implicit function
equation has to be looked for by successive approximations. At each step of iteration, in order
to find the correction to the approximate solution found at the previous one, one has to solve a
new implicit function equation, which, in principle, still admits multiple roots. So, as far as the
roots of the equations are not simple, one can not give an algorithm to produce systematically
the corrections at the subsequent steps.

A careful discussion of a problem of the same kind can be found in [I], where the problem
of bifurcations from multiple limit cycles is considered; cf. also [21Il 22] where the problem is
further investigated. There, under the hypothesis that a simple real zero is obtained at the first
iteration step, it is proved that the bifurcating solutions can be expanded as fractional series
(Puiseux series) of the perturbation parameter. The method to compute the coefficients of the
series is based on the use of Newton’s polygon [Tl 4. [6], and allows one to go to arbitrarily high
orders. However, the convergence of the series, and hence of the algorithm, relies on abstract
arguments of algebraic and geometric theory.

To the best of our knowledge, the case of subharmonic bifurcations was not discussed in
the literature. Of course, in principle one can think to adapt the same strategy as in [I] for
the bifurcations of limit cycles. But still, there are issues which have not been discussed there:
principally the explicit bound for the radius of convergence, and the case in which at the first
iteration step one still has multiple roots. Moreover, we have a double aim. We are interested
in results which are both general - not generic - and constructive. This means that we are
interested in problems such as the following: which are the weaker conditions to impose on the
perturbation, for a given integrable system and a given periodic solution, in order to prove the

existence of subharmonic solutions? Of course the ideal result would be to have no restriction
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at all. At the same time, we are also interested in the explicit construction of such solutions,
within any prefixed accuracy.

The problem of subharmonic solutions in the case of multiple zeros of the Melnikov functions
has been considered in [33], where the following theorem is stated (without giving the proof)
for C" smooth systems: if the subharmonic Melnikov function has a zero of odd order n < r,
then there is at least one subharmonic solution. In any case the analyticity properties of the
solutions are not discussed. In particular, the subharmonic solution is found as a function
of two parameters - the perturbation parameter and the initial phase of the solution to be
continued -, but the relation between the two parameters is not discussed. We point out that,
in the analytic setting, it is exactly this relation which produces (as we shall see later) the lack
of analyticity in the perturbation parameter. Furthermore, in [33] the case of zeros of even
order is not considered: as we shall see, in that case the existence of subharmonic solutions can
not be proved in general, but it can be obtained under extra assumptions.

Now we give a more detailed account of our results.

As said above, we shall consider systems which can be viewed as perturbations of integrable
systems, with the perturbation which depends periodically in time. We shall use coordinates
(ar, A) such that, in the absence of the perturbation, A is fixed to a constant value, while «
rotates on the circle: hence all motions are periodic. As usual [I1] we assume that, for A
varying in a finite interval, the periods change monotonically. More formal definitions will be
given in Section [l

Given an unperturbed periodic orbit ¢t — (ag(t), Ag), we define the subharmonic Melnikov
function M (to) as the average over a period of the function G(ag(t), Ag,t+to). By construction
M (tp) is periodic in tg. With the terminology introduced before, ¢ is the perturbation parameter

and tg is the initial phase. The following scenario arises.

e If M(tp) has no zero, then there is no subharmonic solution, that is no periodic solution

which continues the unperturbed one at € # 0.

e Otherwise, if M(ty) has zeros, the following two cases are possible: either M (ty) has a
zero of finite order n or M(t() vanishes with all its derivatives. In the second case, because

of analyticity, the function M (o) is identically zero.

e If M (tp) has a simple zero (i.e. n = 1), then the usual Melnikov’s theory applies. In partic-
ular there exists at least one subharmonic solution, and it is analytic in the perturbation

parameter €.

vi
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e If M(tg) has a zero of order n, then in general no result can be given about the existence
of subharmonic solutions. However one can introduce an infinite sequence of polynomial
equations, which are defined iteratively: if the first equation admits a real non-zero root
and all the following equations admit a real root, then a subharmonic solution exists, and
it is a function analytic in suitable fractional power of &; more precisely it is analytic in
n = e'/?, for some p < nl. If at some step the root is simple, an algorithm can be given

in order to construct recursively all the coefficients of the series.

o If we further assume that the order n of the zero is odd, then we have that all equations
of the sequence satisfy the request made above on the roots, so that we can conclude that
in such a case at least a subharmonic solution exists. Again, in order to really construct
the solution, by providing an explicit recursive algorithm, we need that at a certain level

of the iteration scheme a simple root appears.

e Moreover, we have at most n periodic solutions bifurcating from the unperturbed one
with initial phase tg. Of course, to count all subharmonic solutions we have also to sum

over all the zeros of the subharmonic Melnikov function.

e Finally, if M(ty) vanishes identically as a function of t¢¢, the solution t — (a(t), A(t)) is
defined up to first order - as it is easy to check - and does not depend on the choice of ¢,
so that one can expand the function G(«(t), A(t),t +to) up to first order: we call M; (o)
its average over a period of the unperturbed solution. In particular if also M (to) vanishes
identically, then one can push the perturbation theory up to second order - as also the
second order of the solution does not depend on tg - and, after expanding the function
G(a(t), A(t),t + to) up to second order, one defines Ms(ty) as its average over a period,
and so on. If at a finite step k of such an iteration the k-th order Melnikov function
has a zero of finite order ng,one can repeat the analysis performed above for M(ty), and
no further difficulties arise. Otherwise, if all the subharmonic Melnikov functions vanish

identically in tg, then one has a subharmonic solution for any t; small enough.

The methods we shall use to prove the results above will be of two different types. We
shall rely on standard general techniques, based on the Weierstrass preparation theorem, in
order to show that under suitable assumptions the solutions exist and to prove in this case
the convergence of the series. Moreover, we shall use a combination of the (so called) Newton-
Puiseux algorithm and the diagrammatic techniques based on the tree formalism [7, 8, [0, [T0] in

order to provide a recursive algorithm, when possible. Notice that in such a case the convergence

vii
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of the Puiseux series follows by explicit construction of the coefficients, and an explicit bound of
the radius of convergence is obtained through the estimates of the coefficients - on the contrary
there is no way to provide quantitative bounds with the aforementioned abstract arguments.
These results extend those in [I0], where a special case was considered.

This thesis is organised in two parts

The first part (Chapter [land Chapter B) is devoted to construct explicitly the (convergent)
Puiseux series, and to provide an explicit bound for the radius of convergence, under some
simplifying hypotheses. More precisely, in Section [Tl we state the result (Theorem [[4l) about
the existence of subharmonic solutions under the Hypothesis P and B namely, the Melnikov
function has a n-th order zero and at the first iteration step one has a simple root for the
polynomials above. The construction of a formal solution is performed in Section [[2 while the
convergence is proved in Section 23 using the diagrammatic techniques introduced in Section
BT Section is devoted to prove that the formal solutions are analytic functions of two
variables: the perturbation parameter and the initial phase.

The second part is devoted to generalise Theorem [L4. In Section Bl we describe the
Newton-Puiseux algorithm and we use it to prove Theorem where Hypothesis Bl of Theorem
[C4l is substituted by the weaker HypothesisHl i.e. a simple zero for the polynomials equation is
found at a finite step of iteration. In Section we study the case in which there is no simple
root at any iteration step. We shall see that in such a case the solution cannot be explicitly
constructed. Finally, in Section B3] we consider the higher order Melnikov theory; in particular,

we shall see how this situation can be led back to the previous one.

viii



Notations:

e Given a differentiable function of several arguments F' = F'(z1,...,x,), we shall denote

by 8, the m-th derivative with respect to the k-th argument i.e. for m > 1

O"F
(9;7ZF = @,
while m = 0 has to be interpreted as ang =F.

e Given any T-periodic function H we denote by (H) its mean over a period i.e.

T
(H) :== %/0 drH(T).

e The ring of the formal power series in n variables with coefficients in a field K is denoted
by K[[xl, s ,an

e The ring of convergent power series in n variables with coefficients in a field K is denoted
by K{z1,...,zp}.

e The ring of polynomials in n variables with coefficients in an integral domain D is

Dixy,...,xy).

e Given two polynomials P, P» € D[z1,...,x,], we denote the sum between Pj, P» where
every common term is counted only once, by P, & P,. If P;, P» have no common terms,

we have simply P, & P, = P, + P».
e Given a finite set S we denote with |S| the number of its elements.

o We set Z, = NU{0}.

ib'e
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1. Set up and Formal solution

In the first part of this chapter we state a result on the existence, under suitable conditions
on the perturbation, of subharmonic solutions, while in the second part we prove the existence

of such a solution as a formal fractional series.

1.1 Statement of the result

Let us consider the dynamical system

& =w(A)+eF (o, A t),
. (1.1)
A=eG(a, A,t),
where (a, A) € M :=T x W, with W C R an open set, the map A — w(A) real analytic in A,
and the functions F, G depend analytically on their arguments and are 27-periodic in « and ¢.
Finally € is a real parameter.
For € = 0 one has the trivial solution (w(Ap)t + g, Ag) with ag, Ap fixed as initial data.
If we define ag(t) = w(Ap)t and Ag(t) = Ap in the extended phase-space M x R the solution
(ao(t), Ap(t),t + tg) describes an invariant torus uniquely determined by Ap. The parameter
to is called initial phase and it fixes the initial datum «g on the torus. Hence the motion
in the extended phase space is quasiperiodic, and it is periodic if w(Ap) is commensurate
with 1. In the latter case, i.e.if w(Ap) is rational, we say that the torus is resonant. In
general, if no further hypotheses are made on the perturbation, all the non-resonant tori are
destroyed. Most of resonant tori disappear too, but a finite number of periodic orbits lying on
the unperturbed torus can survive under perturbation. The persisting trajectories are called
subharmonic solutions.
Let us denote Ty(A) = 2w /w(A) the period of the trajectory on an unperturbed torus and
define w'(A4) := dw(A)/dA. The value Ay is fixed once and for all in such a way that

w(Ag) = g €Q, (1.2)
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where p,q € 7 are relatively prime integers, and we call T' = T'(Ay) = 2mq the period of the
trajectories in the extended phase space and say that the corresponding subharmonic solution
has order q/p.

Furthermore we make the following assumption on the resonant torus with “energy” Ag.
Hypothesis 1. One has w'(A4y) # 0.

We define the subharmonic Melnikov function of order ¢q/p as

1

T
M(to) = T/o dt Gao(t), Ag,t + o), (1.3)

and we point out that M (tp) is 2m-periodic.

Hypothesis 2. There exist tg € [0,2m) and n € N such that ty is a zero of order n for the

subharmonic Melnikov function, that is

dk; d'ﬂ
—_M(to)=0 YO<k<n—1, D =D(ty):=~—M(tg) #0. (1.4)
dtk d

In the following tg is fixed once and for all in such a way that it satisfies Hypothesis

It is more convenient to write the system in the form

& =w(A) +eF(a, At + 1),

. (1.5)
A=eG(a, At + 1),
so we can set equal to zero the initial angle of the unperturbed solution.
If we set U(t) = U(A(t)) = w(A(t)) — w(Ag) — w'(Ag)(A(t) — Ag), and
B(t) = B(au(t), A(t), t + tg) = eF(au(t), A(t), t + to) + U(t), 1.6
T(t) = T(a(t), A(t), t + to) = eG(a(t), A(t), t + to), '
and denote by
(1 W' (Ap)t
o= (1 4 .

the Wronskian matrix for the unperturbed linearised system, then the solution of the system

(CH) can be written as

alt)) a(0) t _1 o(7)
(A(t)> — W) <A(0)> W) /O dr W(r) <r(7)>’ (1.8)
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or, more explicitly,

a(t) = a(0) + tw'(A4g)A(0) —i—/o dr ®(7) —|—w'(A0)/O dr /OT dr' T(7)
(1.9)

A(t) = A(0) —|—/0 dr (7).

In order to have a periodic solution of period 7" we need (I') = 0; in this case we fix also

w'(A0)A(0) + (@) +w'(Ap)(G) = 0, g(t):/o dr (I() = (), (1.10)

so that the corresponding solution turns out to be periodic.

Hence we consider the system

a(t) = a(0) + /0 dr (B(r) — (®)) + ' (Ap) /0 ar (G(t) - (G))

A(t) = A(0) + G(t)
Yy =0

(1.11)

where A(0) is determined according to ((CIO) and it is well-defined as w’(Ag) # 0 by Hypothesis
M, while «(0) is considered as a free parameter. Our aim is to study whether it is possible to

fix «(0) as a function of the perturbation parameter ¢ in such a way that the latter equation

in (CT) is satisfied.

We start by removing the condition (I') = 0 in ([LIII), i.e. by considering the system

a(t) = a(0) + /0 a7 (B(r) — (®)) + ' (Ay) /0 ar (G(t) - (G))

A(t) = A(0) +6(1)

(1.12)

As we are looking for periodic solutions of period T' = 27q, i.e. of frequency w = 1/q, it is

more convenient to work in Fourier space and write

a(t) = aolt) + B, Bt =34,

VEZL

A(t) = Ao(t) + B(t),  B(t)=)Y_ €“"'B,.
VEZL

(1.13)

Hence we expand

Gla, At +1g) = Y eronmtinlG,

)

(A),  Gogr(Aty) =7 0G, o (A)  (1.14)

o,0'€Z
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with an analogous expression for F'(a, A,t + tp), and we obtain

o(t) = e,  T(t)=) T, (1.15)

VEZL VEZL
where we have defined
1
_ . ™ QS
T,=e» > > —5(i00) 903Gy, (A0.10) B - B, Bu, 1y - B,
m>0 r+s=m p0'0+q0'6+l/1+...+l/m=l/
r,SEL4
1 .
b=y > > —5(i00) 04 F oy 01 (A0, 0)Bus - B B,y - Buy,
m>0 r+8=m pog+qoj+vi+..+vm=v e
r,8€Z4

YD %a;w(Ao)Bm...Bys.

§>2 Vit Avs=v

(1.16)
Then (CIZ) becomes
. 2 . /
wv)?B, = (iwv)P, + w' (Ag)T,,
(iwv) (iwv) (4o) (1.17)
(iwv)B, =T,
for v # 0, provided one has
® r
= a(0) — —Y _J(A v
Bo = (0) % iwy Wi 0)% (iwv)?
V70 0 (1.18)

wl(Ao)Bo + q)o = 07

for v = 0; similarly (CTT]) can be written in the same form, with the constraint I'y = 0. Remark

that By can be used as a free parameter instead of «(0). This means that, in Fourier space,

([CT2) becomes

D, , T,
= An)——

51/ iy +w ( 0) (iwy)Q’ v 7& 0
T

BV:,”’ v#0 (1.19)
wv

D
By = —
0 W/(A0)7

with each Fourier coefficient depending on the free parameter Sy.

We can consider a solution (a(t), A(t)) of (LIZ) which can be formally expanded in Taylor

series in € and [y as

a(t) =alt;e, fo) = ao(t) + Bo + Y 65 giovtghd)

R
o ) (1.20)
A(t) =Alt;e, Bo) = Ao+ > _F3) D B,

k>1 VEZL

J=0

4



1.1 Statement of the result

Also the functions T(t) = eG(a(t), A(t),t + to) and D(t) = d(a(t), A(t),t + to) can be

formally expressed in power series of € and 5y, and one has

Rl ), j WVt k“?‘

T(t) = T(tie, fo) = > 8 TV (1) = Y ek S e T, (1.21)
E>1 k>1 vEZ
j=0 j=0

where each term fl(,k’j) depends on the Taylor coefficients of ([L20) of order strictly less than k,

with an analogous expression holding for ®(¢). For instance one has

ey ¥y e e

r'>0 r+jo=r’ poo+q00+u1+ AVrgs=V
s>0
(1.22)

k7 kr,r T 7‘7‘ kT SHyJT—T8
% Z ﬁ(1j1_ ﬁ( i) Glkrsvirer) | Glhrtsidrts)

Vr+1 Ur+s

kl“l‘ +k'r+s k-1
Jit+ir+s=j—Jo
ki>1,5:20
Remark that by definition one has <f(k’j)> = f(()k’j) and <6(k’j)> = 65’“”.

Hence one can formally write, for all K > 1 and j >0

( =(k.j) w(k.5)
_(ky.]) ¢l/ / FI/
=~ A
& iwv +wl 0)(iwy)2’ v#0
, lGN))
Bl _ fy L0 (1.23)
iwy
—(k,j
B(kd) _ ‘I)(() )
w/(A()) '

For instance for £k = 1 and j = 0 one has

1,0) 1 w' (A
O LS g (et + S S g (),

iwy (iwv) )
poo+qoy=v poo+qoy=v (1 24)
=0 1 '
B = /
v iy Z GUQ,UO (A07 t0)7
poo+qoi=v
for v # 0, and
+(1,0) 1
By = o > Fuye(Aosto), (1.25)
poo+qo,=0
for v = 0.

We also introduce the coefficients

560 =S 8B BBy =3 B8 BY

720 720 (1.26)
= i =(k,j k) k,j :
T8 =S BT, 3B =3 8 3

j=0 Jj=0



Set up and Formal solution

and remark that f(yk)(O) = f(k’o), and so on.

14

Lemma 1.1. With the before introduced notations, iffék) (0) =0 for all k € N, then the formal

solution

alt:e,0) = ag(t) + Y B (1)

k>1
Alt;e,0) = A + > " B™ 1)

k>1

that is the formal solution (LZ0) of (ZZA) for Bo =0, is also a formal solution of (LI).

(1.27)

Proof. The proof is a direct check. In fact if fgk)(()) =0 for all £ € N, then

T) =3 Fp T (1.28)
5=
12

and it is equal to zero for Sy = 0. Hence one obtain that (CZD) is also solution of (CII). O

There is unfortunately no reason for the hypothesis f(()k)(O) = 0 to hold true for all k € N;
in general there will exist kg € N such that fék) (0)=0for k=0,...,ky, while fékOH)(O) # 0.
Here and henceforth we deal with this case.

Note that by (CZI) one can define

Fle.fo) =Y "B Frjs  Frj= g, (1.29)
k,j>0
so that
eF(e, o) = (T( - ;¢,50))- (1.30)

Our aim is to find By = By(e) such that F(e, By(e)) = 0. For such [y the formal solution

([C20) of (CT2) is also a formal solution of (CIII).

Note that F(e, 8p) is So-general of order n, i.e. Fy; =0 for j =0,...,n—1 while Fy, # 0.
This can be easily shown using the tree formalism introduced in Chapter 1 In fact for all j,
Fo,j = fél’j) is associated with a tree with 1 node and j leaves (see the Remark EZ4]). Hence
one has ‘

M

3T = (DG a0 ), Ao, +to)) = (~eo(A0) T == (t0), (1.31)
0

where the second equality is provided by Lemma 3.9 on [I0]. Then F(e,8y) is Bo-general of
order n by Hypothesis &



1.1 Statement of the result

Given a formal power series F (e, 5y) € R[[e, Bo]] as in ([L2ZY), we shall call carrier of F the
set

A(F) ={(k,j) e Nx N : Fp; # 0}. (1.32)

For all v € A(F) let us consider the positive quadrant 2, := {v} + (R )? moved up to v,

and define
A= I (1.33)
vEA(F)
Let C be the convex hull of 2[. The boundary dC consists of a compact polygonal path P

and two half lines R and Ro, as displayed in Figure 1.1.

J

Ra

Figure 1.1: Newton polygon formed by four segments

The polygonal path P is called the Newton polygon of F.

Notice that if the Newton polygon is a single point (see Figure 1.2) or, more generally, if
Fio =0 for all £ > 0 then there exists 7 > 1 such that F(e, fy) = ﬁg -G(e, Bo) with G(g,0) # 0
hence [y = 0 is a solution of equation F(g,0) = 0, that is the conclusion of Lemma [Tl

Otherwise, i.e. in the case we are dealing with, there is at least a point of A(F) on each
axis, then the Newton polygon P is formed by N > 1 segments Pi,..., Py and we write
P=PiU...UPy. Foralli=1,...,N let —1/p; € Q be the slope of the segment P;, so one
can partition F according to the weights given by u;:

F(e,Bo) = File, fo) + Gile. Bo) = D Fuge B+ D Fuyetsl, (1.34)

k+jpi=r; ktjpi>v

7



Set up and Formal solution

R

Figure 1.2: Newton polygon formed by a single point

where t; is the intercept on the k-axis of the continuation of P; (see Figure 1.3).

J

Ra

R

T ko

Figure 1.3: The intersections on the axes of the continuation of a segment P;.

We notice that we can associate with the whole Newton polygon a polynomial of degree
n in fo, j}(e’f,ﬂo) = .7?1(8,50) D...0 .;EN(E,,B()), which is the lowest order of F. Notice that

for each j there is either one summand with & = k; = v; — ju; for some ¢ = 1,..., N, or no

8



1.1 Statement of the result

summands at all.
Hence the first approximate solutions of F(e,y) = 0 are the solutions of the quasi-

homogeneous equations

Fie.Bo)= Y. TFreB =0, i=1,...,N, (1.35)
kpi+ibi=s;

where b;/p; = p;, with b;,p; relatively prime integers, and s; = p;v;. Each formal solution
By = B (e) of ]?(6, Bo) = 0 can be expressed in Puiseux series, i.e. it is of the form
By =B(e) = cnloe)?, o :=sign(e), (1.36)
h>b;
(see for instance [ [17, 23, 24]).
For all i =1,..., N we associate with JEZ a polynomial P, = P;(c) in such a way that

File,cloe)) = (0e)% Y Qu;¢d = (00)%Fi(e), o =sign (e), (1.37)

kpi+jbi=s;
where Q) ; = fk,jak.
Remark that Pj(c) is a polynomial of degree d; := max{j : k + ju; = v;} then it has d;

complex roots counting multiplicity. More precisely one has the following result.

Lemma 1.2. With the notation introduced before, let II; be the projection of the segment P;
on the j-axis and let ¢; = £(I1;) be the length of I1;. Then P;(c) has ¢; complex non-zero roots

counting multiplicity.

Proof. Let m,n be respectively the maximum and the minimum among the exponents of the
variable Sy in F;. Then ¢; = m —n as one can easily verify. Hence P; is a polynomial of degree
m and minimum power n. Therefore we can write P;(c) = c"ﬁ(c) where P has degree ¢; and
P(0) # 0. Fundamental theorem of algebra guarantees that P(c) = 0 has £; complex solutions

counting multiplicity, which are all the non-zero roots of P;. U

Hypothesis 3. There exists a segment P; of P associated with a quasi-homogeneous polynomial

Fi(e, Bo) such that the polynomial P;(c) has a simple root ¢* € R.

Remark 1.3. If kg = 1, then ]-N'(e,ﬁo) = DB} + Fie: this situation, which is depicted in
Figure 1.4, is explicitly considered in [I0]. In this case we have P(c) = o Dc" + Fy, 0, so that
the root ¢* = (—0'.7:]9070/D)1/n is simple. Moreover, if n is odd, the polynomial admits the real
root By = —(eFky.0/D)Y™ for all values of , while for even n a restriction on the sign of ¢ must

be imposed.



Set up and Formal solution

Figure 1.4: The Newton polygon for the case considered in [I0].

Let P, = Pi(c) be the polynomial of Hypothesis We introduce the auxiliary parameter
n = (oe)'/? | with o = sign (), and set

Bo=boln) =Y 08y, B =c, (1.38)

k>b;

with ¢* the real solution of Pj(c) = 0 considered above. Then we shall look for a solution of

(CII) of the form
at) = ao(t) + Bo+ B(1),  Bt) =Y n*6M ),

k>1
At)y=A+B(@t), Bt)=>Y_ n"BM(@),
E>1

(1.39)

where 3(t) and A(t) are T-periodic functions (and 3(t) has zero average). We shall see that it
is possible to choose the coefficients B([]k] in (C3]) in such a way that this can be achieved.

More precisely we shall prove the following result.

Theorem 1.4. Consider a periodic solution with frequency w = p/q for the system (L)
Assume that Hypotheses[Dl, [A and[3 are satisfied. Then there exists g > 0 such that for |e| < g
the system (L1l) has at least one subharmonic solution of order q/p. Such a solution admits a

convergent Puiseux series in €.

10



1.2 Formal solubility of the equations of motion

To prove Theorem [[4] we shall give a recursive formula to compute the coefficients of the
series (L38)) and (L3Y) order by order, and this can be achieved if we assume Hypothesis Bl
Remark that, as generically the roots of a polynomial are simple (see Appendix [Al for details),
generically we can apply Theorem [L4l to obtain as many subharmonic solutions as real non-zero
roots for the polynomials P;. Notice that generically, also the zeros of the Melnikov function
are simple. The here considered case is thus non-generic too.

We shall see in Chapter Bl how to extend Theorem [[4] to cases where Hypothesis Bl is not

assumed.

1.2 Formal solubility of the equations of motion

Call P(c) the polynomial P;(c) of Hypothesis Bl (i.e. from now on we drop the label i to
lighten the notation) and recall that it is of the form

P = 3 Qe (1.40)

kp+jb=s
with k,j > 0.
Remark 1.5. There are at least two pairs (k1,71) and (kg,j2) with k1 # ko and j; # jo,

satisfying the condition kp + jh = s and if (for instance) k; = 0 then j; = n while if j; = 0
then k1 = ko > 1; in particular s > max{p, h}.

Recall that we are looking for a solution (a(t), A(t)), with a(t) = ao(t) + Bo + B(t) and
A(t) = Aog + B(t), where

Bo=S s, By=Y"n*EMw), B =Y 9*BH@). (1.41)

E>1 E>1 E>1

In this section we shall show that it is possible to fix 5&16] such that there exist two formal

power series 3(t) and B(t) as in ([[ZT), whose coefficients are T-periodic functions, i.e.

B[k} (t) _ Z eiuwtgyc]’ B[k] (t) _ Z eiuthyc]. (1.42)
ui% VEZL

11



Set up and Formal solution

with w = 27 /T and solve (ILT]) order by order. In other words we want to solve

( (%] (K]
~ P T
[k] _ v / v
1 iwu +W (AO) (Z-wy)Q’ v ?é Oa
(K]
T
Bkl — —¥
v e V7O (1.43)
(%]
Bl —_ 20
w'(Ao)
=,
where F[Vk} and @l[,k] are recursively defined as
(ZUO)T 88 T T m
7T SED DU DR G TR AT e

m=>0 r+8=m pog+qoj+vi+..4vm=r
K1t tkm—k—p

(igo)r as r T m
(I)l[/k] = Z Z Z —S_I?Foo,aé (A(]a tO)IBl[/kll} o Byj ]Bl[/]:;;ﬂ T Bl[/]:n ]a

7!
m2>0 r+s=m pog+qoj+vi+..+vm=v
kit tkm=k—p

ail k k
+Y ) jw(Ao)Bl[,lﬂ ... Bk,

§>2 vi+..F+vs=vr

k1++ks:k
(1.44)

where Bl[,k] = ~,[,k} for v # 0 and we have used ([LI4]) and the analogous expression for I'.

We say that the integral equations ([LTII), and hence the equations ([CZ3), are satisfied up
to order k if there exists a choice of the parameters /3 [1], e ﬂ([)k] which make the relations ([CZ3])

to be satisfied for all £k =1,...,k.

Lemma 1.6. The equations [I73) are satisfied up to order k = p — 1 with B’L’“ and B,[,k]

identically zero for all k =1,...,p — 1 and for any choice of the constants B[l], e gj_l].

Proof. One has ¢ = onP, so that @,[,k] = I’,[,k] =0 for all £ < p and all v € Z, indipendently of

the values of the constants ﬁ([)”, e ﬁ([)p_”. Moreover, one has Bvl[,k} = BLk] =0forall k<p O

Lemma 1.7. The equations (I.J) are satisfied up to order k = p, for any choice of the

constants ﬁ([)l} Yt ([)pf 1,

Proof. One has TPl = G(ag(t), Ag,t + to) and ®F = F(ay(t), Ag,t + to), so that

Tl = Z Gy ot (Ao), ol = Z Fyy ot (Ao). (1.45)

poo+qog=v poo+qoh=v

12



1.2 Formal solubility of the equations of motion

Thus, ELP] and BY can be obtained from (CZ3). Finally F[Op} = M(to) by definition, and
one has M (tg) = 0 by Hypothesis Bl Hence also the last equation of ([LZ3)) is satisfied. O

Lemma 1.8. The equations ({I.Z3) are satisfied up to order k = p + s — 1 provided B([]kl] =0
for all K < —1.

Proof. If ﬁ([)w =0 for all ¥ < b — 1 one has I’gﬂ =0 for p < k¥ < p+s. Moreover, @,[,k/} and
T are well-defined for such values of k. Hence ([CZ3)) can be solved up to order k = p+s—1,
indipendently of the values of the constants B([]kq for k' > b. O

Lemma 1.9. The equations (I.73) are satisfied up to order k = p + s provided ﬂ[h] * with
c* the simple real oot of P(c) in (1.20).

Proof. One has I’gﬁﬁ} = in(ﬁgﬂ), so that I’gﬁﬁ} = 0 for Bgﬂ = c*. O

Lemma 1.10. The equations ([I.Z3) are satisfied up to any order k = p+s+k, k > 1 provided

the constants Bgﬁﬁl] are suitably fized up to order k' = k.

Proof. By substituting (L38) and £ = onP in T'y(g, By) we obtain
s h+m h+m;
To(on®, o) =on? Y S Foyos™ g Y gl gl (1a6)

M>s s1>0 n>0 mi+...+m;=n
Jj=0 m; >0
sip+jib=M

Call Qg, j = F, jo°t. For any k > 1 one has

p+s+n] Z Z Qs Z ﬁ([)mml]_” ﬁ([)h+mj], (1.47)

s1>0 mi+...+mj=K—n
7>0 m; >0
s1p+jh=s+n

so that one can write the last equation of (CZ3) as

> Qi () A Y aw X A

s1>0 s1>0 mi+..+mj;=k
j=0 j=0 0<m;<k—1
s1p+jb=s s1p+jh=s
(1.48)
[h+ma1] [b+m;] _
DYDY T S e e
$12>0 mi+...+mj=K—n
Jj=0 m; >0
s1p+ib=s+n

Recall that by Hypothesis

> Qs ( “’]) - df( V) =c#o (1.49)

s1>0
j=0
sip+jb=s

13



Set up and Formal solution

so that we can use ([C48) to express 18([)h+n] in terms of the coefficients B([]HHI]

of lower orders
k' < k. Thus we can conclude that the equations ([CZ3]) are satisfied up to order k provided

the coefficients B([]HHI] are fixed as

K 1 ~ Iil H’,
BT — Gl | gl (1.50)

- C
for all 1 < k¥’ < Kk and

Gl (ﬁ([)h] ﬁ[h-i—f@ —1] Z Qs Z ﬁ([)h-l—ml} . Bgl-i-mﬂ

5120 mi+...4+mi=x’

j=20 0<m;<w'—1
81P+Jh*5
(1.51)
+ b+m;
+Z SooQus > sl
5120 mi+..4+mj=r'—n
j=0 m; >0
siptjb=st+n
O

We can summarise the results above into the following statement.

Proposition 1.11. The equations (1.43) are satisfied to any order k provided the constants
ﬁgﬂ are suitably fixed. In particular B,[,k} = B,[,k} = B([)k} =0 fork <p and ﬁgﬂ =0 fork <b.

Proposition [[TT] shows that a formal power series which solves ([LIIl) can be constructed
for each simple root of each polynomial P;. The convergence of such series will be studied in

Chapter B and this will imply the existence of subharmonic solutions for the system.

14



2. Trees and convergence of formal power series

In this chapter we introduce a graphical representation for the formal power series of the

solution, and we use it prove the convergence of the series.

2.1 Labeled trees and diagrammatic rules

We shall start with some basic notation.

A connected graph G is a set of points v (vertices) and lines ¢ connecting all of them. A
graph is said to be planar if it can be drawn in a plane without graph lines crossing. A tree
0 is a planar graph such that for each pair of vertices there exists a unique path connecting
them, i.e. a planar graph with no loops.

Given a tree 6 we shall introduce a partial order in such a way that all the lines are
consistently oriented towards a unique special vertex vy. One can imagine that each line
carries an arrow pointing towards the vertex vg: the arrow will be thought of as superimposed

on the line itself (see Figure 2.1).

Yo
Figure 2.1: An oriented tree

If a line ¢ connects two vertices v1, o and is oriented from vy to vy, we say that vy < vq
and we shall write ¢,,, = ¢. We shall say that ¢ exits from vy and enters v;. We add an extra

oriented line, exiting v, called root line. The end-point of the root line (which is not considered

15



Trees and convergence of formal power series

as a vertex) will be called root; such a tree will be called a rooted tree. More generally we write
b2 < 01 when vy is on the path of lines connecting vs to the root: hence the orientation of the
lines is opposite to the partial ordering relation <.

We denote with V(#) and L(6) the set of vertices and lines in 6 respectively, and with |V (6)]
and |L(#)| the number of vertices and lines respectively. Remark that one has |V ()| = |L(0)].

We shall say that two rooted trees are equivalent if they can be transformed into each other
by continuously deforming the lines in the plane in such a way that these do not cross each
other. This provides an equivalence relation on the set of trees as one can easily check. From

now on, we will refer to equivalence class of trees simply by using the word tree.
Lemma 2.1. The number of trees such that |V ()| = |L(0)| = k is bounded by 4*.

Proof. Let 6 be a tree with k vertices. Starting from the root we “move” along the tree as

follows:
e Arriving at a bifurcation, we choose the left way.
e If there is no entering line, we go back.

e When walking in the opposite way with respect to the orientation we place a label 1, and

a label 0 otherwise.
e Coming back to the root, we interrupt the process.

Note that in such a way, we can associate with each tree a sequence of labels 1,0 (see Figure
2.2). Hence we obtain a sequence of 2k labels: k of which are 1 and k are 0. Then the number
of the trees with k nodes is bounded by the number of all the possible sequences of 2k values
{1,0}, which is 22k = 4k O

We can consider two kinds of vertices: nodes and leaves. The leaves can only be end-points,
i.e. points with no lines entering them, while the nodes can be either end-points or not (see
Figure 2.3). We shall not consider the tree consisting of only one leaf and the line exiting from
it, i.e. a tree must have at least the node from which the root line exits.

We shall denote with N(#) and E(f) the set of nodes and leaves respectively. Here and
henceforth we shall denote with v and ¢ the nodes and the leaves respectively.

Remark that V(0) = N(0) L1 E(6).

A labeled tree is a rooted tree together with a label function defined on L(#) and V' (9).

16



2.1 Labeled trees and diagrammatic rules

Figure 2.2: A tree with k = 11. The sequence of labels is
(1,1,1,0,1,1,0,1,0,0,0,1,1,0,1,1,0,1,0,0,0,0).

Figure 2.3: A tree with leaves. White bullets represent the

leaves, while black bullets represent the nodes.

It is possible to extend the notion of equivalence also to labeled trees, simply by considering
equivalent two labeled trees if they can be transformed into each other in such a way that also

the labels match. As before, we shall refer to such equivalence classes simply as labeled trees.

17



Trees and convergence of formal power series

With each line ¢ = ¢, we associate three labels (hy,dg,vp), with hy € {a, A}, 6y € {1,2}
and vy € 7Z, with the constraint that v, # 0 for hy = o and &y = 1 for hy = A. With each
line £ = ¢, we associate hy = «, d; = 1 and v, = 0. We shall say that hy, §; and vy are the
component label, the degree label and the momentum of the line £, respectively.

Given a node v, we call r, the number of the lines entering v carrying a component label
h = «a and s, the number of the lines entering v with component label h = A. We also
introduce a badge label b, € {0, 1} with the constraint that b, = 1 for hy, = « and 0, = 2, and
for hy, = A and vy, # 0, and two mode labels oy, 0y, € Z. We call global mode label the sum

Vp = POy + g0y, (2.1)
where ¢, p are defined in ([LZ), with the constraint that v, = 0 when b, = 0.
For all ¢ = ¢, we set also the following conservation law

v =y, = Z Vros (2.2)

e N(9)
w=v

i.e. the momentum of the line exiting from v is the sum of the momenta of the lines entering
v plus the global mode of the node v itself.
Given a labeled tree 6, where labels are defined as above, we associate with each line /¢

exiting from a node, a propagator

/ A 5@71
%7 hZ:aaAa Vz%oa
ge = . (2.3)
- ma he=A, v =0,

while for each line ¢ exiting from a leaf, we set gy = 1.
Moreover, we associate with each node v a node factor
( (ioo)™ O

Tp!Sp!
Sv
aA

SU! W(AO)’ hZ
: To 8Sn
(Zo-n)iAGau 70—{, (A07t0)7 hfn = Q, 5&7 - 27 bU - 17 Vy, 7& 07

lg. |
NU _ Tp:Sp! (24)

Fan,olu (A(],to), hfu =, 6&1 = 1’ bD = 1’ Vy, 75 Oa

o = Oé, 6&, = 15 bD = 0) Vfu ?é 05

. Tnasu
(wn)iAGo o (Ao to), he, =A, 04, =1, by=1, v #0,
Tu!Sp! ©:%
; Tuast’
(w")iAFU o (Aosto), he, =A, 6, =1, by=1, vy =0,
Tu!Sp! 070
Sv
SA' W(A0)7 hfu = A, 6&, = 15 bD = 0) Vfu = Oa
U-



2.1 Labeled trees and diagrammatic rules

with the constraint that when b, = 0 one has r, = 0 and s, > 2, and with each leaf ¢ a leaf
factor N, = By.
Given a labeled tree 6 with propagators and node and leaf factors associated as above, we

define the value of 8 the number

Val(0) = | J] o | | T] Mo (2.5)
LeL(0) vEN(6)
Remark that Val(#) is a well-defined quantity because all the propagators and node factors
are bounded quantities.
For each line £ exiting from a node v we set by = by, while for each line £ exiting from a leaf

we set by = 0. Given a labeled tree 6, we call order of § the number
k(@) =|{¢ € L) : by =1}|; (2.6)

the momentum v(6) of the root line will be the total momentum, and the component label h(6)
associated to the root line will be the total component label. Moreover, we set j(6) = |E(6)|.

Define T, . 5.; the set of all the trees § with order k() = k, total momentum v(#) = v, total
component label h(f) = h and j(0) = j leaves.

Lemma 2.2. For any tree 0 labeled as before, one has |L(8)| = |V (0)| < 2k(0) + j7(0) — 1.

Proof. We prove the bound |N(0)| < 2k(f) — 1 by induction on k.

For k£ = 1 the bound is trivially satisfied, as a direct check shows: in particular, a tree 6
with k(f) = 1 has exactly one node and j(6) leaves. In fact if # has a line ¢ = ¢, with b, = 0,
then v has s, > 2 lines with component label h = A entering it. Hence there are at least two
lines exiting from a node with b, = 1.

Assume now that the bound holds for all £’ < k, and let us show that then it holds also
for k. Let £g be the root line of 8 and vy the node from which the root line exits. Call » and s

the number of lines entering vy with component labels o and A respectively, and denote with

01,...,0,+s the subtrees which have those lines as root lines. Then
r+s
IN@O) =1+ > [N(Om)]. (2.7)
m=1

If /o has badge label by, = 1 we have
INO) <1+2k-1)—(r+s)<2k-—1, (2.8)
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Trees and convergence of formal power series

by the inductive hypothesis and by the fact that k(61) + ...+ k(0,45) = k — 1. If £y has badge

label by, = 0 we have

INO)| <1+2k—(r+s)<2k-—1, (2.9)

by the inductive hypothesis, by the fact that k(61)+ ...+ k(0,4+s) = k, and the constraint that

s > 2. Therefore the assertion is proved. ]

2.2 Convergence of the formal power series

Our aim is to represent graphically the coefficients Bl(,k’j) and P(Vk’j) in (C2Z0). By collecting

together all the definitions given in Section Bl one obtains the following result.

Lemma 2.3. The Fourier coefficients B,(jk’j), v 0, and Fl(,k’j) can be written in terms of trees

as

By = 3 val), v#o,

967— vya,j
P (2.10)
B, = > Val(), vez,
66776,1/,14,]’
forallk>1, 5>0.
. . . . . —(k,0) —(k,0)
Proof. First we consider trees without leaves, i.e. the coefficients 5,,"", v # 0, and B, "’. For

k = 1 just compare (CZ4) and (CZH) with the definition of trees in that case. Now let us
suppose that the assertion holds for all k¥ < k. Let us write fo, = 8, fa = B and represent
the coefficients fﬁh’o) with the graph element in Figure 2.4, as a line with label v and h = o, A
respectively, exiting from a ball with label (k,0).

_ (k,0) (k,0)
(k.0) .
By ﬁ — —@ -

k,0)

S|

(k,0) ‘(
v Al v

Figure 2.4: Graph element.
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2.2 Convergence of the formal power series

Then we can represent each equation of ([L23]) graphically as in Figure 2.5. Simply represent

each factor f(ki’o)

v h, intherh.s. asa graph element according to Figure 2.4. The lines of all such

graph elements enter the same node vg.

(kb 0)

(km, 0)

Figure 2.5: Graphical representation for the recursive equations.

The root line £y of such trees will carry a component label h = a, A for f = 3, B respectively,
and a momentum label v.

Hence, by inductive hypothesis, one obtains
50 _ % (k1,00 plom0)

k,0 k1,0 km,0

For = 296N o -+ Funlin

=" 9t Na ST val) | ... > Val(h) (2.11)

Géﬁl,ul,hl,o eelrfim,'/mﬁm@

= ) Val(6).

067—%,u,h,0

where m = ro+sg, and we write >_* for the sum over all the labels admitted by the constraints,
so that the assertion is proved for all k£ and for j = 0.
Now we consider k as fixed and we prove the statement by induction on j. The case j =0

has already been discussed. Finally we assume that the assertion holds for j = j’ and show

21



Trees and convergence of formal power series

that then it holds for j'+1. Notice that a tree 6 € T, 5 /41, for both h = a, A can be obtained
by considering a suitable tree 0y € Ty, ; attaching an extra leaf to a node of 6y and applying
an extra derivative 9, to the node factor associated to that node. If one considers all the trees
that can be obtained in such a way from the same 6y and sums together all those contributions,
one finds a quantity proportional to d,Val(fp). Then if we sum over all possible choices of 6,

we reconstruct B(Vk’jl—H) for h = a and E(Vk’le) for h = A. Hence the assertion follows. O

Remark 2.4. The representation given in Lemma Z3lis very helpful to prove the convergence
of the formal power series in ((C20) as we shall see later. We now point out the fact that also
Ty can be represented in terms of sum of trees with leaves. In fact if we consider the recursive
equation (CZ2) for ¥ = 0 we immediately notice that we can repeat the construction above,
simply by defining 7 or; as the set of the trees contributing to fék’j), and setting gy, = 1,
he, =T, dg, =1 and

10, )"0 3:’0

(
NU() = ] O'UO,O'GO(

T 'Sy

Ao, to), (2.12)
and no further difficulties arise.
Now we prove the convergence of the formal power series ([L20), for small & and fy.

Lemma 2.5. The formal solution (LZ0) of the system (LI3), given by the recursive equations
(CZ3), converges for € and By small enough.

Proof. First of all we remark that by Lemma BTl and Lemma 2 the number of unlabeled
trees of order k and j leaves is bounded by 42F%J x 22k+7 — 82k+J The sum over all labels
except the mode labels and the momenta is bounded again by a constant to the power k times
a constant to the power j, simply because all such labels can assume only a finite number of
values. Now by the analyticity assumption on the functions F' and G, we have the bound
\T g

(Zi?) %Fao,aé(AOatO)
(i00)"

r!

< QR"§8eHllooltlag)),

(2.13)
< QR" g% e—+ool+lot])

9°
S_?Gao,a(’) (Ao, 750)

for suitable positive constants Q, R, S|k, and we can imagine, without loss of generality, that
Q and S are such that |0%w(Ap)/s!| < QS*®. This gives us a bound for the node factors. The
propagators can be bounded by

w'(A)
wZ

g¢| < maX{
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2.8 Diagrammatic rules for the formal power series in n

so that the product over all the lines can be bounded again by a constant to the power & times
a constant to the power j.

Thus the sum over the mode labels - which uniquely determine the momenta - can be
performed by using for each node half the exponential decay factor provided by ZI3)). Then
we obtain

B, < Crchciem I, B < ciccge ), (2.15)

for suitable constants C7, Cy and C3. This provides the convergence of the series (L20) for
le| < Cyand |8y < C5 O

Remark 2.6. The bound provided is far from being optimal. For instance the number of
unlabeled trees with 3 nodes and 2 leaves is 30 while 82*3+2 = 8% However it is enough to

provide the convergence for the formal power series (L20) and, as seen in Remark Z4] also for
0.

2.3 Diagrammatic rules for the formal power series in 7

In order to give a graphical representation of the coefficients ﬁ([]k], ~l[,k] and B,[,M in (L) and
(CZ2), we shall consider a different tree expansion. We shall perform an iterative construction,
similar to the one performed through the proof of Lemma B3 starting from equations (([CZ3))
for the coefficients BL’“}, B,[,k] for k > p, and from (C20) for ﬁgﬂ, k>h.

(]

First, for K = p we represent the coefficients Bl[,p} and By" as a line exiting from a node,

while for k£ = § we represent ﬂ([)b] as a line exiting from a leaf (see Figure 2.6).

A |||

fo 1 0
Bl e [p] e [y
B 1 v B 2 v
Wi,

Figure 2.6: Graphical representation for ([)h]7 BLF] and B,

Now we represent each coefficient as a graph element according to Figure 2.7, as a line

exiting from a gray bullet with order label k, with k& > b + 1 for the coefficients B([]k], and
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Trees and convergence of formal power series

k > p+ 1 for the coefficients Bvl[,k} and Bl[,k}; we associate with the line a component label
h € {Bo, E, B} and momentum vy € Z, with the constraint that v, # 0 for hy = E, while vy, =0
for hy = fy.

Ik @
S
1 0

Sy
=
|

—

S
&S

Figure 2.7: Graph elements.

Hence we can represent the first three equations in ([CZ3]) graphically, representing each
factor B,[,]fi] and B,[,]f"} in (CZ4)) as graph elements: again the lines of such graph elements enter
the same node g, as depicted in Figure 2.8.

We associate with the root line ¢y = ¢y, a degree label dy, = 1,2, with the constraint that
d¢, = 1 for hyy, = B, and we associate with vy a badge label by, € {0,1} by setting by, = 1 for
hey, = 5 and dy, = 2, and for hy, = B and vy, # 0. We call also r,, the number of the lines
entering vy with component label h = 8 = [y, E, and sy, the number of the lines entering vy
with component label h = B, with the constraint that if b,, = 0 one has r,, = 0 and s,, > 2.
Finally we associate with vy two mode labels oy, Oy, € Z and the global mode label vy, as in

(210), and we impose the conservation law

Tno+5u0

Viy, = Voo + Z vy, , (2.16)
i=1

where /1, ... ,ETUOHUO are the lines entering vg.

We also force the following conditions on the order labels

Tu0+5u0
> ki=k—p, by =1,
=t (2.17)
v
S ki=k, by =0,
i=1



2.8 Diagrammatic rules for the formal power series in n

which reflect the condition on the sums in ([CZ4]).

Finally we associate with v = vy a node factor

10p)0 O ~
(U)'7|AFUU,UG (AO?tO)’ hfn = IB’ 6& = 1? bU = 1’ vy, 7£ 0’
TU-SU.
Sp "
JSA'w(AO), hey =B, o, =1, by=0, vy #0,
D-
i0p) O ~
(:)T,AGJU,J(, (Ao,to), he, =B, 6, =2, bo=1, vy #0,
Ny = (io °)'rfésl, (2.18)
A G, o (Aoto), he, =B, b, =1, by=1, vy #0,
Tp!Sp! L
. To asu
(Zo-t,)iAFan ol (Ao,to), hfu = B’ 6& = 1a bD = 1a Vg, = 0,
Tp!Sp! o
So
o SA'w(AO), hyy, =B, 8, =1, by=0, vy =0,
\ v

where o = sign (g), and with the line ¢ = ¢, a propagator

w/ A 5[71 ~
ﬁa hZ:B7B7 Vz%oa

gi = { (2.19)
—ma he =B, vy =0,

so that, if we sum over all labels admitted by the constraints, we obtain the graphical repre-

sentation depicted in Figure 2.8.

(k1]
] i
h o6 v . )
rn—l-l]
[krqusU]

Figure 2.8: Graphical representation of (CZ3). Again we write >

for the sum over all the labels admitted by the constraints.
The coefficients ﬁ([)k}, k > b+ 1, have to be treated in a different way. Recall that the
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Trees and convergence of formal power series

. . =(s1+1,5
coefficients Q, ; in (L)) are defined as Qs, j = Fs, jo°' = I’(()Sl Dyt 50 that

Qs o™ = > Val(h). (2.20)

0€Ts;+1,0,0,5
Hence the summands in ([C2I]) can be imagined as “some” of the trees in 75, 41,0,r,; Where
“some” leaves are substituted by graph elements with hy = By. More precisely we shall consider
only trees 6 of the form depicted in Figure 2.9, with s1+1 nodes, sy leaves and s(, graph elements

with hy = g, such that

S$1p + (80 +86)f) =s5+n,

sotsp b (2.21)
S ki=soh+ > ki=(s0+sp)h+k—b—n,
=1 =1

for a suitable 0 < n < k — b, with the constraint that when n = 0 one has s{, > 2. We shall

call ¢; the s{ lines with hy, = p. Again such conditions express the condition on the sums in

(IC5T).

Bo

Figure 2.9: A tree contributing to 8.

The propagators of the lines exiting from the s; + 1 nodes and the node factors of the nodes
(except the root line and the node from which the root line exits) are g; = go and Ny = o,
with the only difference that the component label can assume the values E, B, which have the

role of «, A respectively. We associate with the root line a propagator

1

Gy =~ (222

where C' is defined in ([CZY), while the node v from which the root line exits will have a node

factor .
(ip)™0 O

Tp!Sp!

Nt;k = GJU,U{, (A07t0)- (223)
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2.8 Diagrammatic rules for the formal power series in n

Figure 2.10: Graphical representation of ([CAll). Again we write Y * for the

sum over all the labels admitted by the constraints.

Hence one obtain the graphical representation of Figure 2.10.

Finally we associate with each leaf ¢ a leaf factor N = ¢*, with ¢* the simple real root of
the polynomial P(c) in ([L40), while each line exiting from a leaf will have a propagator g; = 1.

We now iterate the graphical representation of Figure 2.8 and Figure 2.10 until only simple
nodes or leaves appear. More precisely, for all graph elements ﬁl[,]fi}, Byfi} in both representation
2.8 and 2.10, we repeat the constructions above, considering a subtree with ¢; as root line. We
shall call allowed trees all the trees obtained in such recursive way, and we shall denote with
Op,.,n the set of allowed trees with order k, total momentum v and total component label A.

Given an allowed tree § we denote with L(6), N(6) and E(f) the set of lines, nodes and

leaves respectively, and we shall define the value of 6 as

varr@) = [ 4 I ~ IT ~: - (2.24)
) )

teL(0 vEN (0 ccE(0)

Moreover, we denote with A(6) the set of the lines (exiting from a node) in § with component
label h = By and with N*(#) the nodes with b, = 1; then we associate with each node in N*(0),
with each leave and with each line in A(0) a weight p, h and h — p — s respectively, and we call

order of 6 the number
k(0) = pIN*(0)| + b[EO)| + (b — p — 5)[A(0)], (2.25)

i.e. the weighted sum of nodes N*(6), leaves and lines A(). Notice that h —p —s < 0 as
s > max{p,h} (see the Remark [[CT).

Hence we have the following result.
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Trees and convergence of formal power series

Lemma 2.7. The Fourier coefficients 5gk], NL’“] and Bl[,k} can be written in terms of trees as

W="3 wvare), k>,

0€0,0,80

B = > Val*(9), k=p, (2.26)
GE@k’U’E

B = Z Val*(6), k>p.
0€Oy 1.

Proof. We only have to prove that an allowed tree contributing to the Fourier coefficients ﬁ([]k],
BL’“} and B,[,k] has order k. We shall perform the proof by induction on k > h for the coefficients
ﬁgﬂ, and k > p for @k] and BL’“]. Let us set f, = B, B. As depicted in Figure 2.6 an allowed tree
f contributing to fi’?}}l has only one node so that k(#) = p while an allowed tree § contributing
to 5&’1} has only one leaf so that k(6) = b.

Let us suppose first that for all £’ < k, an allowed tree 6’ contributing to ﬁ([]k/] has order
k(0") = K. A tree 6 contributing to 5&16] is of the form depicted in Figure 2.9 with the conditions
(221)) holding. By the inductive hypothesis, the order of such a tree is

50
E(0) = (s1+1p+soh+ Y ki+th—p—s, (2.27)
i=1
and via the conditions in (ZZI) we obtain k(6) = k.

Let us suppose now that the inductive hypothesis holds for all trees 6’ contributing to fl[/lf,;],
k' < k. An allowed tree 6 contributing to fﬁl is of the form depicted in Figure 2.11, where sg, s1
are the numbers of the lines exiting from a leaf and a simple node respectively and entering v,
while s{), s} are the graph elements entering vy with component label 5y and f respectively.

If by, = 1, by the inductive hypothesis the order of such a tree is given by

/ /
Sots71

k(O) = (s1+ Dp+sob+ Y ki, (2.28)
i=1

and by the first condition in ([ZI1) we have k() = k. Otherwise if by, = 0, we have so+ s, = 0
and, by the inductive hypothesis,

51
K(0) =sip+ > ki =k, (2.29)
i=1

via the second condition in IT). O
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2.8 Diagrammatic rules for the formal power series in n

S0

51

Figure 2.11: An allowed tree contributing to fy['@}]t

We now state the analogous of Lemma

Lemma 2.8. Let q := min{h,p} and let us define
S
M=2+3 (2.30)

Then for all 0 € Oy, 1, one has
|L(0)| < ME. (2.31)

As the proof is rather technical we shall perform it in Appendix

Now we prove the convergence of the series (L)) for small 7.

Proposition 2.9. The formal solution ({IZ1) of the system (LI1), given by the recursive
equations (I.43) and (L20), converges for n small enough.

Proof. By Lemma BTl and Lemma .8, the number of unlabeled trees of order k is bounded by
4ME 5o that the sum over all labels except the mode labels and the momenta is bounded by
a constant to the power k because all such labels can assume only a finite number of values.

The bound for each node factor is the same as in Lemma L5, while the propagators can be
1

bounded by
AEIREIETY (232)
w'(Ag) | |w| | C

so that the product over all the lines can be bounded again by a constant to the power k. The

] w'(Ao)
i) < ma |15

)

product over the leaves factors is again bounded by a constant to the power k, while the sum
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Trees and convergence of formal power series

over the mode labels - which uniquely determine the momenta - can be performed by using for

each node half the exponential decay factor provided by (ZI3). Thus we obtain
‘Bl[/k]’ < Clcgefnlu\ﬁ’ ‘Bl[/k‘]’ < Clcécefn|u\/27 (2.33)

for suitable constants C; and Cy. Hence we obtain the convergence for the series (A1), for

In| < Cyt O

The discussion above ends the proof of Theorem [[4l
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3. Puiseux expansion for the degenerate case

In this Chapter we shall see how to extend Theorem [L4 when Hypothesis Bl is released.

3.1 The Newton-Puiseux process

Let us come back to F(e, fy) € R{e, ﬁo}El defined in (CZ9) and let us consider the Newton
polygon PO = Pfo) U...U 73](\(,]0) of FO .= F. Recall that F is fy-general of order n = ny.
We do not use the same notation introduced in Section [LIk the reason of this choice will

be clearer later. As done in Section [Tl we consider the quasi-homogeneous polynomials .ﬁ(o)

associated with the segments PO with slope —1/,112(0), with ,uz(p) = f)z(o) /pgo), where hgo) and

p?

Pi(o) = PZ-(O) (c) in such a way that

are relatively prime integers for all ¢ = 1,..., Ng. Then we introduce the polynomials

~ (0) (0) : (0) .
FOe, c(ope) ) = (002)" S Quid =(00e)" PV(e), op:=sign(e), (3.1)

ke 45" ="

where Q. ; = ]:,goj) 06“. Recall that by Lemma [[L2 each polynomial Pi(o) has at least a non-zero
(0)

complex root ¢; ~.
Let Ry be the set of all the non-zero real solutions of the polynomial equations PZ-(O) (¢)=0.
If Rp = 0 the system (IZI) has no subharmonic solution.
Let us suppose then, that there exists ¢(©) € Ry, so that ¢© (0'08)“50) is a first approximate
solution of the implicit equation F(©) (e,80) = 0 for a suitable i = 1,..., Ny. From now on we

1/p(©)

shall drop the label i to lighten the notation. We now set ¢y = ¢(®) and ¢; = (00¢) , and, as

.. (0) (0) (0) . . .
ET(O) divides F© (gpe? ,coe? + yle? ), we obtain a new power series F()(e1,y;) given by

(0) (0) (0) (0)
.7’:(0)(005’13 ,coa? —l—yla? ) =€} .7-"(1)(51,3/1), (3.2)

which is yi-general of order n; for some n; > 1.

1See the Remark
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Puiseux expansion for the degenerate case

Lemma 3.1. With the notations introduced before, let us write PO (c) = go(c)(c — o)™ with

90(00) #£0. Then ny = my.

Proof. This simply follows by the definitions of F(!) and P(©). In fact we have

SVFV ey =" | Y Quileotm)y +eal) |, (3.3)
kA4-11(0) j=1(0)
so that
FI0,91) = PO(co + 1) = goleo + y1)yi™, (3.4)
and go(co + y1) # 0 for y; = 0. Hence F(V is yi-general of order ny = my. O

Remark 3.2. If Hypothesis Bl is satisfied, by Lemma Bl we have ny = 1. Thus, we can apply
the Implicit Function Theorem to solve the equation F) (e1,91) = 0 and we obtain y; = y1(e1)

as a convergent power series, i.e. we shall obtain

k
yiler) =Y yieh. (3.5)
k>0
This is exactly the result obtained in Sections and 231 only with a different notation. We

used the tree formalism to give a bound for the convergence radius of the power series.

Now we restart the process just described: we construct the Newton polygon P of
FO_If .7-",&710) = 0 for all k > 0, then F()(£1,0) = 0 so that we have .7-"(6,00(005)“(0)) =0,
i.e. 00(006)“(0) is a solution of the implicit equation F(e, fy) = 0. Otherwise we consider the
segments Pfl), cee ](\}1) with slopes Mz(

PA(I); we call R; the set of the real roots of the polynomials PO It R, = 0, we stop the

K3 3

D for all i = 1,..., N1, and we obtain the polynomials

process as there is no subharmonic solution. Otherwise we call p(!) = h(l)/p(l) the slope of the
segment (again we omit the label i) associated with the polynomial PW which has a real root
¢ so that c(l)(alel)“(l), where o := sign (1), is an approximate solution of the equation

f(l)(sl, y1) = 0. Again we call ¢; = M) and we substitute g9 = (0161)1/’“(1) and we obtain

(1) (1) (1) (1)
.7’:(1)(018’2J ,clsg —i—ygsg ) = &5 .7-"(2)(82,y2) (3.6)

which is ye-general of order ns < nj, and so on. Iterating the process we eventually obtain a
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3.1 The Newton-Puiseux process

sequence of approximate solutions

(0)
Bo =¢e""(co+v1),
(1)
y1=¢ (c1+w2),
e (3.7)
y2 =¢e5 (c2+y3),

so that the result is that

,80 _ CO&"LL(O) + 015“(0)+“(1)/p(0) + 025“(0)+H(1)/p(0)+u(2)/p(0)p(l) +.. (3.8)

is a formal expansion of 3y as a series in ascending fractional powers of €. This iterating method
is called Newton-Puiseuz process. Of course this does not occurs if we have i,, = () at a certain
step n-th, with n > 0.

From now on we suppose that R, # @ for all n > 0.

Hypothesis 4. There exists ig > 0 such that at the ig-th step of the iteration, there exists a
polynomial PU0) = PU0)(¢) which has a simple root ¢* € R.

Notice that Hypothesis Hl is a “weakened version” of Hypothesis B so that we can easily

obtain the following result.

Theorem 3.3. Consider a periodic solution with frequency w = p/q for the system (L)
Assume that Hypotheses[ll, A and[f] are satisfied. Then there exists eg > 0 such that for |e| < &g
the system (L) has at least one subharmonic solution of order q/p. Such a solution admits a

convergent Puiseur series in €.

Proof. If we assume Hypothesis B, we can repeat the analysis of Sections to prove the
existence of a formal Puiseux series which solves F (io)(sio,yio) = 0. More precisely, by setting
n = |e|'/?, where p = p(® ... p(i0) we obtain a formal solution (a(t), A(t)) for (), with
a(t) = ag(t) + By + B(t) and A(t) = Ag + B(t), where

Bo=> u'B By ="t N t B, By =YYt (39)
E>5(0) V%L k>p vEL E>p
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Puiseux expansion for the degenerate case

and the coefficients Bék}, Ni’“} and Bik} solve

( (b{k} P{k}
5ék}: i +w'(Ap) i 5 v#£0,
Wy iwv)
{k}
B = 0,
wv (3.10)
{k}
Bk g
0 w'(Ag)’
\ Fék} - 0’
with the functions Fik} and @ik} recursively defined as
(k) _ (i00)" 9% {1} glhe} glken} .. glkm}
sz = Z Z Z | ' Gao,a(’) (AO’tO)IBul Vr Bw_H Bum )
m>0 1+8=m pgo+qol+uit..tFrm=v s
K14 tkm=k—p
k (ioo)" 0% k K} 2k km
ok} :Z Z Z & gFao,o()(AO,tO)ﬁill}"'ﬁzin }BirJl}...Bim 3

m2>0 r+8=m poo+qoy+vi+...+rvm=vr
k1t Ak —k—p

68
Y Y Buasl B

s>2 vi+...tvs=v

ki+...+ks=k
(3.11)

where ﬁik} = Bik} for v #£ 0 . We used a different notation for the Taylor coefficients to stress

that we are expanding in a different fractional power of &.

Notice that if we set

ho = h(O)P(l) . p(lo)7
b = bo + h(l)p(Q) . ,p(io)7
ha = b1 + HPpB) . plio)] (3.12)
hio - hio—l + h(i0)7

we obtain

/80 — ﬁého}nho + Béhl}nhl 4.+ /Béh o}nhlo + Zﬁéh(ﬂr }7762°+k- (313)
k>1
Thus, if we set ﬁéhj} = ¢j, for j = 0,...,ig, we can formally solve the equation of motion up

to order p + ().
Finally, to solve the equation of motion up to any order k = p +500) 4/ k' > 1, the higher
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3.1 The Newton-Puiseux process

orders have to be recursively defined by

i+ 1 i i tm inFm;
éh0+ b Z leog Z éh°+ 1}---5éh°+ 3}

C.
o 5120 mi+...4+mj=x’
j=20 0<m;<w'—1
s1p+7bip =50
(3.14)
(i0) {big+ma} {big+m;}
+Z X @& > b By
s1>0 mi+...+mj=k'—n
Jj=0 m;>0

s1p+7big =s5(i0)4n

where QSloz .7-"551]) o3t and Cy, := [dP) /dc](c;,) # 0 by Hypothesis Bl
Thus we can consider a tree expansion similar to the one performed in Section 23, prove
the convergence (and bound the radius of convergence) of the series (BH). More precisely, we
consider a tree 6 € Oy, where now p = p@ . .plo) and the constraints (ZZ1)) have to be
changed as
s1p + (50 + 50)iy = 570 4 m,

80+30 (315)
Z ki —Sof)m-i-zk (s0 + 50)big + k — biy — m,

for a suitable 0 < n < k — b;,, with the constraint that when n = 0 one has 86 > 2.

Now we associate with each leaf ¢ a leaf label a = a, =0, ..., 1y, with the constraint that if 8
contributes to ﬁék} for some k£ > b;,, than each leaf has leaf label a = ig. Again we denote with
N(0), L(#) and E(0) the set of nodes, lines and leaves of 0 respectively, and we denote with
Eq4(0) the set of leaves in 0 with leaf label a. We point out that E(0) = Ey(0) II...1I E;,(0).

Moreover, we associate with each node v a node factors J\N/'D = N and with each line ¢ a

propagator g, = g;, while the leaf factor will be N, ¢ = Cq.- We shall define the value of § as
val@)= | T] @ || II ~o { II ~:)- (3.16)

(eL(0) bEN(6) ccE(0)

Finally, we denote with A(6) the set of the lines (exiting from a node) in 6 with component
label h = By and with N*(#) the nodes with b, = 1; then we associate with each node in N*(6),
with each leave in Fq(#) and with each line in A(6) a weight p, hq and b;, —p —5(0) respectively,

and we call order of 6§ the number
k(0) = p|N*(0)| + (biy — p — s"N)AB)] + > bal Ea(6)], (3.17)
a=0

i.e. the weighted sum of nodes N*(6), leaves and lines A(6).
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Puiseux expansion for the degenerate case

Hence we obtain

W= N valg), k>,

069k,0,60

B = N Val(9),  k>p, (3.18)
GGGkME

B = 3" Val9),  k>p,
96@]@7”73

as in Lemma 27, so that we can perform the bound of the radius of convergence, as in Propo-

sition BX9 provided the bound

(@0)
IL(O)] < Mk, M = fq

+3, q=min{h;,p} (3.19)

which can be proved similarly to Lemma 28], and no further difficulties arise. O

We notice that Theorem [L4lis a special case of Theorem B3l with ig = 0.

3.2 The degenerate case

Here we want to show that in the general case, i.e. when not even Hypothesis Fllis assumed,
it is possible to prove the convergence of ([BF)). Unfortunately we shall not obtain a bound
for the convergence radius, as the proof of the convergence of (BX]) in the general case, is
non-constructive.

First we show that the denominators in the exponents in ([BS]) do not increase indefinitely.

Lemma 3.4. With the notation introduced before if n;41 = d; = deg(P(i)) for some i, then

u(i) 18 integer.
Proof. Without loss of generality we shall prove the result for the case ¢ = 0. Recall that

FOWO,)= Y Qrjlco+u)
k+4+u(0) j=1(0) (3.20)

=Py + 1),
with (@ = M(O)do. If dy = ny, then PO is of the form
PO(c) = Ro(c—co)™, Ry #0. (3.21)

In particular this means that Qpn,—1 # 0 for some integer £ > 0 with the constraint

k4 1@y —1) = pOn;. Hence u® = k is integer. O
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3.2 The degenerate case

Lemma 3.5. With the notations introduced before, there exists ig > 0 such that p is integer
for all i > 1.

Proof. The series F() are y;-general of order n;, and the n; and the d; form a descending

sequence of natural numbers
n:nOZdOZmZdlZ... (3.22)

By Lemma B 1 fails to be integers only if d; > n;,1, and this may happen only finitely

often. Hence from a certain iy onwards all the u(9 are integers. O
By the results above, we can define p := p(@ . ... p(©) such that we can write BR) as
h
Bo=bole) = > BN, (3.23)
h>ho

where hg = h@p) . .plo) By construction F(e, By(e)) vanishes to all orders, so that 23]
is a formal solution of the implicit equation F(e, fy) = 0.
We shall say that (B23)) is a Puiseux series for the plane curve defined by F(e, 8y) = 0.

Lemma 3.6. For all i > 0 we can bound p¥) < n,.

Proof. Without loss of generality we prove the result for i = 0. By definition, there exist k', j’
integers, with j’ < ng, such that

b 0 0 g/
p(—o) =p = 77 (3.24)
and h© p(® are relatively prime integers, so that p(®) < j/ < n,. U
Remark that by Lemma we can bound p <ng-...-n;; < ng! =nl

Now we want to prove the convergence of the formal Puiseux series (B:2Z3]). Differently from
the analogous statement when Hypothesis Bl is satisfied, we shall not bound the convergence
radius for the series, but we shall use some well-known results to obtain the convergence.

Let us consider a polynomial P(z;y) € C{x}[y] of the form
P(zyy) =y" +ci(2)y" ™ + ... +calz), (3.25)

such that ¢;(0) =0 for all i = 1,...,n; then P(x;y) is called a Weierstrass polynomial.

Recall that a power series

u(z,y) = Z uy, ;2 Y7, (3.26)
k,j>0
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Puiseux expansion for the degenerate case

is a unit in C{z, y} if and only if the constant coefficient u(0,0) = ug ¢ is different to zero.

We now state some results well-known in the literature, which will be helpful later.

Theorem 3.7 (Weierstrass Preparation Theorem). Let f(z,y) € C{xz,y} be y-general of
order n in a neighbourhood of the origin. Then there exist a Weierstrass polynomial of degree

n Pr(x;y) € C{z}[y], and a unit u(zx,y) € C{x,y} such that
f(@,y) = u(z,y)Pr(z;y). (3.27)
Moreover P¢(x;y) and u(x,y) are uniquely determined.

Theorem B1 follows from Theorem which is a kind of division with a remainder for

convergent power series.

Theorem 3.8 (Special division theorem). Let P,(c1,...,cn;y) € Cler, ... cn}ly] be the

general polynomial of degree n, i.e.
P.(c1,...,cn5y) =" +ay" T .+ (3.28)

Then, for all f(x,y,c1,...,cn) € C{x,y,c1,...,cn} there exists g € C{x,y,c1,...,¢cn} and a
polynomial v € C{x,c1,...,cn}y] of degree d < n —1 such that

f=abP+r (3.29)

A complete proof of this statement is available for example in [, 6]. Here we shall prove
how Theorem B follows from Theorem

Proof. (Theorem [Z8 implies Theorem [574) Let f € C{x,y} be y-general of order n, and let

us write f in the form

Fy) = frjaty, (3.30)
k,j>0
with foo = ... = fon—1 = 0 while fy, # 0; notice that we can regard f(z,y) as an element of

C{z,y,c1,...,¢n}.
By Theorem BJ for all ¢q,...,¢,, we have

fz,y) =q(z,y,c1,. . en) (Y™ + clyn_1 +...ten)+tr(zen, .o eny), (3.31)

where r € C{z,c1,...,cn}]y] and ¢ € C{z,y,c1...,¢,}. Our aim is to replace the general
coefficients ¢; with suitable holomorphic functions ¢;(x) so that r vanishes identically. Let us

write
r(z,c;y) = a1(c, )y + ... Fan(c,z), c:=(c1,...,cn), ai(c,x) € Cle,x}. (3.32)

38



3.2 The degenerate case

First of all we notice that

0, 1>
0¢;ai(0,0) = (3.33)
_fo,na 1= .]
In fact if one sets ¢; = x = 0 in (B31) for all ¢ = 1,...,n, and compares the coefficients
order by order in y, then one obtains
a;(0,0) =0, and ¢(0,0,0) = fon- (3.34)

Differentiating both sides of (B31) with respect to the variable ¢; and comparing the coefficients
order by order in y, then (B33 follows. Hence the matrix A;; = 0,a;(0,0) is an upper
triangular matrix with determinant (— fy,,)" # 0. Hence the equations a;(c, z) = 0 satisfy the
hypotheses of the Implicit Function Theorem; then there exists ¢(z) € (C{z})", with ¢(0) = 0,
such that a;(c(z),z) =0 foralli=1,... ,n.
Now, substituting ¢ = ¢(x) in (B3] and setting u(z,y) = q(z,y,c(x)), we obtain

Fa,y) = u(@, )" + a(@)y" ™ + ..+ e(2), (3.35)
and u(0,0) = fo, # 0. Hence Theorem B.7 follows. O
Remark 3.9. Theorem B states that a convergent power series is equal, up to units, to a

Weierstrass polynomial; in other words, since u(z,y) is nowhere vanishing in a neighbourhood

of the origin, then f(z,y) = 0 has the same solutions of the polynomial equation
y" ()Y L+ en(z) = 0. (3.36)

Let us denote with B, 5, the polydisc Bs, 5, := {(z,y) € C*™ : |y| < &1, |z| < d2}, where

| - | denotes the euclidean norm in C™.

Theorem 3.10. Let F(x,y) € C{x,y} be irreducible and y-general of order n > 1. Then there
exists &g > 0 such that for all 0 < §1 < &g there exists 6o > 0 such that if we define

X :={(z,y) € Bs, 5, : F(x,y) =0}, (3.37)
then there exists a convergent power series y(z) € C{z} for which the map
7m:D — C?, (3.38)

from the disc D :={z € C : |2| < 5%/n} to C? with 7(z) = (2", y(z)) is biholomorphic on X,

i.e. m is holomorphic, bijective on X and = : X — D is holomorphic. Moreover the restriction
m: D\ {0} — X\ {0}, (3.39)

is biholomorphic and 7=1(0) = 0.

39



Puiseux expansion for the degenerate case

This result is proved for instance in [4]. Here we shall see how the convergence of the

Puiseux series (B23]) follows form Theorem B0

Lemma 3.11. Let F(g,By) € R{e, By} be Bo-general of order n and let us suppose that R, # ()
for alln > 0. Then the series (3Z3) which formally solves F (e, Bo(e)) = 0, is convergent for €

small enough.

Proof. Let Pr(e;5p) be the Weierstrass polynomial of F in C{e}[fp]. If F is irreducible in
C{e, o}, then by Theorem we have a convergent series 8y('/™") which solves the equation
F(g,B0) = 0. Then all the following

Bo (/7). Bo ((@e)/) . By (2 Vie)m) (3.40)

are solutions of the equation F(e,8y) = 0. Thus we have n distinct roots of the Weierstrass
polynomial Pr and they are all convergent series in C{e!/"}. But also the series ([F23) is
a solution of the equation F(e,y) = 0. Then, as a polynomial of degree n has exactly n
(complex) roots counting multiplicity, (B223]) is one of the (BZ0). In particular this means that
B23)) is convergent for £ small enough.

In general, we can write
N

F(e, Bo) = [ [(File, Bo))™, (3.41)

i=1
for some N > 1, where the F; are the irreducible factors of F. Then the Puiseux series (B2Z3)
satisfies one of the equations F;(e, 5p) = 0, and hence, by what said above, it is convergent for

€ small enough. O

Remark 3.12. Notice that the proof of Lemma BTl is non-constructive: in fact it deals with
the problem of decomposing a series in its irreducible factors. Moreover, if n is even we can

not say a priori if %, # () for all n > 0, i.e. we can not say if a formal solution exists at all.
As a consequence of Lemma BTT] we obtain the following corollary.

Theorem 3.13. Consider a periodic solution with frequency w = p/q for the system (L)
Assume that Hypothesesl and[@ are satisfied with n odd. Then there exists g > 0 such that for
le| < eo the system (L)) has at least one subharmonic solution of order q/p. Such a solution

admits a convergent Puiseux series in €.

Proof. 1f nis odd, then R,, # ) for all n > 0. This trivially follows from the fact that if n is odd,
)

then there exists at least a polynomial Pi(0 of degree d;, with d; odd. Thus such a polynomial
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3.8 Higher order Melnikov functions

admits a real root with odd multiplicity ny, so that f(l)(el,yl) is yi-general of odd order ng
and so on.
Hence we can apply the Newton-Puiseux process to obtain a subharmonic solution as a

Puiseux series in € which is convergent for e sufficiently small by Lemma BTl O

Remark that Theorem BI3 extends the results of [33]. First it gives the explicit dependence
of the parameter 8y on €. Second, it shows that it is possible to express the subharmonic solution
as a convergent fractional power series in €, and this allow us to push perturbation theory to
arbitrarily high order. Finally a subharmonic solution can be constructed for ant non-zero real

root of each odd-degree polynomial p™

7 associated with each segment of P™ to all step of

iteration.

3.3 Higher order Melnikov functions

Now we shall see how to extend the results above when the Melnikov function vanishes
identically.
We are searching for a solution of the form (c(t), A(t)) with a(t) = ag(t) + Bo + B(t) and
A(t) = Ap + B(t), where
Bt) =Y ™ B, (e, Bo),

VEZL
v#0 (3.42)

B(t) =Y e™'B,(e, f).
VEZL

First of all, we notice that we can formally write the equations of motion as

=(k) =(k)
20 oy D (Bo) s, Ly (Bo)
By (Bo) = iwy +w (o) (iwv)2’ v#0
=(k)
B () = )y (343
wvr
=(k)
=) 5y 2o (Po)
BO (50) - WI(A(]) .

where the notations in ([CZ6) have been used,up to any order k, provided
To(e, By) = 0. (3.44)
If M(tp) vanishes identically, by ([L31) we have f(()l’j) =0 for all j > 0, that is
TV (8o) =0, (3.45)
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for all By, and hence Ty(e, fy) = e2F?) (e, By), with F?) a suitable function analytic in €, fBo.
Thus, we can solve the equations of motion up to the first order in ¢, and the parameter 5

is left undetermined. More precisely we obtain

B, =BV +eBW (e, Bo),

) (3.46)
B, =¢B,, +¢eB 1)(5 Bo),
where ﬁy , B( ) solve the equation of motion up to the first order in €, while ﬁ(l By BSY are the
corrections to be determined.
Now, let us set
=(2
Mo(to) = M(to),  Mi(to) = T(0, 1), (3.47)

where F (ﬁo,to) = F( (Bo) i.e. we are stressing the dependence of f(yk’j) on tg. We refer to
M, (ty) as the second order subharmonic Melnikov function.
Notice that My(to) = fgl)(O, to).
If there exist ¢y € [0,27) and n; € N such that ¢y is a zero of order n; for the second order
subharmonic Melnikov function, that is
dx dm

Ml(to)zo V0<k<n1—1, D = D(to)

— — M (t 4
dtlg > > dtgl 1( 0) 7£ 0’ (3 8)

then we can repeat the analysis of the previous Sections to obtain the existence of a subharmonic

solution. In fact, we have

k
(e.60):= > & BFD),  FO =Ty (1), (3.49)
k,j>0

where t( has to be fixed as the zero of M (tp), so that, as

(40)) 7L M (1) = T 1), (3.50)
dt]

for all j, as proved in [I0] with a different notation, we can construct the Newton polygon of
F®@ which is Bp-general of order n; by (B4Y)), to obtain 5(1), B and B as Puiseux series in
e, provided at each step of the iteration of the Newton—Puiseux algorithm one has a real root.

Otherwise, if M (to) vanishes identically, we have FO (ﬁo) = 0 for all 8y, so that we can solve
the equations of motion up to the second order in € and the parameter Sy is still undetermined.

Hence we set Ma(tg) = f(()g)(O, to) and so on.
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3.8 Higher order Melnikov functions

In general if My (tg) = 0, for all ¥’ = 0,...,k — 1, we have Tg(e, By) = €k,.7:(k,)(6,,80), SO

that we can solve the equations of motion up to the k-th order in ¢, and obtain

B, =B 4 e B 4 kG0 (e, By),

—-(1) (k) k (k) (351)
B,=¢B, +...+"B," + "B, (e, bo),
where Bl(,k/), El(,k ), k' = 0,...,k — 1 solve the equation of motion up to the x-th order in e,

while Eﬁ“), El(,ﬁ) are the correction to be determined.

Hence we can weaken Hypotheses B and H as follows.

Hypothesis 5. There exists k > 0 such that for all ¥ = 0,...,k — 1, My/(ty) vanishes
identically, and there exist to € [0,2m) and n € N such that tg is a zero of order n for the k-th
order subharmonic Melnikov function, that is
Y dr
—,Mm(to) =0 VO Sj <n-— 1, D = D(to) = —Mﬁ(to) 7& 0. (352)
dt dtg
Hypothesis 6. There exists ig > 0 such that at the ig-th step of the iteration of the Newton-

Puiseuz algorithm for F\%) | there exists a polynomial P0) = P(io)(c) which has a simple root

c* eR.
Thus we have the following result.

Theorem 3.14. Consider a periodic solution with frequency w = p/q for the system (1), and
assume that Hypotheses [, A and [@ are satisfied. Then there exists g > 0 such that for |e| < g
the system (L) has at least one subharmonic solution of order q/p. Such a solution admits a

convergent Puiseux series in €.

The proof can be easily obtained suitably modifying the proof of Theorem

Now, call ?R,(f) the set of real roots of the polynomials obtained at the n-th step of iteration
of the Newton-Puiseux process for F(¥). Again if n is even we can not say a priori whether a
formal solution exists at all. However, if §R,(f) # () for all n > 0, then we obtain a convergent
Puiseux series as in Section

Finally, as a corollary, we have the following result.

Theorem 3.15. Consider a periodic solution with frequency w = p/q for the system (L)
Assume that Hypotheses and [ are satisfied with n odd. Then there exists g > 0 such that for
le| < eo the system (L)) has at least one subharmonic solution of order q/p. Such a solution

admits a convergent Puiseux series in €.

Again the proof is a suitable modification of the proof of Theorem
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A. On Hypothesis

Here we want to show that Hypothesis B holds for “almost all” polynomials. First we make
this assertion precise.

A subset A of a topological space X is called residual if it is the intersection of a countable
number of subsets of X, each of which is open and dense. If all the residual subsets of X are
themselves dense in X, then X is called a Baire space. Given a Baire space X, a property is
said to be generic on X if it holds on a subset of X containing a residual set.

Notice that, as R™ is a complete metric space, by the Baire Category Theorem (see for
instance [26]), it is a Baire space.

Hence we want to show that Hypothesis Bl is generic on the space of the coefficients of the
polynomials.

More precisely, we shall show that given a polynomial of the form

n
P(a,c) = Zan_ici, n>1, a:= (ag,...,an), (A.1)
=0
the set of parameters (ag,...,a,) € R"! for which P(a,c) has multiples roots, is a proper

Zariski—closedﬂ subset of R"+1.
Notice that a polynomial P = P(a, ¢) has a multiple root ¢* if and only if also the derivative
OP/0c vanishes at c*.

Recall that, given two polynomials

Pi(c) = Zan,ici,
=0 (A.2)

Py(c) = Z b _ic’,
=0

with n,m > 1, the Sylvester matriz of Py, P> is an n + m square matrix where the columns 1

to m are formed by “shifted sequences” of the coefficients of P;, while the columns m + 1 to

!See for instance [27].
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m + n are formed by “shifted sequences” of the coefficients of P, i.e.

a 0 ... 0 b O ... 0O
ai agp ... 0 by by ... 0
Syl(Pr, Po):= | + & -l SRR VRS I (A.3)
apn—1 0 0 ... by
O 0 ... a, 0 0 ... by

and the resultant R(Py, Py) of Pi, P is defined as the determinant of the Sylvester matrix.

Lemma A.1. Let ci1,...,¢c1,, and ca1,...,C2m be the complex roots of Pi, P respectively.
Then o
R(Py, Py) = ag'by [ [ [[ (i — ca)- (A.4)
i=15=1
A complete proof is performed for instance in [29].
In particular, Lemma [AJ] implies that two polynomials have a common root if and only if
R(Py, P,) = 0.
Recall also that given a polynomial P = P(c), the discriminant D(P) of P is the resultant
of P and its first derivative with respect to ¢, i.e. D(P) := R(P, P'), where P’ := dP/dc.
Thus, a polynomial P = P(a,c) of the form (Al has a multiple root if and only if its
discriminant is equal to zero.

Now let us consider the set

V :={a=(ag,...,a,) € R"™ : P(a,c) has a multiple root }. (A.5)

Notice that the discriminant of P(a,c) is a polynomial in the parameters a = (aq, ..., a,)
i.e. Dp(a) = D(P) € Rlao, ..., ay], hence we can write

V ={a=(ao,...,an) € R"™ : Dp(a) = 0}. (A.6)

Such a set is, by definition, a proper Zariski-closed subset of R"*1.
As the complement of a proper Zariski-closed subset of R"*! is open and dense also in the

Euclidean topology, then Hypothesis Bl is generic.
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B. Proof of Lemma 2.8

First we shall prove by induction on £ that for all § € ©y, o g, one has

L(0)] < M(k —b) - (1 T §) , (B.1)

for all k£ > b + 1. In fact for k£ = b the bound 3] is trivially satisfied as L(6) = 1. Recall
that, by Lemma 7, for all k > b, each tree in Oy, g, contributes to ([)k}.
For kK =0+ 1 one has
=2 Y Quale) (B2)

s1p+jh=s5+1

so that any tree 6 contributing to g]+1} has s1+1 nodes and j leaves, hence |L(6)| = s1+ 1+ .

Notice that the set £y = {(z,y) € R2 : zp + yh = s + 1} is a segment (see Figure B.1) with
the same slope of the segment P of the Newton polygon, associated with the polynomial P(c)

in (CA0).

k=2
o
k=2
—_

Figure B.1: The segment X; parallel to P.
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Proof of Lemma[Z8

Hence one has

. s+1
ILO)|=14+s1+j < 1+T. (B.3)

Moreover for k = h+1 the r.h.s. in (B is equal to 2+ s/q, so that the bound (B holds,
because one has q > 1. Assume now that the bound (B holds for all £/ < k and let us show
that then it holds also for k.

We call My = Mb+ 1+ s/q, so that the inductive hypothesis can be written as

|L(0)] < MK(§') — My, (B.4)

for all ¢’ € O 0.5, k' < k.
Recall that a tree contributing to B([]k] is of the form depicted in Figure 2.9 with the con-
straints (ZZI) holding. Hence, by the inductive hypothesis, we have

50
IL(O)] < 1+ s1+ 50— soMo+ M > k(6;). (B.5)

i=1

Let us set m := k — b > 1. Hence, via the conditions ([ZZI) we can write (BX) as
IL(0)| <1+ s1+ 50— soMo+ M(s +m — s1p — sob). (B.6)
Hence we shall prove that
1—{—81+50—86M0+M(5+m—51p—50h)§mM—1—§, (B.7)
or, in other words
(s1p + (s0 + sp)H)M + i, (1 + g) >sM + sg+ 51+ % + 2, (B.8)

for all sg, s(,, 51 > 0 admitted by conditions (ZZIJ).
First of all for s{, = 0 by the first condition in (ZZII) we have s1p + soh = s +m > s+ 1.

Moreover (s1 + s0)q < si1p + soh = s + m, hence

81+80§5:m, (B.9)
so that one can bound (B.F) as
mM > 2% +2+ % (B.10)
and, by substituting (230) one has
m<2§+3> 22§+2+%, (B.11)

48



Proof of Lemma[Z8

that is satisfied for all m > 1.
For s{, = 1 the first conditions (ZZ]) can be written as s1p+ (sop+1)h =s+m > s+ 1, so

that

s—h+m

51+ 50 < (B.12)

Hence we can bound (B.f)) as

mM > M =h (B.13)

q
and again ([BI3) is satisfied for all m > 1.

Finally for s, > 2 the first condition in (ZZI]) can be written s1p + (so + s)h > s, so that
$14 80 < 1+ 80+ s < ﬁ, and we can bound (BF) as

sM + s <f +1> > M+ 22 +2, (B.14)
q q

that is satisfied as we are assuming sf, > 2.
Notice that by (ZZI) this exhausts the discussion over all the choices of sg, (), 1.

Let us show now that
|L(9)| < Mk —1, (B.15)
for all @ € O, f = 5, B, k > p.

Again recall that a tree 6 € O, ; contributes to fy[k} with f = B,B, so that the bound
([BI3) is trivially satisfied for k& = p because one has |L(0)| = 1.

Let us suppose now that the bound holds for all k' < k; again we shall prove that then it
holds also for k.

Recall that a tree contributing to f,Ek] is of the form depicted in Figure 2.11, where sg, s1
are the numbers of the lines exiting from a leaf and a simple node respectively and entering
0o, while s, s] are the graph elements entering vy with component label 5y and f respectively.
Hence, by the inductive hypothesis and by the bound (B), we have

shts,

IL(O)] < 1+ s0+s1—soMo — sy +M Y k(6y). (B.16)
=1

Let us supposte first by, = 1, and set m = k — p > 1; thus, via the first condition in (ZIT),

we shall prove the bound
1+ 80+ 81+ M(m— soh — s1p) — suMo — s < Mk —1, (B.17)
or, in other words,
so(Mb —1) + s;(Mp — 1) + Mp + sy My + 87 > 2, (B.18)
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Proof of Lemma[Z8

and this is obviously satisfied as Mbh, Mp > 3.
Finally if b,, = 0 we have

!/

51

> k(6:) =k —sip,

=1

80+S/0:0, 81—1—8’122,

so that we shall prove the bound
1481+ M(k—s1p) —s) < Mk —1,

or, in other words

si(Mp —1)+ 5] > 2,

and again this is obviously satisfied as s; + s} > 2 and Mp > 1.

50

(B.19)

(B.20)

(B.21)



1]

Bibliography

A. A. Andronov, E. A. Leontovich, I. I. Gordon, and A. G. Maier, Theory of bifurcations
of dynamic systems on a plane, Halsted Press [A division of John Wiley & Sons], New
York-Toronto, Ont., 1973, Translated from the Russian.

M.V. Bartuccelli, J.H.B. Deane, and G. Gentile, Bifurcation phenomena and attractive
periodic solutions in the saturating inductor circuit, Proc. R. Soc. Lond. Ser. A Math.
Phys. Eng. Sci. 463 (2007), no. 2085, 2351-2369.

M.V. Bartuccelli, J.H.B. Deane, G. Gentile, and L. Marsh, Invariant sets for the varactor
equation, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 462 (2006), no. 2066, 439-457.

E. Brieskorn and H. Knorrer, Plane algebraic curves, Birkhauser Verlag, Basel, 1986,

Translated from the German by John Stillwell.

A. Buica, A. Gasull, and J. Yang, The third order Melnikov function of a quadratic center
under quadratic perturbations, J. Math. Anal. Appl. 331 (2007), no. 1, 443-454.

Sh.-N. Chow and J.K. Hale, Methods of bifurcation theory, Grundlehren der Mathematis-
chen Wissenschaften [Fundamental Principles of Mathematical Science], vol. 251, Springer-

Verlag, New York, 1982.

G. Gallavotti, G. Gentile, and A. Giuliani, Fractional Lindstedt series, J. Math. Phys. 47
(2006), no. 1, 012702, 33.

G. Gentile, M.V. Bartuccelli, and J.H.B. Deane, Summation of divergent series and Borel
summability for strongly dissipative differential equations with periodic or quasiperiodic
forcing terms, J. Math. Phys. 46 (2005), no. 6, 062704, 20.

51



BIBLIOGRAPHY

[9]

[12]

[13]

[14]

[15]

[16]

[19]

[20]

[21]

G. Gentile, M.V. Bartuccelli, and J.H.B. Deane, Quasiperiodic attractors, Borel summa-
bility and the Bryuno condition for strongly dissipative systems, J. Math. Phys. 47 (2006),
no. 7, 072702, 10.

G. Gentile, M.V. Bartuccelli, and J.H.B. Deane, Bifurcation curves of subharmonic solu-
tions and Melnikov theory under degeneracies, Rev. Math. Phys. 19 (2007), no. 3, 307-348.

J. Guckenheimer and P. Holmes, Nonlinear oscillations, dynamical systems, and bifurca-
tions of vector fields, Applied Mathematical Sciences, vol. 42, Springer-Verlag, New York,
1983.

Y.Zh. Guo, Z.R. Liu, X.M. Jiang, and Zh.B. Han, Higher-order Mel nikov method, Appl.
Math. Mech. 12 (1991), no. 1, 19-30.

C.A. Holmes and P.J. Holmes, Second order averaging and bifurcations to subharmonics

in Duffing’s equation, J. Sound Vibration 78 (1981), no. 2, 161-174.

P.J. Holmes, Averaging and chaotic motions in forced oscillations, STAM J. Appl. Math.
38 (1980), no. 1, 65-80.

I.D. Iliev, Higher-order Melnikov functions for degenerate cubic Hamiltonians, Adv. Dif-
ferential Equations 1 (1996), no. 4, 689-708.

I.D. lliev and L.M. Perko, Higher order bifurcations of limit cycles, J. Differential Equations
154 (1999), no. 2, 339-363.

K. Knopp, Theory of Functions. II. Applications and Continuation of the General Theory,
Dover Publications, New York, 1947.

S. Lenci and G. Rega, Higher-order Melnikov functions for single-DOF mechanical oscil-
lators: Theoretical treatment and applications, Math. Probl. Eng. (2004), no. 2, 145-168.

Z.R. Liu and G.Q. Gu, Second order Mel nikov function and its application, Phys. Lett. A
143 (1990), no. 4-5, 213-216.

V.K. Mel'nikov, On the stability of a center for time-periodic perturbations, Trudy Moskov.
Mat. Obsé. 12 (1963), 3-52.

L. M. Perko, Global families of limit cycles of planar analytic systems, Trans. Amer. Math.
Soc. 322 (1990), no. 2, 627-656.

52



BIBLIOGRAPHY

22]

23]

[24]

[25]

[26]

[27]

L. M. Perko, Bifurcation of limit cycles: geometric theory, Proc. Amer. Math. Soc. 114
(1992), no. 1, 225-236.

V.A. Puiseux, Recherches sur les fonctions algébriques, J. Math. Pures Appl. 15 (1850),
365—480.

M. Reed and B. Simon, Methods of modern mathematical physics. 1V. Analysis of Opera-

tors, Academic Press [Harcourt Brace Jovanovich Publishers], New York, 1978.

V.M. Rothos and T.C. Bountis, The second order Mel nikov vector, Regul. Khaoticheskaya
Din. 2 (1997), no. 1, 26-35.

W. Rudin, Functional analysis, McGraw-Hill Book Co., New York, 1973, McGraw-Hill

Series in Higher Mathematics.

I. Shafarevich, Basic algebraic geometry wvol. 1, study ed., Springer-Verlag, Berlin, 1977,
Translated from the Russian by K. A. Hirsch, Revised printing of Grundlehren der math-
ematischen Wissenschaften, Vol. 213, 1974.

C. Soto-Trevinio and T.J. Kaper, Higher-order Melnikov theory for adiabatic systems, J.
Math. Phys. 37 (1996), no. 12, 6220-6249.

B. L. van der Waerden, Algebra. Vol. I, Springer-Verlag, New York, 1991, Based in part
on lectures by E. Artin and E. Noether, Translated from the seventh German edition by
Fred Blum and John R. Schulenberger.

K. Yagasaki, The Melnikov theory for subharmonics and their bifurcations in forced oscil-

lations, SIAM J. Appl. Math. 56 (1996), no. 6, 1720-1765.

X.F. Yuan, The second order Mel nikov function and its applications, Shuli Kexue [Math-
ematical Sciences. Research Reports IMS], vol. 43, Academia Sinica Institute of Mathe-

matical Sciences, Chengdu, 1992.

X.F. Yuan, Second-order Mel nikov functions and their applications, Acta Math. Sinica 37
(1994), no. 1, 135-144.

Zh.F. Zhang and B.Y. Li, High order Mel nikov functions and the problem of uniformity
in global bifurcation, Ann. Mat. Pura Appl. (4) 161 (1992), 181-212.

93



BIBLIOGRAPHY

[34] Y. Zhao and S. Zhu, Higher order Melnikov function for a quartic Hamiltonian with cus-
pidal loop, Discrete Contin. Dyn. Syst. 8 (2002), no. 4, 995-1018.

[35] D. Zhu, Melnikov vector with higher order, Ann. Differential Equations 12 (1996), no. 3,
371-379.

La matematica é come una piramide rovesciata:
st regge sulla punta

che deve essere ben salda,

e per poter costruire un piano

e necessario farlo in tutte le direzioni,
altrimenti la piramide perde ’equilibrio.

E. Sernesi
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Porecchio, per come esci dalla porta e rientri dalla finestra, per la caccia e la pesca, per il

sughetto della sera e il cornetto al mattino, per il protomartire e Cecchini, perché ho bisogno
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della tua presenza per capire meglio la mia essenza...

Ringrazio la mia sorellina piccina, alta “due metri e venti”; Cali, il bene che ti voglio non si
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