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Abstract

We consider one-dimensional systems in the presence of a quasi-periodic perturbation, in the
analytical setting, and study the problem of existence of quasi-periodic solutions which are resonant
with the frequency vector of the perturbation. We assume that the unperturbed system is locally
integrable and anisochronous, and that the frequency vector of the perturbation satisfies the Bryuno
condition. Existence of resonant solutions is related to the zeroes of a suitable function, called the
Melnikov function — by analogy with the periodic case. We show that, if the Melnikov function has
a zero of odd order and under some further condition on the sign of the perturbation parameter,
then there exists at least one resonant solution which continues an unperturbed solution. If the
Melnikov function is identically zero then one can push perturbation theory up to the order where
a counterpart of Melnikov function appears and does not vanish identically: if such a function
has a zero of odd order and a suitable positiveness condition is met, again the same persistence
result is obtained. If the system is Hamiltonian, then the procedure can be indefinitely iterated
and no positiveness condition must be required: as a byproduct, the result follows that at least
one resonant quasi-periodic solution always exists with no assumption on the perturbation. Such
a solution can be interpreted as a (parabolic) lower-dimensional torus.

1 Introduction

Melnikov theory studies the fate of homoclinic and periodic orbits of two-dimensional dynamical

systems when they are periodically perturbed; see for instance [38] for an introduction to the subject.

The problem can be stated as follows. Consider in R? a dynamical system of the form
T = fi(x eqi(x,y,t

{ fi(@.y) + egr(z,y. 1), an

y = fQ(l',y) + EgZ(xvyat)7

with f1, f2, 91, g2 ‘sufficiently smooth’, g1 and go T-periodic in ¢ for some T° > 0 and &£ a small
parameter, called the perturbation parameter. If fi = 0yh and fo = —0,h, for a suitable function h,
the unperturbed system is Hamiltonian. Assume that for ¢ = 0 the system (1.1) admits a homoclinic
orbit u;(t) to a hyperbolic saddle point p and that the bounded region of the phase space delimited by
{u1(t) : t € R}U{p} is filled with a continuous family of periodic orbits us(t), § € (0, 1), whose periods
tend monotonically to co as 6 — 1. Because of the assumptions, it is easy to see (as an application
of the implicit function theorem) that for £ # 0 small enough, the system (1.1) admits a hyperbolic
periodic orbit u(t,e) = p+O(e). Then one can ask whether the stable and unstable manifolds of u(t, )



intersect transversely (in turn if this happens it can be used to prove that chaotic motions occur).
Another natural question is what happens to the periodic orbits us(t) when € # 0. In particular one
can investigate under which conditions ‘periodic orbits persist’, that is there are periodic orbits which
are close to the unperturbed ones and reduce to them when the perturbation parameter is set equal
to zero. If such orbits exist, they are called subharmonic or resonant orbits.

Both the existence of transverse intersection of the stable and unstable manifolds of u(t,¢) and
the persistence of periodic orbits are related to the zeroes of suitable functions. More precisely if one
define the Melnikov function as

M(to) == /_OO dt (fa(ur(t — to))ga(ur(t — to), t) — fi(ur(t —to))g1(ui(t —to),t)), (1.2)

then if M (to) has simple zeroes the stable and unstable manifolds of u(t, ) intersect transversely, while
if M(to) # 0 for all ¢y € R no intersection occurs; essentially M (tp) measures the distance between the
two manifolds along the normal to the homoclinic orbit at u(tp). Concerning the periodic orbits, if
the period Ty of ug(t) is not commensurable with the period T" of the functions g1, g2, in general such
an orbit will not persist under perturbations. Otherwise, set Ty = mT/n and define the (subharmonic)
Melnikov function as

mT
Mo (to) 12/0 dt (f2(us(t — t0))g2(us(t — to),t) — fr(us(t —to))g1(us(t — to), 1)) (1.3)

If M,,/n(to) has a simple zero then (1.1) admits a subharmonic orbit u(t,e) with period mT; in
particular, if the functions f1, f2, g1, 92 are analytic, then w(t¢,¢) is analytic in both ¢ and ¢. If there
are no zeroes at all, no periodic solution persists. The proof of the claims above is rather standard
and it is essentially based on the application of the implicit function theorem. A possible approach for
the case of subharmonic orbits consists in splitting the equations of motion into two separate sets of
equations, the so-called range equations and bifurcation equations: one can solve the range equations
in terms of the free parameter ¢ty and then fix the latter by solving the bifurcation equations, which
represent an implicit function problem.

The assumption that the zeroes of the Melnikov function are simple corresponds to a (generic) non-
degeneracy condition on the perturbation. When the zeroes are not simple, the situation is slightly
more complicated. In the case of subharmonic orbits, the same result of persistence extends to the
more general case of zeroes of odd order [4], and interesting new analytical features of the solutions
appear [1, 37, 18]; indeed the subharmonic solutions turn out to be analytic in a suitable fractional
power of € rather than ¢ itself. On the other hand if the zeroes are of even order one cannot predict a
priori the persistence of periodic orbits. Finally, if the Melnikov function is identically zero, one has
to consider higher order generalisations of it and study the existence and multiplicity of their zeroes
to deal with the problem [18].

If one considers a quasi-periodic perturbation instead of a periodic one, that is gi(z,y,t) =
Gr(z,y,wt), with G : R2 x T — R? and w € R%, d > 2, one can still ask whether there exist
hyperbolic sets run by quasi-periodic solutions with stable and unstable manifolds which intersect
transversely and one can still study the existence of quasi-periodic solutions which are “resonant”
with the frequency vector w of the perturbation; see below — after (1.4) — for a formal definition of
resonant solution for quasi-periodic forcing.

Also in the quasi-periodic case, non-degeneracy assumptions are essential to prove transversality
of homoclinic intersections. Existence of a quasi-periodic hyperbolic orbit close to the unperturbed



saddle point and of its stable and unstable manifolds follows from general arguments, such as the
invariant manifold theorem [25, 39], without even assuming any condition on the frequency vector
w. Palmer generalises the Melnikov method to the case of bounded perturbations [50] using the
theory of exponential dichotomies [16]. A suitable generalisation of the Melnikov function for quasi-
periodic forcing is also introduced by Wiggins [58]. He shows that if such a function has a simple
zero then the stable and unstable manifolds intersect transversely. Then, generalising the Smale-
Birkhoff homoclinic theorem to the case of orbits homoclinic to normally hyperbolic tori, he finds that
there is an invariant set on which the dynamics of a suitable Poincaré map is conjugate to a subshift
of finite type; in turn this yields the existence of chaos. Similar results hold also for more general
almost periodic perturbations (which include the quasi-periodic ones as a special case): Meyer and
Sell show that also in that case the dynamics near transverse homoclinic orbits behaves as a subshift
of finite type [46] and Scheurle, relying on Palmer’s results, finds particular solutions which have a
random structure [55]; again, to obtain transversality the Melnikov function is assumed to have simple
zeroes. Such assumption can be weakened to an assumption of “topological non-degeneracy” (i.e. the
existence of an isolated minimum or maximum of the primitive of the Melnikov function) as in the
case of subharmonic orbits, and one can deal with the problem by use of a variational approach; see
for instance [17, 54, 3, 9.

A natural application for the study of homoclinic intersections, widely studied in the literature,
is the quasi-periodically forced Duffing equation [59, 46, 61]. Often, especially in applications, the
frequency vector is taken to be two-dimensional, with the two components which are nearly resonant
with the proper frequency of the unperturbed system (see for instance [7, 61] and references therein).
Then a different approach with respect to [58] is proposed by Yagasaki [61]: first, through a suitable
change of coordinates, one arrives at a system with two frequencies, one fast and one slow, and
then one uses averaging to reduce the analysis of the original system to that of a perturbation of
a periodically forced system for which the standard Melnikov method applies: the persistence of
hyperbolic periodic orbits and their stable and unstable manifolds for the original system is then
obtained as a consequence of the invariant manifold theorem. Transversality of homoclic intersections
plays also a crucial role in the phenomenon of Arnold diffusion [2, 44]: non-degeneracy assumptions on
the perturbation are heavily used in the proofs existing in the literature (see e.g. [21, 31, 22]) in order
to find lower bounds on the transversality, which in turn are fundamental to compute the diffusion
times along the heteroclinic chains (see e.g. [11, 27, 8, 10, 57]). A physically relevant case, studied
within the context of Arnold diffusion, is that with frequency vectors with two fast components
[21, 30, 56] or with one component much faster and one component much slower than the proper
frequency (‘three scale system’) [31, 32, 52]. In such cases the homoclinic splitting is exponentially
small in the perturbation parameter and this makes the analysis rather delicate, as one has to check
that the first order contribution to the splitting (the Melnikov function) really dominates; in particular
non-degeneracy conditions on the perturbation are needed once more.

The problem of existence of quasi-periodic orbits close to the center of the unperturbed system is
harder and does not follow from the invariant manifold theorem. Second-order approximations for the
quasi-periodic solutions close to the centers of a forced oscillator are studied in [7], using the multiple
scale technique for asymptotic expansions [43, 49]. But if one wants to really prove the existence of
the solution, one must require additional assumption on w to deal with the presence of small divisors.
In [47], Moser considers Duffing’s equation with a quasi-periodic driving term and assumes that (i)
the system is reversible, i.e. it can be written in the form & = f(z), with f: R™ — R", and there exists
an involution I: R™ — R" such that f(Ix) = —If(x) (so that with x(¢) also Iz(—t) is a solution), and



(ii) the frequency vector of the driving satisfies some Diophantine condition involving also the proper
frequency of the unperturbed system linearised around its center. Then he shows that there exists a
quasi-periodic solution, with the same frequency vector as the driving, to a slightly modified equation,
in which the coefficient of the linear term is suitably corrected. If one tried to remove the correction
then one should deal with an implicit function problem (see [6] for a similar situation), which, without
assuming any non-degeneracy condition on the perturbation, would have the same kind of problems
as in the present paper. Quasi-periodically forced Hamiltonian oscillators are also considered in [13],
where the persistence of quasi-periodic solutions close to the centers of the unperturbed system is
studied, including the case of resonance between the frequency vector of the forcing and the proper
frequency. However, again, non-degeneracy conditions are assumed.

On the contrary the problem of persistence of quasi-periodic solutions far from the stationary
points, corresponding to the subharmonic solutions of the periodic case, does not seem to have been
studied a great deal. (We can mention a paper by Xu and Jing [60], who consider Duffing’s equation
with a two-frequency quasi-periodic perturbation and follow the approach in [61] to reduce the analysis
to a one-dimensional backbone system; however the argument used to show the persistence of the
two-dimensional tori is incomplete and requires further hypotheses.) Again the existence of resonant
solutions is related to the zeroes of a suitable function, still called Melnikov function by analogy with
the periodic case. If the zeroes are simple, assuming some Diophantine condition on w, the analysis can
be carried out so as to reach conclusions similar to the periodic case, that is the persistence of resonant
solutions. In this paper we study the same problem in the case of zeroes of odd order and additionally
investigate what can still be said when the Melnikov function is identically zero. As remarked before,
considering non-simple zeroes means removing non-degeneracy — and hence genericity — conditions
on the perturbation. This introduces nontrivial technical complications, because one is no longer
allowed to separate the small divisor problem plaguing the range equations from the implicit function
problem represented by the bifurcation equations. The method we use is based on the analysis and
resummation of the perturbation series through renormalisation group techniques [29, 34, 35, 28];
for other renormalisation group approaches to small divisors problems in dynamical systems see for
instance [12, 41, 45, 40, 23, 24, 42]. As in [19], the frequency vector of the perturbation will be
assumed to satisfy the Bryuno condition; such a condition, originally introduced by Bryuno [14], has
been studied recently in several small divisor problems arising in dynamical systems [34, 35, 36, 42,
45, 51]. With respect to [19], we consider here also non-Hamiltonian systems: what is required on
the unperturbed system is a non-degeneracy condition on the frequency map of the periodic solutions
(anisochrony condition). In the Hamiltonian case, such a condition becomes a convexity condition on
the unperturbed Hamiltonian function, analogously to Cheng’s paper [15], where the fate of resonant
tori is studied. In the Hamiltonian case, the main difference with respect to [15] — and what prevents
us from simply relying on that result — is that we consider isochronous perturbations (while in [15] the
unperturbed Hamiltonian is convex in all action variables) and assume a weaker Diophantine condition
on the frequency vector of the perturbation (the Bryuno condition instead of the standard one).
Furthermore, as we said, our method covers also the non-Hamiltonian case, where Cheng’s approach,
based on a sequence of canonical transformations a la KAM, does not apply. In the Hamiltonian case,
we do not require any further assumption on the perturbation (besides analyticity), as in [15]. In
the non-Hamiltonian case we shall make some further assumptions. More precisely we shall require
that some zeroes of odd order appear at some level of perturbation theory and a suitable positiveness
condition holds; see Section 1 — in particular Hypotheses 3 and 4 — for a more formal statement.

Of course, one could also investigate what happens if the non-degeneracy condition on the un-



perturbed system is completely removed too. However, this would be a somewhat different problem
and very likely a non-degeneracy condition could become necessary for the perturbation. Not even
in the KAM theory for maximal tori, the fully degenerate case (no assumption on the unperturbed
integrable system and no assumption on the perturbation, besides analyticity) has ever been treated
in the literature — as far as we know.

The paper is organised as follows. We consider systems of the form (1.1) and assume that for e = 0
there is a family of periodic solutions satisfying the same hypotheses as in the case of periodic forcing.
In fact the analysis we will be interested in will be essentially local, so we can allow a more general
setting and assume that, in suitable coordinates (8, B) € T x B, with 8 an open subset of R, the

unperturbed system reads
3 = wo(B
{ B wo ( ) ’ (1 4)

B=0,

with wp analytic and Opw(B) # 0 (anisochrony condition). As a particular case we can consider that
(B, B) are canonical coordinates (action-angle coordinates), but the formulation we are giving here is
more general and applies also to non-Hamiltonian unperturbed systems; see also [5, 37]. Then we add
to the vector field a small analytic quasi-periodic forcing term with frequency vector w = (w1, ..., wq)
which satisfy some weak Diophantine condition (Bryuno condition) and concentrate on a periodic
solution of the unperturbed system which is resonant with w, that is a solution with B = By such
that w(Bo)vo +wivi + . .. +wavg = 0 for suitable integers vg, v1, .. ., v4. In Section 2 we state formally
our two main results on the persistence of such a solution: Theorem 2.2 takes into account the case in
which the system is not assumed to be Hamiltonian and a zero of odd order appears at some order of
perturbation theory, while Theorem 2.3 deals with the case in which the system is Hamiltonian and no
further assumption is made on the perturbation. In Sections 3-5 we shall prove Theorem 2.2. As we
shall see, the quasi-periodic solution will be only continuous in the perturbation parameter. In fact,
in contrast to the case of periodic perturbations, in general the quasi-periodic solution is not expected
to be analytic in € nor in some fractional power of ¢; already in the non-degenerate anisochronous
Hamiltonian case the solution has been proved only to be C* smooth in € [28] and analyticity is very
unlikely. In Section 6 we shall prove Theorem 2.3: we shall see that either (a) one is able to reduce
the analysis to Theorem 2.2 or (b) suitable “cancellations” occur to all orders in the perturbation
series formally defining the solution. In particular we shall see how the Hamiltonian structure of the
equations of motion is fundamental in order to prove such cancellations. In turn this will imply, in case
(b), the convergence of the perturbation series and hence the existence of a solution which is analytic
in the perturbation parameter: we stress since now that this is a highly non-generic — and hence very
unlikely — possibility. The cancellation mechanism turns out to be quite similar to the one performed
in [20], where Moser’s modifying terms theorem [48] is proved by using Cartesian coordinates instead
of action-angle coordinates. It would be interesting to understand the deep reason of such a similarity.

2 Results

Let us consider the system

{ B = wy(B) + eF(wt, 3, B), 21

B =eG(wt, 3, B),



where (8, B) € T x B, with B an open subset of R, F,G: T x B8 — R and wy: B — R are real
analytic functions, w € R? and ¢ is a real parameter called the perturbation parameter; hence the
perturbation (F,G) is quasi-periodic in ¢ with frequency vector w. Without loss of generality we can
assume that w has rationally independent components.

Denote by - the standard scalar product in R?, i.e. @ -y = 31 + ... + xqyq for x,y € R,
and set |x| := |l@|1 = |x1] + ...+ |zg|. If f: R = R, n > 1, is a differentiable function, we shall
denote (when no ambiguity arises) by 0;f the derivative of f with respect to the j-th argument, i.e.
0jf(x1,...,2n) = O, f(21,...,25); if n = 1 we shall write also f'(z1) = 91 f(21) = 0f(x1). Finally,
for any finite set S we denote by |S| its cardinality.

Take the solution for the unperturbed system given by (3(t), B(t)) = (B0 + wo(Bo)t, Bo), with By
such that wo(By) is resonant with w, i.e. such that there exists (7o, 7) € Z4*! for which wo(Bo) 7o +
w v = 0. We want to study whether for some value of gy, that is for a suitable choice of the initial
phase, such a solution can be continued under perturbation.

The resonance condition between wy(Bp) and w yields a “simple resonance” (or resonance of order
1) for the vector (wo(Bo),w). The main assumptions on (2.1) are a Diophantine condition on the
frequency vector of the perturbation and a non-degeneracy condition on the unperturbed system.
More precisely we shall require that the vector (wo(By),w) satisfies the condition

1 , _ -1
Z — log ( (Vo,ul)lgzd“ |wo(Bo)vo + w - 1/|> < 00 (2.2)
(VO7V)H(§07§)70<|(V0’V)|§2n

and that w(y(By) # 0. Note that the condition (2.2) is weaker than requiring that the vector (wo(By),w)
satisfies the standard Diophantine condition |wo(Bo)vo + w - v| > v (Jvo| + |v|) ™7 for suitable positive
constants v, 7 and all (v, v) non-parallel to (7g, D).

Up to a linear change of coordinates, we can (and shall) assume wo(Bg) = 0, so that the vector T,
such that wqg (Eo)ﬁo 4+ w - v = 0, must be the null vector. Therefore it is not restrictive to formulate
the assumptions on By and w as follows.

Hypothesis 1. w(By) = 0 and w satisfies the Bryuno condition B(w) < oo, where

1 1 .
Bw) =) o log @)’ o (W) = Vlenzfd lw - . (2.3)
n20 0<|u|<2n
Hypothesis 2. w{(By) # 0.
Let us write
F(,8,B)= > e“¥F,(8,B), G(,5,B)= Y e“¥G,(3,B), (2.4)
UGZd VEZd
and note that, as F' and G are real-valued functions, one has
,,,(ﬂ,B) :Fy(ﬂ,B)*, G*V(/B7B) :Gu(ﬁ7B)*' (2'5)

Here and henceforth * denotes complex conjugation. By analogy with the periodic case, Go(3, Bo)
will be called the (first order) Melnikov function.



Hypothesis 3. 3, is a zero of order n for Go(Bo, Bo), with n odd, and ¢ w}(Bo) 8306*0(30,?0) > 0.

We look for a quasi-periodic solution to (2.1) with frequency vector w, that is a solution of the
form (8(t), B(t)) = (B + b(t), Bo + B(1)), with

b(t)= > ey, B(t)= > YD, (2.6)

vezsd veZd

where Z¢ = 72\ {0}. Note that the existence of a quasi-periodic solution with frequency w in
the variables in which wg(Bg) = 0 implies the existence of a quasi-periodic solution with frequency
resonant with w in terms of the original variables (that is, before performing the change of variables
leading to wo(By) = 0).
If we set ®(t) := wo(B(t)) + eF(wt, 5(t), B(t)) and I'(t) = eG(wt, B(t), B(t)) and write
o)=Y MU, T()= ) MU, (2.7)
vezd vezd

in Fourier space (2.1) becomes

(iw-v)b, =®,, v#0, (2.8a)
(iw-v)B, =T,, v#0, (2.8b)
Dy = 0, (2.8¢)
T'o = 0. (2.8d)

According to the usual terminology, we shall call (2.8a) and (2.8b) the range equations, while (2.8c)
and (2.8d) will be referred to as the bifurcation equations.

Our first result will be the following.
Theorem 2.1. Consider the system (2.1) and assume Hypotheses 1, 2 and 3 to be satisfied. Then

for € small enough there exists at least one quasi-periodic solution (B(t), B(t)) with frequency vector

w such that (3(t), B(t)) — (By, Bo) for e — 0.

Actually we shall prove a more general result which can be stated as follows. We look for a formal
solution (B(t), B(t)), with

Bt) = B(tse, Bo) = fo+ D 0@ (t: 80) = fo+ 3" D e bl (5y),

k>1 k>1 pezd (2.9)
B(t) = B(tie, fo) = Bo+ »_ "B (t:50) = Bo+ > _ e Y B (5y),
k>1 k>1 vezd

and set U(t) := wo(B(t)) — wy(Bo)(B(t) — Bo) and ¢(t) = U(t) + eF(wt, B(t), B(t)). Then define
recursively for k > 1

) = el ) + BB, v o
B (Bo) = (iwl- ) T (80), v#0 (2.10)
B (B) = —— (130) o (Bo),

0



where Y (5) =[G (ot ), B1))Y " and ¢ < o) = UL + [Flwt,B(t), B#)Y™", with
(ﬁo) = 0 so that F (ﬁo) = GV(,B(),BQ) and QZ)V (ﬁo) = Fu(ﬁg,go) While, for k > 2,

k>zzga;wo<§o 3 S TIB% s, (2.11)

s>2 7 vi+.. +ué—u k1. +ks=k,i=1
V€72, i=1,. ki>1

and

P(wt, B0, BA)E D =3 % S 00k Pu(f Bo) x

s>1 ptq=s vo+t...+vs=v
uo,ujeZdj:erl,...,s

x> Hb(’” 60) TI BE (50, P=FG.
kit tha=k—1,i=1 i=p+1

ki>1

The series (2.9), with the coefficients deﬁned as above and arbitrary Bo, turn out to be a formal

solution of (2.8a)-(2.8¢): the coefficients % (Bo) (ﬁo) and BY (ﬂo) are well defined for all k > 1
and all v € Z¢, by Hypothesis 1, and solve (2.8a)- (2 8c) order by order — as it is straightforward to
check (for instance by using the formalism introduced below in Section 3) —; moreover the functions
b (t; By) and B (t; By) are analytic and quasi-periodic in ¢ Wlth frequency vector w.

Assume that there exists kg € IN such that all functions F (ﬁo) are identically zero for 0 < k <

ko — 1; then we can solve the equation of motion up to order ko — 1 without fixing the parameter 5

(ko) .

and moreover I'y™ is a well-defined function of 3.

Hypothesis 4. There exist kg € N and 3, such that I‘(()k) (Bo) vanish identically for k < ko and By, is
a zero of order n for ngo)(ﬁo), with n odd. Moreover one has sk%()(Eo)agorg’“O)(Bo) > 0.

We shall prove the following result.

Theorem 2.2. Consider the system (2.1) and assume Hypotheses 1, 2 and 4 to be satisfied. Then
for & small enough there exists at least one quasi-periodic solution (B(t), B(t)) with frequency vector
w such that (B(t), B(t)) — (By, Bo) for e — 0.

Note that Hypothesis 4 reduces to Hypothesis 3 if kg = 1. Therefore it will be enough to prove
Theorem 2.2. The proof will be organised as follows. Besides the system (2.8) we shall consider first
the system described by the range equations

(iw-v)b, =®,, v#0, (2.13a)
(iw-v)B, =T,, v#0, (2.13b)

i.e. with no condition for v = 0. In Sections 3 and 4 we shall prove that, if some further conditions (to
be specified later on) are found to be satisfied, it is possible to find, for & small enough and arbitrary
B0, Bp, a solution N

(Bo + b(t), Bo + B(t)), (2.14)

to the system (2.13), with b(t) and B(t) as in (2.6) depending on the free parameters e, o, Bo; such
a solution is obtained via a ‘resummation procedure’, starting from the formal solution of the range



equations (2.13). The conditions mentioned above can be illustrated as follows. The resummation
procedure turns out to be well-defined if the small divisors of the resummed series can be bounded
proportionally to the square of the small divisors of the formal series. However, it is not obvious at all
that this is possible, since the latter are of the form (iw - v)~! with v € Z¢, while the small divisors
of the resummed series are of the form (det((iw - )1 — MM (w - v:e, By, By))) !, for suitable 2 x 2
matrices M (see Section 3). The bound on the small divisors of the resummed series is difficult
to check without assuming any non-degeneracy condition on the perturbation. Therefore we replace
M (z; €, By, By) with M (e, By, Bo)&n(det(MUI(0; ¢, By, By))), for suitable ‘cut-off functions’ &,
in such a way that the bound automatically holds. The introduction of the cut-offs changes the series
in such a way that if on the one hand the modified series are well-defined, on the other hand in principle
they no longer solve the range equations: this turns out to be the case only if one can prove that the
cut-offs can be removed. So, the last part of the proof consists in showing that, by suitably choosing
the parameters By, By as continuous functions of ¢, this occurs and moreover, for the same choice of
Bo, Bo, the bifurcation equations (2.8¢c) and (2.8d) hold; hence for such Sy, By, the function (2.14) is a
solution of the whole system (2.1). Once Theorem 2.2 is proved, Theorem 2.1 will immediately follow
taking ko = 1.

Next we shall see that if the system is Hamiltonian one can prove the same result as in Theorem 2.2
with the only assumptions in Hypotheses 1 and 2. More precisely, consider the Hamiltonian function

H(a,8,A,B):=w-A+hy(B)+cf(e, 8, B), (2.15)

where (o, ) € T and (A, B) € R? x B, with B an open subset of R, are canonically conjugate
(action-angle) variables and f: T9! x B — R and hp: B — R are real analytic functions. Set
wo(B) = 0pho(B). Then the corresponding Hamilton equations for the variables (3, B) are given by

{B_WO<B)+Ean(Wt757B)7 (216)

B= —edgf(wt, B, B).
We shall prove in Section 6 the following result.

Theorem 2.3. Consider the system (2.16) and assume Hypotheses 1 and 2 to be satisfied. Then for
e small enough there exists at least one quasi-periodic solution (B(t), B(t)) with frequency vector w.
Such a solution depends continuously on €.

Note that Hypothesis 2 is tantamount to requiring hg to be convex. Quasi-periodic solutions to
(2.16) with frequency vector w describe lower-dimensional tori (d-dimensional tori for a system with
d + 1 degrees of freedom). Such tori are parabolic in the sense that the “normal frequency” vanishes
for € = 0. Theorem 2.3 can be seen as the counterpart of Cheng’s result [15] in the case in which all
“proper frequencies” are fixed (isochronous case) and the perturbation does not depend on the actions
conjugated to the “fast angles” (otherwise one should add a correction like in [48]); moreover, with
respect to [15], a weaker Diophantine condition is assumed on the proper frequencies.



3 Diagrammatic rules

Let us consider the range equations (2.13) and start by looking for a quasi-periodic solution which
can be formally written as

B(tie, Bo, Bo) = Bo+ Y e"bt¥(t; B0, Bo) = Bo + D _ e Y b (8, By),

k>1 k>1 pezd (3.1)
Blt;e, Bo, Bo) = Bo+ Y _"BW(t; 8, By) = Bo+ Y e Y~ eV B 8y, By), '
E>1 k>1  vezd

where a different notation for the Taylor coefficients has been used with respect to (2.9) to stress that
now we are considering By = By as a parameter. If we define recurively for k > 1 and v € Z¢

q){k}(ﬁo,BO) Bik}(ﬁo Bo) = F;{/k}(BO,BO)’

iw-v w- v

b5 (8o, Bo) 1=

where we have set

(I){k} 50, BO Z 830.)0 B() Z Z H B{lC }

s>1 vit.. +ug Vki+.. . +ks=ki=1
I/ZEZ ki>1
S
k; k;
+ >y ,,apauno (Bo, Bo) > Hb{ 360, Bo)[T BE (8o, Bo).
s>1 VO+---+V5:Vp ki+..+ks=k—11=1 i=p+1
p+q=s VoEZd,ViEZf ki>1
k 1 ks ks
5 (6o, Bo) - => > Ma‘zaquGuo(ﬁo,Bo) > Hb{ ', B H B (Bo, Bo),
s>1 vot..tvs=v ki+...+ks=k—11=1 i=p+1
ptq=s VOGZd,Vq,’EZf ki>1

for all k > 1 and all v € Z?, then (3.1) turns out to be a formal solution to the range equations (2.13).
Note that we can see the formal expansion (2.9) as obtained from (3.1) by solving the bifurcation
equation (2.8¢c) and further expanding By = By(¢).

One could easily prove that (3.1) is formally well defined, that is that the coefficients bt¥} (¢; 8y, Bo)
and B{k}(t; Bo, Bo) are well defined to all orders k > 1; for instance one could adapt the forthcoming
diagrammatic formalism (which would rather simplify with respect to the discussion below). Unfor-
tunately the power series may not be convergent — as far as we know —, so we have to look for a
different approach: we shall see how to construct a series, convergent if 3y, By are suitably chosen,
whose formal expansion coincides with (2.9). To this aim we shall introduce a convenient graphical
representation for the coefficients of such a series. We start by introducing some notations.

A graph is a set of points and lines connecting them. A tree # is a connected graph with no cycle,
such that all the lines are oriented toward a unique point (root) which has only one incident line ¢y
(root line). All the points in a tree except the root are called nodes. The orientation of the lines in
a tree induces a partial ordering relation (<) between the nodes and the lines: we can imagine that
each line carries an arrow pointing toward the root. Given two nodes v and w, we shall write w < v
every time v is along the path (of lines) which connects w to the root. When drawing a tree, we shall
put the root to the extreme left so that all the lines (and the corresponding arrows) will be directed
from right to left; see Figure 3.1.
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Figure 3.1: A tree with 14 nodes.

We denote by N(6) and L(#) the sets of nodes and lines in 6 respectively. Since a line £ € L(#) is
uniquely identified by the node v which it leaves, we may write £ = £,,. We write £,, < £, if w < v and
w <L =4, if w < v;if £ and ¢’ are two distinct comparable lines, i.e. ¢ < ¢, we denote by P (¢, )
the (unique) path of lines connecting ¢ to ¢, with £ and ¢ not included (in particular P(¢,¢") = () if ¢/
enters the node ¢ exits).

Given a tree 6 we associate labels with the nodes and the lines of 6, as follows.

With each node v € N(f) we associate a mode label v, € Z%, a component label h, € {3, B}
and an order label k, € {0,1} with the constraint that k, = 1 if h, = B or v, # 0. With each line
¢ = {, we associate a pair of component labels (eq,u) € {3, B}?, with the constraint that u, = h,,
and a momentum v, € Z<, except for the root line which can have either zero momentum or not, i.e.
vy, € Z%. For any line ¢, we call e, and u, the e-component and the u-component of ¢, respectively

We denote by p, and ¢, the numbers of lines with e-component 5 and B, respectively, entering
the node v and set s, = p, + qy. If ky, = 0 for some v € N(0) we force also p, = 0 and ¢, > 2.

We impose the conservation law

vy = Z vy (3.2)
v=<{
and we call order of 6 the number

KO)= > k. (3.3)

vEN(0)

Finally, we associate with each line £ also a scale label ny such that n, = —1 if v, = 0, while
ng € Zy if vy # 0. Note that one can have ny = —1 only if £ is the root line of 6.

In the following we shall call simply trees the trees with labels and we shall use the term unlabelled
tree for the trees without labels.

We shall say that two trees are equivalent if they can be transformed into each other by continuously
deforming the lines in such a way that these do not cross each other and also labels match. This
provides an equivalence relation on the set of the trees. From now on we shall call trees tout court
such equivalence classes.

A subset T C 6 will be called a subgraph of 6 if it is formed by a set of nodes N(7') C N(6) and a
set of of lines L(T") C L(0) connecting them (possibly including the root line of ) in such a way that

11



N(T)UL(T) is connected. We call order of T' the number

ET)= > k. (3.4)

veN(T)

We say that a line enters 7' if it connects a node v ¢ N(T') to a node w € N(T) and we say that a
line exits T if it connects a node v € N(T') to a node w ¢ N(T'). Of course, if a line £ enters or exits
T, then ¢ ¢ L(T). If 0 is a labelled tree and T' a subgraph of 6, then 7" inherits the labels of 6.

A cluster T on scale n is a maximal subgraph of a tree 6 such that all the lines have scales n’ < n
and there is at least one line with scale n. The lines entering the cluster 7" and the line coming out
from it (unique if existing at all) are called the external lines of T. An example of clusters is in Figure

32 |
(o /«) y

Figure 3.2: Example of clusters: (a) a tree 6 is represented with (only) the scale labels associated with its lines;
(b) the clusters in 6, corresponding to the same assignment of scale labels, are drawn.

A self-energy cluster is a cluster T such that (i) 7' has only one entering line ¢/, and one exiting
line 7, (ii) one has vy, = vy and hence

> =0 (3.5)
veN(T)

Self-energy clusters will be represented graphically as in Figure 3.3. Examples of low order self-energy
clusters are given in Figure 3.4.

ni /\ n2
n
tr \/ 48
T

Figure 3.3: Graphical representation of the self-energy clusters 1" on scale n; by construction ny,ne > n-+1 and
vy = vy . Note that neither £ (the entering line) nor {7 (the exiting line) belong to L(T).

For any self-energy cluster T, set Pr = P ({7, /). More generally, if T" is a subgraph of 6 with only
one entering line ¢ and one exiting line ¢, we set Pr = P(¢,¢'). We shall say that a self-energy cluster
T is on scale —1, if N(T') = {v} (with of course v, = 0), so that Pr = (). If a self-energy cluster is on
a scale n > 0 then |N(T)| > 2 and k(T) > 1, as is easy to check.
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Figure 3.4: Self-energy clusters T' with their external lines 1 (exiting line) and ¢/ (entering line), for |N(T)| =1
(case (a)) and |N(T)| = 2 (cases (b) and (c)), Note that in case (a) one has either k(T) = 0 or k(T) = 1, while
in cases (b) and (c) one has either k(T") =1 or k(T') = 2; in all cases, when k(T) < |N(T')|, one node v € N(T)
has k, = 0. The scale of T'is n = —1 in case (a) and can be any n € Z, in cases (b) and (c).

Remark 3.1. Given a self-energy cluster T, the momenta of the lines in Pr depend on vy, because
of the conservation law (3.2). More precisely, for all £ € Pr one has v, = v/ + vy, with

0 § :
Vg == wa

weN(T)
w=<{

while all the other momenta in T" do not depend on vy

We shall say that two self-energy clusters 17,75 have the same structure if setting vy =vy =0
1 2

one has T7 = Ts. This provides an equivalence relation on the set of all self-energy clusters. From now
on we shall call self-energy clusters tout court such equivalence classes.

A renormalised tree is a tree in which no self-energy clusters appear; analogously a renormalised
subgraph is a subgraph of a tree § which does not contains any self-energy cluster. Note that if T" is a
renormalised self-energy cluster and N(7T') > 2 then k(T') > 2.

Given a tree 6 we call total momentum of 6 the momentum associated with ¢y and total component
of 6 the e-component of ¢9. We denote by @Ev,h the set of renormalised trees with order k, total
momentum v and total component h; the set of renormalised self-energy clusters T' on scale n such
that uy, = u and ey = e will be denoted by Ry, e

Lemma 3.2. Let T' be a subgraph of any tree 8. Then one has |[N(T)| < 3k(T) — 1.

Proof. We shall prove the result by induction on k = k(7). For k = 1 the bound is trivially satisfied
as a direct check shows. Assume then the bound to hold for all ¥ < k. Call v the node which /1
(possibly ¢y) exits, ¢1,...,{s, the lines entering v and 71, ..., Ty, the subgraphs of T with exiting lines
ly,...,Ls,. If ky =1 then by the inductive hypothesis one has

IN(T)| =14 > IN(T)| < 1+3(k—1) — 0.
=1
If £, = 0 one has s, = ¢, > 2 and hence
qv
IN(T)| =14 > IN(T)| < 1+ 3k — qu.
=1

so that in both cases the bound follows. ]
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Remark 3.3. For any subgraph 7', one has

ST sy LT+ 1< [N(T)| +1< 3K(T).
veN(T)

In particular ¢y g) v < 3k(0).

For any f € OF , we associate with each node v € N () a node factor

(1
D 'q ‘agva]qnguv(ﬁO,BO), hv = Ba ]{71} = 13
1
Fo = Fu(Bo, Bo) := ;aq’JWQ(BQ), hy, = B, ky, =0, (3.6)
1
10808 Gu (Ao, Bo). by = Bk, = 1.

With each line ¢ = ¢, we associate a propagator gﬁ’;ﬁlé (w - vy;e, Po, By) defined recursively as follows.

Let us introduce the sequences {m,py}tn>0, with mo = 0 and, for all n > 0, mp41 = my +
pn + 1, where p, 1= max{q € Z; : oy, (w) < 2am,+¢(w)}. Then the subsequence {ay, (w)}n>0
of {am(w)}m>o is decreasing. Let x : R — R be a C* function, non-increasing for > 0 and
non-decreasing for x < 0, such that

0, |z| > 1.

(@) = { Lo l=l<1/2, (3.7

Set x_1(z) = 1 and xn(z) = x(8x/am,(w)) for n > 0. Set also ¢¥(z) = 1 — x(z), ¥n(z) =
Y8z /am,, (w)), and ¥y (z) = xn—1(x)¢n(z), for n > 0; see Figure 3.5.

Wy(z) Wy (z) Wo(z)
am; a;nl ar;u gb afd xr
16 16 8 16 8

Figure 3.5: Graphs of some of the C* functions ¥, (x) partitioning the unity in R\ {0}; here o, = apm(w).
The function xo(x) = x(8x/ap) is given by the sum of all functions ¥, (x) for n > 1.

Lemma 3.4. For all x # 0 and for all p > 0 one has

Pp(x) + Z U, (z)=1.

n>p+1
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Proof. For fixed x # 0 let N = N(z) := min{n : x,(x) = 0} and note that max{n : ¥,(z) =0} <
N —1. Thenifp< N -1

Yp(z)+ Y Un(x) = ¢n_1(z) + xv-1(x) =1,

n>p+1

while if p > N one has

Uplx) + Y Wu(x) = yla) = 1. n
Then for n > 0 we set formally nep

gg?,]g(l’§57507B0) ggrf]B(x;E,/Bo,Bo)
G (¢, Bo, By) =
Gys(wie, o, Bo) gy p(x3e. o, Bo) (3.8)

-1
= W) ()1~ M ase o, Bo))
where (here and henceforth) 1 is the 2 x 2 identity matrix and
M (e, By, By) Z Xq(2) M9 (z; ¢, By, By), (3.9)
qg=—1
where, for n > —1, M (z;¢, By, By) is the 2 x 2 matrix

Mgrf]ﬁ(x;gaﬁ()aBO) MIg:L]B(fU;E,ﬁo,Bo)

, (3.10)
M][;]g(l’;&ﬁmBo) ML (x3e. o, Bo)

M (x: ¢, By, By) =

with formally

M (e, Bo, Bo) = Z D)y p(w;e, Bo, Bo), (3.11)
TERm e

and ¥ p(x;e, Bo, Bo) is the renormalised value of T, defined as

¥ r(aie. fo, Bo) : ( I1 f)( I1 gﬁ?fie(w'w;aﬁoﬁo))- (3.12)

veEN(T LeL(T)

Here and henceforth, the sums and the products over empty sets have to be considered as zero
and 1, respectively. Note that ¥ 1 depends on € — because the propagators do —; moreover it depends
onzr=w- vy only through the propagators associated with the lines ¢ € Pr (see Remark 3.1).

Set M := {M[(z;¢, Bo, Bo)}n>_1. We call self-energies the matrices M (x;¢, o, Bo).
Remark 3.5. One has
1 1 -1
0eGL (s €. o, Bo) = <g[n](x;€,5o,Bo)acM[n (a:2, Bo, Bo) ()1 — M (ase, o, Bo)) )

)

for both ¢ = By, By.
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Setting also g[*”(o; g, Bo, Bg) = 1, for any subgraph S of any 6 € @;cz,u,h define the renormalised

value of S as
V(Sse, Bo, Bo) < 1T f)( 11 ggﬂg(‘*"w;&ﬁo,Bo)) (3.13)

vEN(S) LeL(S)
We define
b[ ](6 BO,BO Z 4// 0 15 ﬂQ,Bo) B[ ](6 ,Bo,BQ Z a// 9 g, ,Bo,BQ) (314)
0€®7§V 8 ‘969112,,/,3
for any v # 0, and
®ol(e, 00, Bo) = Y. V(0ic,0.Bo),  Tol(e,fo,Bo):= Y. ¥(bic,fo,Bo).  (3.15)
06@}}0 8 966}}0 B

Set (again formally)
(t g, ,Bo,B() ZE Z elVWtb[ E ﬁQ,Bo)

k>1 vezd
o, (3.16)
BR(t;¢, o, By) : ZE Z "By (e, Bo, Bo),
k>1 uEZd
and .
O (c3 0, Bo) = " @) (e, fo, Bo),  T(e: B0, Bo) = Y "o (e, o, Bo). (3.17)
k>0 k>0

and define R (t; ¢, Bo, Bo) = Po + b (t; ¢, Bo, Bo) and BR(t;¢, By, Bo) = By +§R(t;£,,80, By). Set also
@Z;jh ={0 ¢ @Ey’h :ng <nforall £ € L(#)} and define

" (e; Bo, Bo) : ZE Z Y (0;¢, Bo, Bo),

k>0 96950”5)

T5"(e3 80, Bo) =Y " Y V(e B0, Bo).

> R,
k20 geol s,

(3.18)

Remark 3.6. One has

€05, Fo(fo, Bo) wy(Bo) + €0, Fo(fo, Bo)
MU (s, By, Bo) = MUY (a5 ¢, By, By) = ;
£05,Go(Bo, Bo) £0p,Go (o, Bo)

where w((Byg) # 0 for By close enough to By by Hypothesis 2. In particular MUz e, By, By) does
not depend on z and is a real-valued matrix.

Remark 3.7. If T is a renormalised self-energy cluster, then ¥ (T'; ¢, By, Bo) = ¥ r(w- Ve i€, Bo, By).

Remark 3.8. Given a renormalised tree 6 such that ¥ (0;¢, 5y, Bo) # 0, for any line ¢ € L(0) (except
possibly the root line) one has ¥, (w - v¢) # 0 and hence

amn[ (w)
16

ang71 (w)

<|w- vyl < 3 ,

(3.19)
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where a;, ,(w) has to be interpreted as +o0o. Note also that U, (w - v/) # 0 implies

1 1 1
|w : VZ| < 7amnl—1 (w) < Zamnz—l“l’pn[—l(w) = 7Oémn[71(w) < amnlfl(w)

8 4
and hence, by definition of a,,(w), one has [vy| > 2™ =1, Moreover, by the definition of {a,, (w)}n>0,
the number of scales which can be associated with a line £ in such a way that the propagator does not
vanishes is at most 2. The same considerations apply to any subgraph of 6 and to any renormalised
self-energy cluster.

For any renormalised subgraph S of any tree # we denote by 9, (S) the number of lines on scale

>nin S and set
K(S):= > |vi|.
veEN(S)

Lemma 3.9. For any h € {3,B}, v € Z¢, k > 1 and for any 0 € Gﬁv,h such that ¥ (0;¢, Bo, Bo)
20, one has N, (0) < 2=~ K (8) for all n > 0.

Proof. First of all we note that if 91,,(6) > 1, then there is at least one line ¢ with ny = n and hence
K(6) > |vg| > 2™~ (see Remark 3.8). Now we prove the bound 9,,(f) < max{2~-(m~2 K (9) — 1,0}
by induction on the order.

If the root line of ¢ has scale ny, < n then the bound follows by the inductive hypothesis. If
ng, > n, call ¢1,...,¢, the lines with scale > n closest to ¢y (that is such that ny < n for all lines
€ Plyg,;),i=1,...,r). If r =0 then N, () = 1 and |v| > 2™~ so that the bound follows. If
r > 2 the bound follows once more by the inductive hypothesis. If » = 1, then ¢; is the only entering
line of a cluster T" which is not a renormalised self-energy cluster as 6 € 97757"7}1 and hence vy, # v.
But then

1
|w ’ (V - V€1)| < ‘w ’ V’ + |w ’ Vf1| < Eamn—l(w) < amn—1+pn—l(w) = O‘mnfl(w)’
as both fg and ¢; are on scale > n, so that one has K(T') > |v — vy, | > 2mn—1  Now, call 0; the
subtree of § with root line ¢1. Then one has M, (0) = 1 + N, (0;) < 1+ max{2- "= K (4;) — 1,0},
so that M, () < 2-(mn=2(K(9) — K(T)) <2~ ~2) K () — 1, again by induction. ]

Lemma 3.10. For any e,u € {3,B}, n > 0 and for any T € R, 4 such that V' r(x;¢, fo, Bo) # 0,
one has K(T) > 2™~ and N, (T) < 2= m=2K(T) for 0 < p < n.

Proof. We first prove that for all n > 0 and all T € R, e, one has K(T) > 2™~1 In fact if
T € Ry ue then T contains at least a line on scale n. If there is ¢ € L(T) \ Pr with n, = n,
then K(T) > |vg| > 2™»~1 (see Remark 3.8). Otherwise, let £ € Pr be the line on scale n which
is closest to ¢.. Call T the subgraph (actually the cluster) consisting of all lines and nodes of T'
preceding ¢. Then v, # vy, otherwise T would be a renormalised self-energy cluster. Therefore
K(T) > |ve—vy | > 2mn =L as both ¢, /. are on scale > n.

Given a tree 6, call C(n,p) the set of renormalised subgraphs T of § with only one entering line ¢/,
and one exiting line £7 both on scale > p, such that L(T') # () and ny < n for any ¢ € L(T). Note that
Ryue C C(n,p) foralln,p > 0and u,e € {By, Bo}. We prove that M,(T) < max{K (T)2~"»~2) —1,0}
for 0 <p<mandall T € C(n,p). The proof is by induction on the order. Call N(Pr) the set of nodes
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in T' connected by lines in Pp. If all lines in Pz are on scale < p, then 0N, (T") = N, (01)+...+Np(6,) if
01,...,0, are the subtrees with root line entering a node in N(Pr) and hence the bound follows from
(the proof of) Lemma 3.9. If there exists a line £ € Pp on scale > p, call T; and Ty the subgraphs of
T such that L(T) = {¢} U L(Ty) U L(T5). Note that if L(T}), L(T) # 0, then T, T € C(n,p). Hence,
by the inductive hypothesis one has

N, (T) =1+ Ny (T1) + Ny (T2) < 14 max{2- "™ DK (T}) — 1,0} + max{2~ (™2 K(Ty) — 1,0}.
If both M,(T1), N, (Ts) are zero the bound follows as K (T) > 2™~ while if both are non-zero one
has M,(T) < 27 =2(K(T1) + K(Ty)) — 1 = 2~ (Mo~ 2)K(T 1. Finally if only one is zero, say
N, (T1) # 0 and N,(T) = 0, then N,(T) < 2~ DK (Ty) = 2= =2 K(T) — 2" ~2K(T3). On
the other hand, in such a case T is a cluster and hence v, # vy Wthh implies K(Ty) > 2™r~1. The
same argument can be used in the case M, (71) = 0 and M, (T ) ]

Remark 3.11. Inequality (3.19) has been repeatedly used in the proof of Lemmas 3.9 and 3.10. In

fact the proof works — as one can easily check — under the weaker condition that

Oy, (w) Xy, 1 (w)

32 4

as long as ¥y, (w - vy) # 0. This observation will be used later on (see Lemma 4.6 below).

< w vyl < (3.20)

4 Convergence of the resummed series: dimensional bounds

Now we shall prove that, under the assumption that the propagators gL’ﬂ (w-v;e, By, By) are bounded
proportionally to 1/(w - v/)?, the series (3.16) converge and solve the range equations (2.13). Then,
in the next section, we shall see that the assumption is justified at least along a curve (By(e), Bo(e))
satisfying also the bifurcation equations (2.8c) and (2.8d). We shall not write the dependence on
g, Bo, Bo unless needed.

Definition 4.1. We shall say that M satisfies property 1 if one has
U () ‘det ((ix)]l — MM (g;))\ > W, (2)22)/2,
for alln > —1.
Definition 4.2. We shall say that M satisfies property 1-p if one has
Ut () ‘det ((ix)]l i (m))‘ > W, (2)22)2.
for =1 <n <p.

Lemma 4.3. Assume M to satisfy property 1-p. Then, for 0 < n < p and € small enough, the
self-energies are well defined and one has

|MI ()] < Je] Kye 522" (4.1a)
2 M" ()] < |e| C; o= Ca2™, j=12, (4.1b)

for some constants K1, Ko,Cq,C2,Cy and Cs.
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Proof. We shall prove first (4.1a) by induction on n. Let n < p and T' € R,, ;.. The analyticity of
F,G and wy implies that there exist positive constants F, Fy, & such that for all v € N(T') one has

|\ Fy| < FyFyve vl

Note that

H o~ x€lvel — exp ( — iEK(T)) < exp ( _ ég 2mn)’

veEN(T)

by Lemma 3.10. Moreover by property 1-p and the inductive hypothesis, one has (for instance)

G531 < 5 (jial + MY 5 @)) 2 )
n'—1
< = <|x] + P + \E| K Z e K22™ q>\Ifn/(a;) <o m,, (cu)*2
q=0

for all 0 < n’ < n and for a suitable constant -y, where we used that any renormalised self-energy
cluster T on scale > 0 has k(T') > 2 and that there exists P; > 0 such that |/\/lf[u_,e”| < P; (see Remark

3.6). Of course one can reason analogously for g};’;(x), g}_;“};(x) and leg (x), possibly redefining .
Hence by Lemmas 3.10 and 3.2 one can bound

(1) L\ N T
<) < (0l) I ()

e L(T) q=>0 g=no+1

1/2 2—(mq—3)K(T)
Yo )

with 12
Yo 1 Yo
D(ng) = ——, £(no) =8 log :
Amyp, (w)2 anZO_H 2™Maq Amy, (w)

Then, by Hypothesis 1, one can choose ng such that {(ng) < /2. Furthermore, Lemma 3.2 ensures
also that the sum over the other labels is bounded by a constant to the power k(T") and hence one can
bound, for some positive constants C' and K,

M@ < S D @) < Y eFDCHDe KoK (D) < 37 ghgke K22 (4.9)

TERR, u,e TeRn,u,e k>2

with Ky = Ky/2, then (4.1a) is proved for ¢ small enough. Now we prove (4.1b), again by induction
on n. For n = 0 the bound is obvious. Assume then (4.1b) to hold for all ' < n. For any T' € R, 4.¢
such that #r(z) # 0 one has

O V() = 3 H Fol | 0674, (o) T[ Glath(w - wer)] (4.3)

tePr \veN(T veL(T)\{}
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where :):g:w-w:x+w-u2 and
] 4 Gind . YO : e 1)
0,G" () = %g (w vy +z)=0;V,,(x) ((1334)11 - M (l’g))
)
— Wy, (z0) ((ia:)]l — M1l (xg)) (111 — gy M1l (xg)) .

One has
B
amn[ (w) ’

for some constant By and, by (4.1a), the inductive hypothesis and Hypothesis 1,

|a:r\png($€)| < |(‘9an571($€)| + ’a;ﬂﬁnz(l’gﬂ <

ne—1 ne—1

0. MEE (@) < 1(@axg () M (20)] + Z |0, M (
=0

1

< le| BiK1 ) E_K22mq + el Ch 26_012mq < le[ Bz,
=0 Cma(@) 40

for some constant By. Hence the differentiated propagator 6;593%6 (x¢) can be bounded by
Y1, (w)~* for some constant ;. Possibly redefining the constant 1, also the propagators of the
lines ¢/ # ¢ in (4.3) can be bounded by v; O, (w)~%, and hence, at the cost of replacing the previous
bound Yo, (w)~2 for the propagators GI™(z) with ~a,,, (w)~*, one can reason as in the proof of
(4.1a) to obtain (4.1b) for j = 1. For j = 2 one can reason analogously. |

Remark 4.4. From the proof of Lemma 4.3 it follows that if M satisfies property 1-p the matrices
M(z) and GI"(x) are well defined for all —1 < n < p. In particular there exists 7o > 0 such that

|g£"ql(a:)\ < 40 O, (w) 72 for all 0 < n < p. Moreover if M satisfies property 1, the same considerations
apply for all n > 0.

Lemma 4.5. Assume M to satisfy property 1-p. Then one has
M (—z) = M) (z)* (4.4)
for all =1 < n <p.

Proof. We shall prove the result by induction on n. For n = —1 the result is obvious; see Remark
3.6. Assume (4.4) to hold up to scale n — 1. Then, by definition, one has also Gl9(—z) = Gld(z)*
for all 0 < ¢ < n. For any renormalised self-energy cluster 7' contributing to M (x), consider the
renormalised self-energy cluster 7" obtained from 7' by replacing the mode labels v, with —v, and
changing the sign of the momentum of the entering line. Then the node factors are changed into their
complex conjugated, and this holds also for the propagators because of the conservation law (3.2).
Then ¥ v(—x) = ¥ r(x)*. This is enough to prove the assertion. ]

Lemma 4.6. Assume M to satisfy property 1-p. Then, for 0 < n < p and € small enough, one has

MY (z) — MEY0) — 2 0, MIL(0)] < |e| Kge K42 o2 (4.5)

u,e

for some constants K3 and Kjy.
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Proof. For x? > |¢| the bound follows trivially from Lemma 4.3: thus, we may assume in the following
22 < |eg|. Consider a self-energy cluster T whose value ¥ 1(x) contributes to Mq[fﬂ(x) through (3.11)
and set Ap(z) = ¥ r(z) — ¥ 1(0) — 2 0, ¥ 1(0). Define also

n=min{n € Zy : K(T) <2™}.

Let us distinguish between the two cases: (a) 2™~ ! < K(T) < 2™ and (b) 2™t < K(T) < 2mn— 1,

In case (a), if o, (w) < 4|z| then one can bound |Ar(z)| < | ¥ r(z)|+ | ¥ 1(0)| + |x 0z ¥ 1(0)]. As
soon as W, (w-vy) # 0 for all £ € L(T), by (the proof of) Lemma 4.3 — see in particular (4.2) — each
contribution can be bounded as

| F(T) O KoK (T) < ‘E‘k(T)Cke—(KO/Q)K(T)e—(KO/z)zanl

< ‘E|k(T)Ckef(Ko/Q)K(T)amﬁ(w)Z <16 x2’€’k(T)Cke*(Ko/4)2m"_

If on the contrary a,.(w) > 4|z|, one can reason as follows. For any line ¢ € L(T) one has |v)| <
K(T) < 2™ and hence |w - 9| > ay, (w). Then for all 7 € [0, 1]

) 3
E‘w-vg‘ > |w-v2‘+\x| > }w-v?—i—mv‘ > ‘w'ug}—m > Z‘w-u%.
In particular (5/4)|w - 9| > |w - vy| > (3/4)|w - v)| and therefore
1
2\w-ug|2}w‘ug+7$‘2§|w~ud. (4.6)

This implies that the sizes of the propagators in ¥ r(tx) ‘do not change too much’ with respect to
Yr(x): in particular (3.19) yields the bound (3.20) and hence, by Remark 3.11, Lemmas 3.9 and
3.10 still hold, so as to obtain |92 ¥ p(tx)| < C'(C")FT)e=K22"" wwhere ) denotes the derivative with
respect to the (only) argument, for some constants C’ and C”. Then

1
Ar(2)] < [o? / dr (1= 7) 02 ¥ p(rz)| < 22C'(C")re K™ (4.7)
0

By summing over all possible self-energy values contributing to Mq[ﬁ]a (z) the bound (4.5) follows.

In case (b), if ap._, (w) < 8|z| then one can bound |Ar(x)| < | ¥ ()| + | ¥7(0)| + |z 0z ¥ 1(0)]
and use that K(T') > 2™7-1 to obtain

o~ (Ko/DK(T) < o=(Ko/22™™ 1 < (1,)2 < 6422,

If ., (w) > 8|z], for any line £ € L(T) one has [9| < K(T) < 2™7~! and hence
‘w ’ Vg‘ = O‘mﬁ—l(w) > Eamﬁfl(w)'

Then one can reason as done in case (a) and obtain (4.6) for all ¢ € [0, 1]: in turn this yields the bound
(4.7) and hence the bound (4.5) follows once more. n

Remark 4.7. From (4.1) and Lemmas 4.5 and 4.6 it follows that if property 1-p (respectively
property 1) is satisfied then for all n < p (respectively for all n > —1) one has MM (z) = MM (0) +
DuMIM(0)z + O(ex?), where MM (0) is a real-valued matrix, while 9, M[™(0) is a purely imaginary
one. In particular this implies that if ¥, (z) |22 — det(M[M(0))] > U, 41 (2)22/2 for all =1 < n < p
(respectively for all n > —1) then property 1-p (respectively property 1) holds.
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The following result will be crucial to check, in the forthcoming Section 5, that property 1 is satisfied
by M. The proof follows the lines of that for Lemma 4.8 in [19] and it is deferred to Appendix A (see
(3.18) for the definition of @Z,z’p and I‘Z)z’p ).

Lemma 4.8. Assume M to satisfy property 1-p. Then

05,26 + eppp OB Po” + eppn
MP(0) = : (4.8)
93 Ta” +epps Onlo” +eppn

with |ep el < €] Aje= 422" e = 3, B, for suitable positive constants Ay and As.

Lemma 4.9. Assume M to satisfy property 1. Then the series (3.16) and (3.17) with the coefficients
given by (3.14) and (3.15) respectively, converge for ¢ small enough.

Proof. Let 0 € @EU 5- By Remark 4.4 one can bound |Q£ni(x)] < 40 Qm,, (w) 2 for all n > 0 and hence
by Lemma 3.9 one can reason as in the proof of the bound (4.1a) so as to obtain

S 17(9)] < CoChe 12,

0cOf,
for some constants Cy and Cy, which is enough to prove the assertion. [

Lemma 4.10. Assume M to satisfy property 1. Then for ¢ small enough the function (3.16), with
the coefficients given by (3.14), solve the equations (2.13).

Proof. We shall prove that, the functions ™, B® defined after (3.17) satisfy the range equations (2.13),
i.e. we shall check that f® := (b7, BR) = gZ(wt, f7), where g is the pseudo-differential operator
with symbol g(w-v) = 1/(iw-v)1 and E(wt, f7) := (w(BR®)+eF(wt, %, B®),eG(wt, 8%, BR)). We
can write the Fourier coefficients of b™ and B as

R=S"u, W= N v,

n>0 k21 6cOf, 5(n)
BR=S"B, BI=< S v,
n>0 k=1 6e0F, 5(n)

where @ﬁu,h(n) is the subset of Gﬁu,h such that ng, = n. Set also @Ey(n) = @ﬁuﬁ(n) X @ﬁV,B(n)
and, for 7 = (6,0') € @?j’u(n), define ¥ (1) := (¥(0), ¥ (0")).

Using Lemmas 3.4 and 4.9, in Fourier space one can write

9w v)EWt, [P = g(w - v) Y Un(w-v)[E(wt, [P

n>0

=g(w-v) Y Vu(w-v)(G"(w-v) G (w - v)[E(wt, [P

n>0
=g(w-v) Z ((iw )1 = M (. V)) Zsk Z v (1),
n>0

k=1 TE@QV (n)
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where @ﬁy(n) differs from ©F (n) as it also includes couples of trees where the root line of one or
both of them is the exiting line of a renormalised self-energy cluster. If we separate such couples from
the others, we obtain

glw V)EWt, R, = g(w - v) [Z (Gw- )1 = M (w - v)) g7

n>0

n—1 n—1 p—1
+Y Uaw ) Y S MA@ ) Y ww )Y S M[(’](w-V)f.E”}]

n>0 p>nqg=—1 n>1 p=0qg=-1
_ o1
=g(w-v) Z ((iw )1 — M (. u)) f,[,n} + Z( Z M (w - v) Z U, (w - 1/)) f,[,p}]
[7>0 >0 \g=——1 n>g+1
B n—1
=g(w-v) Z ((iw )1 — M V> ol Z ( Z M9 (w - )y, (w - 1/)) ,[,n]]
Ln>0 n>0 \g=-—1
=g(w-v) Z ((iw )1 — M 1/)) f,[/n} + ZM["_”(w : V)f,[,n]] = Z f:[/n} = I,
Ln>0 n>0 n>0

so that the proof is complete. [ |

Remark 4.11. From Lemma 4.8 it follows that, if M satisfies property 1, one can define

M= () := lim M (z),

n—o0

and one has
aﬁoq)z}z 330‘1’62
M=l (0) = . (4.9)
85()Pz)Z 830F§
Note that (4.9) is pretty much the same equality provided by Lemma 4.8 in [19], adapted to the
present case.

Remark 4.12. If we take the formal expansion of the functions ®(e, 8o, Bo), I'& (e, Bo, Bo) and

MLCX.;] (05 &, Bo, Bo), u,e € {8, B}, we obtain tree expansions where the self-energy clusters are allowed,;
see Section 6 where such a situation is discussed for the Hamiltonian case. Then it is easy to prove
the identity (4.9) to any perturbation order; in particular, if one expands

ko—1 ko—1 (k) ko—1
det(Z ek [M[oo] (0;6750,§0 + Z ehB(()h) + O(Eko))] ) = Z ghgh) 4 O(Eko),
one has §(F) = §(*) () = 0 for all k = 0,... ko — 1, if the coefficients B(()h) = B(()h) (Bo) are defined as in
(2.10). Moreover, for such an expansion, if one writes
ko—1 ko—1 (k) ko—1
det(Z ek [MW (0,0, Bo+ >_ "B + 0(5%))] ) =Y M+ o)

k=0 h=1 k=0
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one has

ko—1
Z o) | < AjeA22™"
k=0

for some positive constants A1, As. However, under Hypotheses 1, 2 and 4, we are not able to prove
the convergence of the series and we need to introduce some resummation procedure to give a meaning
to the series.

Lemma 4.13. Assume M to satisfy property 1. Then there exists By = Bo(e, fo), C* in both ¢, By,
such that By(e, Bo) — Bo for e — 0 and ®F (e, Bo, Bo(e, 80)) = 0 for any By and e small enough.

Proof. One has ®}(¢; B0, Bo) = wo(Bo)+0(e) and it is C*° in its arguments because of the assumption
that M satisfies property 1. Then, by Hypothesis 2 one can apply the implicit function theorem to
obtain the result. In particular one has

ko
Bo(e, fo) = Bo+ Y "B§" (Bo) + O(eko+h),
h=1

where the coefficients B(()h) (Bo) coincide with those defined in (2.10). ]

Given zg € R and an interval (a,b) C R such that zp € (a,b), we call half-neighbourhood of xg
each of the two intervals (a, zg) and (xg,b).

Lemma 4.14. Assume M to satisfy property 1 and set g(e, By) = Fz)z(a; Bo, Bo(g, Bo)), where By(e, o)
is the C*° function referred to in Lemma 4.13. Then there exists a continuous curve By = Bo(e)
such that g(e, Bo(e)) = 0 and moreover, at least in a suitable half-neighbourhood of € = 0, one has

det (M>)(0; ¢, Bo(e), Bo(e, Bo(€)))) < 0.

Proof. Using the same argument in the proof of Lemma 4.11 in [19], as property 1 and Hypothesis
4 imply g(e, By) = ko (F(()ko)(ﬂo) + O(a)) and w)(By(e, o)) has the same sign of w)(By) for & small

enough, one can find a continuous curve Sy = [By(¢) defined at least in a suitable half-neighbourhood
of ¢ = 0 such that g(e, Bo(¢)) = 0 and 9p,9(e, Bo(e))w)(Bo(e, Bo(e))) > 0. Moreover one has

95,9(e, Bo) = 02T (5 Bo, Bo(e, Bo)) + 9T (5 Bo, Bo(e, Bo)) s, Bo(e, Bo),

(recall that 0; denotes the derivative with respect to the j-th argument), so that

det (MI)(0:2, (o), Bole. fo()))) = ~03n9(e, Bo(€)) (wh(Bo(e: Bo(e))) + O(2))

and then the assertion follows. In particular if ko is even, the curve fy(e) above can be defined in a
whole neighbourood of € = 0. |

By the results above it follows that, if property 1 is satisfied, choosing By = Sy(¢) and By =
By(e, fo(e)) as above, the series (3.16) solve the equation of motion (2.1).

In the forthcoming Section we shall prove that M satisfies property 1, at least along a continuous
curve C(g) := (Bo(€), Bo(e, Bo(e))) satisfying ®F (e;C(e)) = T (e;C(e)) = 0, adapting the analogous
proof in [19].
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5 Convergence of the resummed series: fixing the initial phase

In this section, we shall complete the proof of Theorem 2.2 by showing that, under Hypotheses 1, 2
and 4, by suitably choosing 3y, By, then M turns out to satisfy property 1.

Define the C'°*° non-increasing function £ such that

1, x<1/2
= 5.1
£(@) {0’ o 6.1)
and set £ _1(z) = 1 and &,(z) = £(282/a2, 1)) forall n > 0. Set also
ko—1
Bo(e, fo, BY) := Bo+ y_, "By (o) + ™ By (5.2)
h=1

where the coefficients B((]h) (Bo) are defined as in (2.10) and kg is as in Hypothesis 4. For all n > 0 we
define recursively the regularised propagators as

" =G (e, Bo, BY) = W (x) ((ix)ﬂ — M (s e, o, Bé)in—1(An_1))_ : (5.3)
where
./\/l[n U (x;5¢, Bo, BY) Z Xq(z M[q] (w5€, Bo, B), (5.4)
q=-1

with the 2 x 2 matrix 79 (x; €, Bo, By)) defined so as
M[q] (z3¢, Bo, BY) := Z PG (e, Bo, BY), (5.5)
Temq,u,e

where

Vo(x;e, Bo, BY) ( 11 ]—")( 11 gew> (5.6)

veEN(T LeL(T
with F, = Fo(Bo, Bo(e, Bo, Bp)) and

ko—1

An-1 = A_1(e, Bo, BY) = D1, fo, BY) = 3 & [Dua(e, Bo, By,
k=0

with S
Dn1(c, Bo, Bl) := det (M["* }(O;e,ﬁo,B(’))> .

For any 0 € @Eyh, define also, for all k >0, v € Z¢, h = 3, B

soemy:=( 11 7)( IT 92.)

veEN(T LeL(T
Finally, set M := {M" (21, fo, B)) bns—1 and M = (M (3, Bo, BY)én(Dn) bns1.
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Lemma 5.1. For € small enough, ﬂé satisfies property 1.

Proof. We shall prove that ﬂg satisfies property 1-p for all p > 0, by induction on p. For p = 0 it is
obvious if ¢ is small enough. Assume then that ﬂg satisfies property 1-p. Then we can repeat almost
word by word the proofs of Lemmas 4.3 and 4.5, so as to obtain

1
MP (3¢, Bo, BY) = MPN 05, Bo, BY) + 2 8, M (052, Bo, BY) + a?2/ dt (1 — t) %M "™ (tas e, Bo, BY),
0

with ﬂ[p] (0;¢, Bo, B)) a real-valued matrix, (%ﬂ[p}((); e, Bo, B)) a purely imaginary one and

1
xz/ dt (1 —1¢) agﬂ["] (tz;e, Bo, By)| < Clel=?
0

for some constant C', by Lemma 4.6. Then we only have to prove that — see Remark 4.7 —

x2

Upi1(z) |2 = Dy(e, Bo, Bo)ép(Ap)?| = Vppa (z) = 5

Note that, by the definition of A, one has

ko—1 ko—1
Z Sk [Dp(g)ﬁ[)a B(/))] *) = Z 5k61(7k)
k=0 k=0

with the coefficients 61(,k) as in Remark 4.12, and hence M satisfies property 1-(p+1) by the definition

of the function &,. ]
Set o o
M[Oo](x;s,ﬁo,B(’)) = nlggo M[n] (z;¢, Bo, By), (5.7)
and define
(e, Bo, BY) :Z Z V(0,580 By),  T(c,80,By) = "> F(0,e,60,By). (58)
K20 4, k20 60F,

Lemma 5.2. One has

[P(eaBOvB(l))](k) = [sz(gaﬁ07BU(57B0’B(l)))}(k)7 P = (I),F,
forallk=0,... ko.

Proof. Set @ ={0 ¢ @ p - 30 € L(0) such that n, = n} and write

Ple,Bo,By) =Y "> > F(0,¢, 5, By),

k>0 n>0 06@;?(”,1
0

with h = 8, B for P = ®,T", respectively, and note that if 0 € © R(n })L one has

I 1712 BP0l
veEN ()
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for some constants F1, Fo. Moreover one can write formally

G (@) = Wy (@)gn, 1 (@) (1 + Y (g1 @M (i, Bo, B)np1(Bn,1)) ),

m>1
with L
_ 1 iz wO(BO)gngfl(Angfl)
gne—1®) = 52 (0 iz
and

—~— _ — 0 (B,
M=l (e By, BY) = M l](xséyﬁo,Bé) - (8 wO(fO)> =0(e),

and we can write &,,—1(Ap,—1) = 1+ &),, 1(A*)A,, 1 for some A*, where A, = O(¢*) and

Es Es

[€ne-1 (AT < Oy, (w)? = U, (W)?2

for some positive constant F3 independent of n. Hence the assertion follows. [

Introduce the C* functions ®(e, B, Bo), (6,50,30), I'(¢, By, By) and f(s,ﬁo,Bo) such that
(1 the first kg coefficients of the Taylor expansion in e of both i)(a,ﬁo,Bo(a,BO,Bé)) and
P(e , Bo, Bo(e, Bo, B})) coincide with those of (e, 8y, B),
(2) the first ko coefficients of the Taylor expansion in e of both T'(e, Bo, Bo(e, Bo, BY)) and
F(s Bo, Bo(e, Bo, BY)) coincide with those of T'(g, By, B}),
(3) one has

. 2% (<, Bo, Bo(e, Bo, By)) 3% (e, Bo, Bo(e, o, By))
M 06, 60, By) = | B : (5.9)
82F(5750>BO(53507B6)) 63F(5760730(6a507B(/)))

_ Define also, for all n > —1 the C° functions @n(s,ﬁg,Bo), 21371(5,50,30), fn(e,ﬁo,Bo) and
T',.(e, Bo, Bo) such that

L 82@71(6,50,_80(6,30,36)) 635n(65607B0(57ﬁ07B(l)))
M"(0;e. o, BY) = . (50)

02T (e, Bo, Bo(e, Bo. BYy))  9sTu(e, Bo, Bole, Bo, BY))

and

|Pu(e, Bo, Bo(e, o, By)) — P(e, Bo, Bo(e, Bo, BY))| < Ple|e 22" P=& & I\I, (5.11)

for some constants Ap, Bp. Then, by reasoning as in the proofs of Lemmas 4.13 and 4.14, we can find
Bo = Bo(a Bo) and ﬁo = 60( ) such that

(i) (5 Bo, Bo(e, Bo, Bo(e Bo))) = 0 for all By and ¢ small enough,

(ii) T'(e,, Bo(2), Bo(e, Bole ), Bo(e, Bole )))) = 0 for all £ small enough and

(111) 63(1)(5 ,Bo,BQ(E ﬂo,Bo( ﬂ )))650 (8 ,80,30(5 50,30(8 ﬂo |50 (e) > 0, at least in a suitable
half-neighbourhood of € = 0.
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Lemma 5.3. Set C(e) = (Bo(e),go(e,go(s))) with Bo(e, Bo) and 50(6) as above. Then, along C(¢)
one has &,(Ay,) =1 for alln > —1.

Proof. We shall prove the result by induction on n. For n = —1 it is obvious. Assume then §,(A)) =1
for all p = —1,...,n — 1 along C(e) and set C(c) = (50(6),30(6,5(6))). Hence g[p](x;e,é(s)) =
GWP)(z;e,C(e)) for all p = 0,...,n and thence A" (z;2,C(e)) = MI"(z;¢,C(e)). In particular M
satisfies property 1-n so that, using Lemma 4.8 one has

- 0225 " (e,C(e) +enpp 0380 " (,C(e)) + enpyp
M"™(0;¢,C(e)) = ,
aQFZ)z’n(& C(S)) + €n,B,p 83F§’n (57 C(E)) + €n,B,B

with |e,.u.e| < |e]A1e=422""* u e = B, B. On the other hand one has

02®(e, C(e)) = —03D(e, C()) gy Bo(e, Bo, Bole, Bo))

Bo=Po(e)’
0oL (e,C(e)) = D L= o Bole, o Bole, o)), _ = 05(e,C(©)) Do Bo(e. o Bole, o)) |, -

so that, without writing explicitly the dependence on (e, C/(¢)), one has

- —03®4" 9, Bo + Y B35 + en g
M (0;e,C(e)) = 7
R,n R,n / R,n
aﬁoro - 83F0 85030 +n 63F0 + en,B,B

C22mn+1

with |y, |[7,] < |e| Cre™ for some Cy,Csy. Hence

Ay = =05, TX" 0305 4 ¢ = 05,0039, + ¢, = 03,103 + ¢! < !,

with |ep|, |y, || < |e| Die=P22"™ " for some constants Dy and Dy, so that the assertion follows by
the definition of &,,. [ |

Lemma 5.4. Let C(e) be as in Lemma 5.3 and set Ce) = (Bo(e), Bo(e,C(g))). One can choose
the functions ®, @ I,T such that ®(c,C(e)) = (e, C(e)) = dR(,C(e)) = 0 and T'(e,C(e)) =
T(e,C(e)) = TR(e,C(e)) = 0. In particular (B(t,e), B(t,e)) = C(e) + (bR (t;e,C(e)), BR(t;¢,C(e)))
defined in (3.16) solves the equation of motion (2.1)

Proof. Tt follows from the results above. Indeed, for any ®, I’ there is a curve C(e) along which
M=M=M (hence M satisfies property 1) and ®(e, C(¢)) = I'(e, C(¢)) = 0. By Remark 4.11 also
®F and T} are among the primitives of M}gg and Mggoé respectively. Then the assertion follows. m

Remark 5.5. Note that without Remark 4.11 we were able to prove only the existence of curves
on which the solution of the range equations is well-defined. On the other hand Remark 4.11 (which
follows from Lemma 4.8) guarantees that the solution of the bifurcation equations is one of such curves.

Lemma 5.4 completes the proof of Theorem 2.2: indeed the function (5(t,e), B(t,¢)) is a
periodic solution to (2.1) with frequency vector w and, by construction, it reduces to (3,, B
tends to 0.

quasi-
0) as €
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6 The Hamiltonian case

In this section we prove Theorem 2.3. Consider (2.1) of the form (2.16), i.e. with F' = 9pf and
G = —0af, where f is the function appearing in (2.15). We look for a solution (/5(t), B(t)) which can
be formally written as in (2.9), with the coefficients given by (2.10). If there exists ko > 1 such that

all the coeflicients I" (/Bo) vanish identically for all 0 < k < kg — 1, while F (Bo) is not identically
zero, we can solve the equations of motion up to order kg without fixing the parameter Bo. Moreover
one has T'F0)(5y) = 9, g*0) (), with

9% (Bo) := [BYG™ — [ho(Bo + B+ BU)IG™) — [f(wt. fo +5, B + BG" ",

because, if we denote

one has

Dsu [F(wt, Bo + B, Bo + BV = [9sF(wt, Bo + b, Bo + B)(1 + 95|00V
+ [05f(wt, Bo + b, By + B)ds, BJ§o Y
T80 — (B, B + (505, B3
— [wo(Bo + B + B%))ag (B + Bk0))| )
I§) + 05, [BS™ — 9, [ho(Bo + B + B,

Since g(*0) is analytic and periodic, it has at least one maximum £) and one minimum Af. Then
Hypothesis 4 automatically holds. Indeed, if e*w}(Bp) > 0 one can choose 3, = B, while if
kowo(Bo) < 0 one can choose 3, = B, and hence in both cases Hypothesis 4 is satisfied. There-
fore the existence of a quasi-periodic solution with frequency vector w follows from Theorem 2.2.

Assume now that F(()k) = 0 for all £ > 0. We shall prove the following result, which, together with
the argument given above, implies Theorem 2.3.

Proposition 6.1. Consider the system (2.16) and assume Hypotheses 1 and 2 to be satisfied. Assume
also that F(()k) =0 for all k > 0. Then for € small enough there exists a resonant mazimal torus run
with frequency vector w, which can be parameterised as B = Py + B:(v, Bo), B = Bo + B:(v, o),
a =1, A= A (1, Bo), with (1, By) € T, where the functions B-, B. and A. are analytic in ¢,
as well as in ¥ and By, and are at least of order €. The time evolution along the torus is given by

(¢7 50) - ('l:b + wt, BO)

As we shall see, no resummation is needed in such a case and the formal expansion (2.9) turns
out to converge, i.e. the solution is analytic in the perturbation parameter. However we still need a
multiscale decomposition of the propagators to show that the small divisors ‘do not accumulate too
much’. To this aim, we slightly change some of the definitions in Section 3 as follows.

First of all, when defining the labelled trees, the following changes are made. We associate with
each node v a mode label v, € Z2, a component label h, € {3, B} and an order label k, € {0,1} with
the constraint that k, = 1 if v, # 0. With each line £ = ¢, { # {y, we associate a component label
he € {5, B}, with the constraint that hy, = h,, and a momentum label v, € Z%, with the constraint
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that v, # 0 if hy = . We associate with the root line ¢y a component label hy, € {8, B, ®,I'} and a
momentum label vy, € Z? with the following constraints. Call vy the node which ¢y exists: then (i)
he, = B,T" if hy, = B, while hy, = 3, ® if hy, = § and (ii) vy, # 0 for hy, = /3, while v,, = 0 for
he, = ®,I'. We require k,, = 1 if £ = ¢, is such that either ¢ = {4y and hy =T" or hy = B and v, # 0.
Denote by p, and ¢, the numbers of lines with component label 5 and B, respectively, entering the
node v and set s, = p, + ¢ if ky = 0 for some v € N(0), then we impose p, = 0 and g, > 1 if h, = 5,
while we impose p, = 0 and ¢, > 2 if h, = B. Finally with each line ¢ € L(#) we associate a scale
label ng € Ziy U {—1}, with the constraint that ny > 0if vy # 0 and ny = —1 if vy = 0.

We do not change the definition of cluster, while it is more convenient to change slightly the
definition of self-energy cluster: a cluster T' on scale n is a self-energy cluster if (i) it has only one
entering line £7. and one exiting line 7, (ii) one has vy, = v, (iii) either n = —1 and Pr = @ or
n > 0 and one has ny > 0 and ug = 0 for all £ € Pp. We shall say that a subgraph T constituted by
only one node v with v, = 0 and s, = 1, is also a self-energy cluster on scale —1.

We denote by Oy, ., , the set of trees with order £, total momentum v and total component h and
by &% the set of self-energy clusters with order k, scale n and such that ha[ = e and hy, = u, with

n,u,e
k .3
noae; 10 other words

e,u € {8, B}. Note that self-energy clusters are allowed both in Oy, 5 and in &
we are considering trees and subgraphs which are not renormalised.

For any tree 6 or any subgraph S of 6 we define their (non-renormalised) value as in (3.13), but
with the node factors defined as

1 _
ﬁango(Bo), k‘v = 0,
!
L opoqautl 3]
a0 OB i (B, Bo), ko=1 hy=5,
L potigg =
]:'U = - pv'quag i a% fVu(/B())BU)a kv = ]'7 h” = B’ Vg, ?é 0’ (61)
1 —
pv!q'ulagbagﬂ—lfuu (BoaBO)a kv - 17 hv = Ba Vy, = 0? hfv - B7
1 —
. 8gv+1a%vfuv (/80730)’ kv = 1, hv = B, Ve, = Oa hﬁv = F,
L Dolqy!
and the propagators defined as
\I]TLIE (w : Vﬁ)’ Ny 2 Oa
1w - Vy
gné(w . Vﬁ) = o L , ne = _1’ h( — B’ (62)
wh(Bo)
17 nf:_17 h@:F7q).

Lemma 6.2. Let T be a subgraph of any tree 8. Then one has |N(T')| < 4k(T') — 2.

Proof. We shall prove the result by induction on k = k(7). For k = 1 the bound is trivially satisfied
as a direct check shows. Assume then the bound to hold for all £ < k. Call v the node which /1
(possibly ¢y) exits, ¢1,...,{s, the lines entering v and 71, ..., Ty, the subgraphs of T with exiting lines
ly,...,0s,. If ky =1 then by the inductive hypothesis one has

IN(T)| =14 > IN(T)| < 1+4(k—1) — 25, < 4k — 2.
=1

30



If £, = 0 and h, = B then one has s, = ¢, > 2 and hence
]_1—|—Z\N )| <1+ 4k —2q, < 4k — 2.

If k, = 0 and h, = 3, then if ¢, > 2 one can reason as in the previous case. Otherwise, the line £ = £,
entering v is such that hy = B, so that either k, =1 or ky, = 0 and g, > 2. call £,..., ¢, the lines
entering w and 77, ..., T, the subgraphs of T' with exiting lines £7,...,¢; . In the first case one has

Sw

\_2+Z|N )| <24 4(k —1) — 25, < 4k — 2,
while in the second case one has
|_2+Z]N )| <24 4k — 2q, < 4k — 2.

Therefore the bound follows. [ |

From now on we shall not write explicitly the dependence on By and By to lighten the notations.
If T is a self-energy cluster we can (and shall) write ¥ (T') = ¥'p(w - vy ) to stress the dependence on
w vy see also Remark 3.7. For all k£ > 1, define

0= Y v, vezd, BY = Y v, vez? (6.32)
0€O}. 5 ST

ME(x,n) =Y Vo(e), MP@n) =) M) (@p), M) = lim MP)(z,n). (6.3b)

’ n—00
Te@ﬁ,u,e p=-1
Note that the coefficients (6.3a) coincide with those in (2.10). Set also

S o), 1= Y 7)), (6.4)

96@1@’0,@ 96@}970’1"

and note that &Y = [wo(B(t)) + e0p f(wt, B(t), B(t))]Y and TP = [—20sf(wt, B(t), B(£))]S.
Remark 6.3. One has
MG, n) = MG (2,n) = M%”ﬁ(a:, n) =0,  My(x,n) = wh(Bo),
MI(B{)ﬁ(xv n) = 030p fo = _MB B(x n),
for all n > —1 and all z € R.

We shall say that a line ¢ is resonant if there exist two self-energy clusters T, T”, such that
lpr = £ = U, otherwise ¢ is non-resonant. Given any subgraph S of any tree 6, we denote by 9% (S)
the number of non-resonant lines on scale > n in S. Define also, for any line ¢ € 0, the minimum scale
of £ as

¢ :=min{n € Z; : ¥, (w - vy) # 0}

and denote by 97 (S) the number of non-resonant lines ¢ € L(S) such that {, > n. If ¥ (S) # 0, for
each line ¢ € L(S) either ny = {; or ny = {; + 1. Then one can prove the following results.
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Lemma 6.4. For all h € {3,B,®,I'}, v € Z¢, k > 1 and for any 0 € O, », with ¥ (0) # 0, one has
0Ne(0) < 2= K () for all n > 0.

Lemma 6.5. For all e,u € {8,B}, n >0, k > 1 and for any T € 67]’37%6 with ¥ p(x) # 0, one has
K(T) > 2m~1 and M(T) < 2= =39 K(T) for all0 < p < n.

The proofs of the two results above follow the lines of those for Lemmas 3.9 and 3.10, and are
given in Appendix B.

Lemma 6.6. Let k > 1, v € Z%, h € {8,B,®,T}, u,e € {3,B} and n > 0 arbitrarily fived. For
any tree 0 € Oy, and any self-energy cluster T' € sz,u,e denote by Lyg(0) and Lygr(T) the sets of
non-resonant lines in 0 and T, respectively, and set

YV Nr(0) := ( H.E,) < H Gy (w - Vg)), VrNr(w- I/g{r) = ( H]ﬂ,) ( H Gy (w - Vg)),

vEN(0) teLnr(0) vEN(T) LeLnr(T)
Then

|V Nr(6)] < e /2, (6.5a)

|V rnr(w - vy )| < dhem K2, (6.5b)

for some positive constants cq1, co.

Proof. The proof follows the lines of the proof of the bound (4.1a) in Lemma 4.3. Indeed by Lemma
6.2 and the analyticity of f and wgy one has

I 17l < ABFetK©),
veEN(0)

for some positive constants A, B, while

I1 |gne<w-w>|£H<amﬁw))w6)—(mn;%)%ﬁ (% )W)

<
(el r(6) n>0 i1 NG (@)
- <16) I (o)
Amp, (w) n>ngt1 \Amn (w)
< D(no)**2exp(&(no) K (0)),
with r 1 y
D(ng) = e (@) Eno) =8 D, -1 B o @)

Then, by Hypothesis 2, one can choose ng such that &(ng) < £/2, so that (6.5a) follows, recalling
K (0) > |v|. To obtain (6.5b) one can reason in the same way, simply with 7" playing the role of §. m

Remark 6.7. By using Remark 3.11 one can show that also 92 % 7,nr(T2) admits the same bound
as ¥ nr(z) in (6.5b) for j =0,1,2 and 7 € [0, 1], possibly with a different constant co. This will be
used later on (in Appendix C).
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In the light of the results above, although the propagators are bounded proportionally to 1/|x|
(since no resummation is performed), in principle one can have accumulation of small divisors because
of the presence of resonant lines. Therefore one needs a ‘gain factor’ proportional to w - vy for each
resonant line ¢, in order to prove the convergence of the power series (2.9). One could also envisage
performing the resummation and exploiting cancellations between the self-energies, but in practice
this would make the analysis more complicated.

Lemma 6.8. Assume that I‘(k) =0 fm“ all k > 0. Then for all k > 1 one has

+ S ME0)05,B5 =0, (6.62)
k1+ko=k
+ > MY 0)95,B5 =0, (6.6b)
ki1+ko=k

Mg%(o) ~ME5(0). (6.6¢)

Proof. Both (6.6a) and (6.6b) follow from the fact that (see also Remark 4.12)

95T = M D0 Mya(0)9s, By,
ki1+ko=k

D5, B = M(;)B J+ > MY (0)05,B5
k1+ko=k

where we have used that, for any function g = ¢g(8, Bo(fo)), one has 0g,g9 = 019 + 03, Bo 029.

To obtain (6.6¢) one can reason as follows. For any self-energy cluster T, denote by N(T') the set
of nodes v € N(T) such that ¢, € Pr U {{r} and the line £, € Pr U {/}.} enterlng v has component
he = hy,. Let T' € 6’“ 8.3 and consider the self-energy cluster 77 € 6 p.p Obtained from T' by
changing all the component labels of the lines in Py U {¢7} U {¢.} and reversing their orientation; in
particular the entering line ¢/, of T' becomes the exiting line ¢7/ of 7" and, vice versa, the exiting line
{1 of T becomes the entering line ¢/, of T'. Both M(ﬁk)ﬁ(O) and M?B(O) are given by (6.3b) with
x = 0, so that the external lines ¢/, and {1 carry momenta Vg, =V = 0. Hence any line ¢/ € P
has momentum v’ = —v if v is the momentum of the corresponding line in P7 and the corresponding
propagator changes sign (see (6.2) and recall that n, > 0 for all £ € Pr). Moreover, for any v € N(T')
the node factor F, changes sign when regarded as a node in N(T"), see (6.1). All the other factors
remains the same i.e. we can write ¥ 7(0) = A(T) ¥ (Pr) and ¥ 7+(0) = A(T") ¥ (Pr), where

o (I )Mt
vEN(T) LePr

and ¥ (Pr) is analogously defined with 7" instead of T', while 2(7') = 2((T"). Now, one has
II 7= =
veN(T) veEN(T")

with 0 = +1. If 0 = 1, then |[N(T)| = |N(T")| is even and hence there is an odd number of lines
in Pr. If on the contrary ¢ = —1, then there is an even number of lines in Pr. In both cases the
assertion follows. ]
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Lemma 6.9. Assume that F(()k) =0 for all k > 0. Then for all k > 1 one has

e Mi35(0) = B M{{(0) = 0, (6.72)
0o M 5(0) = 9, M (0). (6.7b)

Proof. One reason along the same lines as the proof of (6.6¢) in Lemma 6.8. Let T' € 625’3 and
consider the self-energy cluster 7" € Gﬁ’ 5.5 Obtained from T by changing all the component labels of
the lines in PrU{lr}U{¢}} and reversing their orientation. The derivative d, acts on the propagator
of some line ¢ € Pr. After differentiation, when computing the propagators at x = 0, any line ¢’ € P
turns out to have momentum v’ = —v, if v is the momentum of the corresponding line in Pr and the
corresponding propagator changes sign, except the differentiated propagator 0,G,,(w - V? + :U)‘mzo,
which is even in its argument. Moreover, for any v € N(T') (we use the same notations as in the proof
of Lemma 6.8) the node factor F, changes sign when regarded as a node in N(T”), while all the other
factors remains the same. If [N(T)| = |N(T")] is even (resp. odd) then there is an even (resp. odd)
number of lines in Pr, but, as we said, the differentiated propagator does not change sign. Therefore
the two contributions have the same modulus but different sign, so that, once summed together, they
gives zero. Therefore (6.7a) is proved.

To prove (6.7b) reason as in proving (6.6¢): the only difference is that, as in the previous case, the
differentiated propagator does not change sign, so that the two contributions are equal to (and not
the opposite of) each other. |

Remark 6.10. Note that the Hamiltonian structure is fundamental in order to prove both the
identity (6.6c) and the identities (6.7).

Given p > 2 self-energy clusters T1,...,T), of any tree 6, with E’Ti =g, fori=1,...,p—1and
ETl,ﬂfp being non-resonant, we say that C' = {11,...,T,} is a chain. Define ¢y(C) := ¢y, and ¢;(C) :=
E’Ti for i =1,...,p and set n;(C) = ny, () for i = 0,...,p; we also call k(C) := k(T1) + ...+ k(T}) the
total order of the chain C' and p(C) = p the length of C. Given a chain C' = {T},...,T,} we define
the value of C' as

Vo) =[] 7). (6.8)
=1

We denote by €(k; h,h';ng,...,n,) the set of all chains C' = {T1,...,T,} with total order k and with
fixed labels hy ¢y = h, hy,c) = b’ and n;(C) = n; for i = 0,...,p.

Remark 6.11. Let ¢ be a resonant line. Then there exists a chain C such that ¢ = ¢;(C) for some
i=1,...,p(C) — 1. If there exists a minimal self-energy cluster T' containing ¢, then T' contains the
whole chain C' and all lines ¢ (C), ..., £,(C) (this follows from the fact that, by definition of self-energy
cluster, v/Y, # 0 for all ¢ € Pr). In particular L(T) contains the two non-resonant lines £o(C) and
£p(C), with () = Co,0) = Ce-

Lemma 6.12. Assume that Fék/) =0 for all k' > 0. Then for allp > 2, all k > 1, all h,h' € {B, B}
and all ng, ..., 7y, € Zy such that Uy, (x) #0,i=0,...,p, one has

> Volx)| < B!, (6.9)
Cel(k;h,h';mo,...,Tip)

34



for some constant B > 0.

The proof is deferred to Appendix C.

The bound (6.9) provides exactly the gain factor which is needed in order to prove the convergence
of the power series. Indeed given a tree 6, sum together the values of the trees obtained from 6 by
replacing each maximal chain C' (i.e. each chain which is not contained inside any other chain) with
any other chain which has the same total order, the same length, the same scale labels associated
with the lines £y(C),...,£,(C) and the same component labels associated with the lines ¢o(C) and
£,(C); in other words, if C' € €(k; h, h';7g, ..., 7,) for some values of the labels, sum over all possible
chains belonging to the set €(k; h, h'; 7, ..., 7). Then we can bound the product of the propagators
of the non-resonant lines outside the maximal chains thanks to Lemma 6.4, while the product of the
propagators of the lines ¢1(C),...,¢,—1(C) of any chain C times the sum of the corresponding chain
values is bounded through Lemma 6.12. Then we can reason as in the proof of Lemma 4.9, by using
that the propagator of any line ¢ is bounded proportionally to Qme, (w)~ L.

Remark 6.13. We obtained the convergence of the power series (2.9) for any Sy and any e small
enough. Thus the solution turns out to be analytic in both £ and 8y. Moreover, since the solution is
parameterised by By € T, in that case the full resonant torus survives. Of course, such a situation is
highly non-generic and hence very unlikely.

A Proof of Lemma 4.8

A left-fake cluster T on scale n is a connected subgraph of a tree § with only one entering line ¢/, and
one exiting line 7 such that (i) all the lines in 7" have scale < n and there is in 7" at least one line
on scale n, (i) £7- is on scale n + 1 and {7 is on scale n and (iii) one has vy, = vy . Analogously a
right-fake cluster T on scale n is a connected subgraph of a tree § with only one entering line ¢/, and
one exiting line {7 such that (i) all the lines in 7" have scale < n and there is in T" at least one line on
scale n, (ii) ¢/ is on scale n and ¢7 is on scale n + 1 and (iii) one has v, = vy, . Roughly speaking,
a left-fake (respectively right-fake) cluster T fails to be a self-energy cluster (or even a cluster) only
because the exiting (respectively the entering) line is on scale equal to the scale of T'. Left-fake and

right-fake clusters will be represented graphically as in Figure A.1.

Figure A.1: Graphical representation of the left-fake (top) and right-fake (bottom) clusters T' on scale n; by
construction vy, = vy . As for the self-energy clusters in Figure 3.4 one has (7, 07 ¢ L(T).
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The sets of renormalised left-fake clusters and renormalised right-fake clusters T on scale n such
that ug, = v and ey, =€ will be denoted by £§, 4. and RFp e, respectively.

Remark A.1. If T is a renormalised left-fake (respectively right-fake) cluster, we can (and shall)
write ¥ (T; e, Bo, Bo) = ¥ 1(w - Vi e, Bo, Bo) to stress that the propagators of the lines in Pr depend
on w - vy . In particular one has

> F D p(we fo.Bo) = Y DV p(wse, Bo, Bo) = ML (wse, Bo, Bo).

TGSSn,u,e Temgn,u,e

Throughout this appendix, for sake of simplicity, we shall omit the adjective “renormalised” re-
ferred to trees, self-energy clusters, left-fake clusters and right-fake clusters.

We shall prove explicitly only the bound
|M (O £, /BOyBO) aﬂo®§7p(57B0)B0)| < |8|A16_A22mp+1) (Al)

as the others relations in (4. 8) can be proved exactly in the same way.
We want to compute dg, P, ( , Bo, Bo), with @Z,z’p (e, Bo, Bo) given by the first line of (3.16). We
start by considering trees 6 € @50 g such that

max {ne€Zy:V,(w-vy) #0} <p, (A.2)

R,p
ZE@kOﬂ

and shall see later how to deal with trees in @ng) g for which the condition (A.2) is not satisfied (see
case 7 at the end).

First of all, for any tree 6 set

Ay ¥ (0;¢, Bo, By) := (950.7:1)< ) < IT ¢, (w- w;a,ﬂo,Bo)>, (A.3)
weN (0)\{v}

LeL(0)

and

857/(0;5aﬁ07B0) = aﬁogéﬁfz]ﬁg(xf;‘S’/BO?BO ( H f)( H gLZAuA(x)\;‘S)BOaBO))

vEN(6) AELO)\ {6} (A.4)
- A£(97 Xy, €, /807 BO) aﬁog’[gf’ul (va g, 507 BO) Bf(97 £, 607 BO)7
where ¢ := w - vy, g, QeZ u,(xe; €, Bo, Bp) is written according to Remark 3.5 and
A0, x5 €, Bo, Bo) : ( )( H QEZ/ZQ]W wz/;E,ﬁoaBo)) (A.5a)
vEN(0) AN
vAL Z’ﬁé
( 5 € BOaBO ( H F) ( H glLZ/l,,ue/ w[’;galgOaBO)) . (A5b)
vEN(0) 'eL(6)
v=<£l </
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Let us define in the analogous way 0, ¥ r(x;¢, Bo, Bo) and 0y ¥ r(z;¢e, BoBo) for any self-energy
cluster T and let us write

0s, V(0; ¢, Bo, Bo) = On ¥ (0; ¢, Bo, Bo) + 0. ¥V (0; ¢, o, Bo), (A.6)
where
On ¥ (0;¢,B0,Bo) := > 0y ¥ (65¢, Bo, Bo), (A7)
vEN(0)
and
0LV (6;¢, B0, Bo) := > iV (6;¢, fo, Bo)- (A.8)
¢eL(9)
Let us also write
0s, V1(x3€, Bo, Bo) = On V1 (x3€, o, Bo) + 0L V1 (x; €, Bo, Bo), (A.9)

for any T € Ry, e, n > 0 and u, e € {B, B}, where the derivatives dy and Jr, are defined analogously
with the previous cases (A.7) and (A.8), with N(T") and L(T') replacing N(6) and L(#), respectively,
so that we can split

95, @0y " (3, Bo, Bo) = OnPy”(z; €, Bo, Bo) + .y " (3 ¢, Bo, Bo),
83, MM (25 ¢, Bo, Bo) = On MM (3¢, By, Bo) + 0, M (25 ¢, Bo, Bo), (A.10)
8/30./\/1[”} (z3¢€, Bo, Bo) = On M (3, Bo, Bo) + 0, MM (x5 ¢, By, Bo),

again with obvious meaning of the symbols.

Remark A.2. We can interpret the derivative 9, as all the possible ways to attach an extra line ¢
(with vy = 0 and uy = 3) to the node v, so that

25k+1 Z aN %(9;5750aB0)a

0 ol

produces contributions to /\/l[p ] (0; g, Bo, Bo).

In order to compute 850 (e, Bo, Bo), we have to study the derivative (A.6) for any 6 € @?}bp 5

The terms (A.7) produce immediately contributions to M[p 5(05€, 8o, Bo) by Remark A.2. Thus, we
have to study the derivatives 9y ¥ (0; ¢, 5y, Bo) appearing in the sum (A.8). From now on, we shall not
write any longer explicitly the dependence on ¢, 5y and By, in order not to overwhelm the notation.
For any 6 € @715787, 5 satisfying the condition (A.2) and for any line ¢ € L(#), either there is only one
scale n such that ¥, (z;) # 0 (and in that case ¥, (zy) = 1 and ¥,y (z¢) = 0 for all n’ # n) or there
exists only one 0 < n < p — 1 such that ¥, (x¢)¥,+1(x¢) # 0. To help following the argument below,
we divide the discussion into several steps (cases 1 to 7), marking the end of each step with a white
box (O).
1. If U, (x¢) = 1 one has

0 (6) = At 1) (G203, MO ) (G120t = M) ) ) .
eq,ue A1

= A0,2) (6" (20) 2, M a0)G (@) ) Bu(0),

€g,Uyp

with Ay (6, z¢) and By(0) defined in (A.5). O
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Remark A.3. Note that if we split ds, = Iy + 9 in (A.11), the term with Oy M~ (z)) is a
contribution to ./\/l[ﬁpg ]( 0) and hence to M[p] 5(0).

If there is only one 0 < n < p —1 such that ¥,,(z)¥Yp+1(z¢) # 0, then U, (z¢) + ¥pp1(x¢) = 1 and
Xq(xg) =1forall ¢ =—1,...,n—1, so that ¢,41(x¢) = 1 and hence ¥, 1(x¢) = xn(z¢). Moreover it
can happen only (see Remark 3.8) ny =n or ny =n + 1.

2. Consider first the case ny = n + 1. One has

00 1(0) = A0, w0) (G (@003 MI ) ()L = M () H)  Be(o), (A.12)

with
g["ﬂ](xz)@g M[”}( )((11}@)]1 M )) !
= gt ()9, M 1]($z)( n(@e) + Unia (2)) (i M)
+ G (20) 0, M () X () (i) 1 — MU (2 ))

=gz, (Z Do M “”(w))g[”*”( o)+ Gt (a (Z s M[ql(w)> Gz A1

g=-1 !
n—1

4 gln+ (M(Z Oay M) | G (o) MY )G ),
qg=—1

where we have used that y,(z¢) = ¥p41(z) and
(o)L = M () ™ (L MOV ) Wi () (i) L= MI () ™) = (o)t = ME ()™

We represent graphically the three contributions in (A.13) as in Figure A.2: we represent the derivative
0p, as an arrow pointing toward the graphical representation of the differentiated quantity. ]

n+1 n+1 n+1 n
' (En1

n+1 n n—+1
B Cent " (Cn

Figure A.2: Graphical representation of the derivative 9y ¥'(0) according to (A.13).

Remark A.4. Note that the M[™(z,) appearing in the latter line of (A.13) has to be interpreted
(see Remark 3.7) as the matrix with components

Z e* )y p ().

T€LTn,ue
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Note also that, again, if we split dg, = dy + O, in (A.13), all the terms with On M9 () are contri-
butions to ng]ﬁ(()).

Now consider the case ny = n. We distinguish among several cases (see Remark A.5 below for the
meaning of “removal” and “insertion” of left-fake clusters):
(a) £ does not exit any left-fake cluster and one can insert a left-fake cluster, together its entering line,
between ¢ and the node ¢ exists without creating any self-energy cluster (case 3 below);
(b) £ does not exit any left-fake cluster and one cannot insert any left-fake cluster between ¢ and the
node ¢ exists because this way a self-energy cluster would appear (case 4 below);
(c) £ does exit a left-fake cluster and one can remove the left-fake cluster, together its entering line,
without creating a self-energy cluster (case 3 below);
(d) ¢ does exit a left-fake cluster and one cannot remove the left-fake cluster because a self-energy
cluster would be produced (case 5 below).

Remark A.5. Here and henceforth, if S is a subgraph with only one entering line ¢ = ¢, and one
exiting line £g, by saying that we “remove” S together with ¢, we mean that we change usg into h,
and we also reattach the line ¢g to the node v (so that g becomes the line exiting v). Analogously,
whenever we “insert” a subgraph S with only one entering line ¢/ between a line ¢ and the node v
which /¢ exits, we mean that we set uy = h, and change uy into h,, if w € N(S) is the node to which
we reattach ¢ (and ¢ becomes the line ¢, exiting S).

3. If ¢ is not the exiting line of a left-fake cluster, set # = 6; otherwise, if £ is the exiting line of a
left-fake cluster 7', define — if possible — § as the tree obtained from 6 by removing 7" and ¢%, In both
cases, define — if possible — 71(6, £) as the set constituted by all the renormalised trees ¢’ obtained
from 6 by inserting a left-fake cluster, together with its entering line, between ¢ and the node v which
¢ exits; see Figure A.3.

B n n n+1
l 14

Figure A.3: The renormalised tree § and the renormalised trees 6 of the set 71 (6, ¢) associated with 6.

Remark A.6. The construction of the set 71(6, £) could be impossible if the removal or the insertion
of a left-fake cluster 7', together with its entering line 7., would produce a self-energy cluster. We
shall see later (see cases 4 and 5 below) how to deal with these cases.

Then one has

oY)+ Y V(O) = A, ) (agog["}(w) (11+M["J(xg)g[n+”<me))) Bu(6),  (A.14)

- ep,u
0'cr (0,0) o
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with
0,9 (@e) (1 + M (@)Gl" N (ar) )
= G ()9, M () G ()
+ G () gy M () W1 () (i) 1 = ME () )
+ G ()9, M () G () M) () G 1 ()

-1

£ G ) g, MU ) W ) ()T — M (@)™ M0 )Gy
and hence
030G ) (1 4+ MY ()G () )
= G ()95, MI" ()G () + G () D, MI" ™ () G ()
— G (@) 9, MU () xn () ((iwz)]l - M1 (w)) e (20)G" ()
+ G () gy MI ()G () M) () G ()
£ G ()3, M ) B () ()L~ M) D) )G+

= G (20) 9, MP (@) GV () + G () 0 MI D ()G ()
+ G () 0 M )G () M () G ),

where we have used that
(1 = Wy () (i) D — MO () T M () 7 (o)1 — MO () ™ = ()T — M () 7
Also in this case, if we split 03, = On + 0, all the terms with Iy M1l are contributions to ME]B(O)

— see Remark A.3. Again, we can represent graphically the three contributions obtained inserting
(A.15) in (A.14); see Figure A 4. O

n n n n+1
(51D : G D
_|_

Figure A.4: Graphical representation of the three contributions in the last two lines of (A.15).
4. Assume now that £ is not the exiting line of a left-fake cluster and the insertion of a left-fake cluster,

together with its entering line, produces a self-energy cluster. Note that this can happen only if ¢ is
the entering line of a right-fake cluster T. Let ¢ be the exiting line (on scale n 4 1) of the right-fake
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cluster T, call @ the tree obtained from 6 by removing T and ¢ and call 75(6, /) the set of trees '

obtained from @ by inserting a right-fake cluster, together with its entering line, before ¢; see Figure
A5,

n+1 n

_ n+1
9/ - — 9 = ‘ _ ’
14 ¢ l
Figure A.5: The trees 6 of the set 75(6, f) obtained from § when ¢ € L(f) enters a right-fake cluster.

By construction one has

¥ (8) = Ag(0.2) G5 D ) By (B)
> SO = A0, w0) (97 ag) M () G (wp))  By(@),

‘ -
0'er(8,0) e

where u; denotes the u-component of  as line in § and we have used that z, = z;.

Consider the contribution to d; 7 (6) given by

Ay(8, x7) (g["+” ()0 M) (25) G+ (a:z)> By(9), (A.15)

BE,U,Z
arising from (A.13). For u,e,e’ € {#, B} and T' € RF, e call Ry, 4e(T) the subset of Ry, 4 such that
if 7" € Ry ue(T) the exiting line ¢7v exits also the renormalised right-fake cluster 7'; note that the

entering line ¢ of T must be also the exiting line of some renormalised left-fake cluster 7" contained
in T’; see Figure A.6.

Figure A.6: A self-energy cluster 77 € R, (T).

Define 9" (x7) as the 2 x 2 matrix with components

URICHESS DD D DI e () (A.16)

e/:67B TE%gn,u,e/ T’Eiﬁn,u,e(T)

and consider the contribution M (z7) to MM (27) in (A.15). Let us pick up the term with the
derivative acting on the line ¢: one has

0 Y V() + A0, z0) (g[nﬂ] (2e) 3ZW["]($Z)Q["+1]($z)) By(0)
0'e72(0,0) ot

= A58, 20) (G (@) M (20)93, G ) (1 + MIN2)G™ () ) By(@),

6[7',’117

(A.17)
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where we have used again that xy = x7. Thus, one can reason as in (A.15), so as to obtain the sum of
three contributions, as represented in Figure A.7. 0

11 n n 11 n 11
e @ “n—1 ) e+ @0 @ gn—ln.

n—+1 n n n+1
t @ G D
Figure A.7: Graphical representation of the three contributions arising from (A.17).

5. Finally, consider the case in which £ is the exiting line of a left-fake cluster, Ty and the removal of
To and £7, (see Remark A.5) creates a self-energy cluster.

Set (for a reason that will become clear later) 6y = 6 and ¢y = ¢. Then there is a maximal m > 1
such that there are 2m lines ¢1,...,0,, and ¢}, ...¢, , with the following properties:
(i) l; € 73(690,&_1), fori=1,...,m,
(ii) ng, =n+i < max{p: ¥p(zy,) #0} =n+i+1,fori =0,...,m—1, while n,, :=ny,, =n+m+o,
with o € {0,1},

(iii) vy, # vy, , and the lines preceding ¢; but not ¢;_; are on scale <n+i—1,fori=1,...,m,
(iv) vy = vy, fori=1,....m,

(v) if m > 2, £} is the ex1t1ng line of a left-fake cluster T;, for i = 1,...,m — 1,

(vi) 4 < bp and all the lines preceding ¢,  but not £ are on scale <n+i—1,fori=1,...,m,
(vii) n —ng/ =n+m+ o' with ¢’ € {0, 1}

Note that one cannot have o = ¢/ = 1, otherwise the subgraph between £, and ¢/, would be a
self-energy cluster. Note also that (ii), (iv) and (v) imply ny =n+ifori=1,...,m—1ifm > 2. Call
S; the subgraph between ¢;1; and ¢; and S} the cluster between Cp and £, foralli =0,...,m — 1.
For i =1,...,m, call §; the tree obtained from 6y by removing everything between ¢; and the part of
6o preceding ¢; Note that, if m > 2, properties (i)—(vii) hold for ; but with m — ¢ instead of m, for all
i=1,....,m—1.

Fori=1,...,m, call R; the self-energy cluster obtained from the subgraph of 6;_; between ¢; and
¢;, by removing the left-fake cluster T;_; together with 6’ . Note that L(R;) = L(S;—1) U{li—1} U
L(S]_;) and N(R;) = N(Si—1) UN(S]_,); see Figure A.8.

Fori=0,...,m—1, given ¢, £ € L(6;), with ¢ < £, call P (¢,¢') the path of lines in 6; connecting
¢ to £ (hence PO (L, £") = P(£,£') N L(6;)). For any i = 0,...,m — 1 and any £ € PO (¢, £), let
73(0;, ¢) be the set of all renormalised trees which can be obtained from 6; by replacing each left-fake
cluster preceding ¢ but not ¢, with all possible left-fake clusters. Set also 73(0pm—1,£,,) = Om—1.

Note that, by construction,
Agy, O 30,)G (20,) Y (Sm1) = Aty (Om1,70,,_,), .
V(810 )G, (20,)Be,(0m) = By, (Bm). |

One among cases 1-4 holds for ¢, € L(f,,), so that we can consider the contribution to dy,, ¥ (6y)
(together with other contributions as in 3 and 4, if necessary) given by — see (A.11), (A.13) and (A.15)

42



n+1
4

Figure A.8: The renormalised trees 0y and 61 and the self-energy cluster R in case 5 withm =1 and o = ¢’ = 0.
Note that the set S{ is a cluster, but not a self-energy cluster.

Aty O, 30,) (9@, )00y Y o (00,9 @0,)) By ().

€lm Uyl |

Then one has

Aty Orms w0,) (G (00,000,011 (20,)G) (0,)) By (Om) +0uy Y. (055, 50)

€l Ug! 0'€73(Om—1,Lm—1)
= Ay, (Om-1,7¢, ) <5ﬂog[n+m_1] (T,_y) X (A.19)

X (]l + Mgy, gl (”mfl)> )e w B Pp1)

where we have shortened e,u’ = e, Upr to simplify notation. By reasoning as in (A.15), this
ZTm—l

m—17

gives

Agm—l (gmfl’ xgm—l) (g[n+m_1] (xem—l )aﬁOM [n+m_2] (xgm—l )g[n—’—m_” (xem—l )) e BZ’/TWSQ{nfl)

)

+ Aém—l (Hmfl’ xzm—l) (g[n+m_1] (xgm—l )aﬁOM [n+m_2] (:L'gm—l )g[n+m] (xem—l )) e Bf/j‘"g??lnfl)

)

+ Aty (Om—1, 70, ) (g tm=1l (g, )M (g NG (2, ) x (A.20)

M G g, L)) By (B,

m—

where again e,u’ =€, ,upy .
Trm—1
Then, for i =m —1,...,1 we recursively reason as follows. Set

By, (m3(6i, Liv1)) = > By, (¢)

0'€r3(0:,0), )
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and note that
Agi (017 x&)g[n-ﬁ-z] (xfz) 7/(‘91—1) = Agi—l(ei_17 xfz‘71>7 (A'Ql)

€g, U
VS (G e ) MU g )Gy, ) ) By, (73(0:, £i11)) = By, (73(0i-1,6)).

4, ’ul/Ti
Consider the contribution
A, (Oss20) (G741 (20,)00,, ¥ 1, 0) G )

| ‘ A.22
x M+ (g, gIntitl] (:cei)) By, (73(03, £i41)), 22

ezi’ué/T,
obtained at the (i + 1)-th step of the recursion. By (A.21) one has (see Figure A.9)

'Afi (91', $Ei) (g[n—i—z} (xéi)azifl 7/Ri (wﬁi )g[n-H] (x&) X

% NI+ (a:ei)g["“*l](xzi)) By, (73(05,61)) + 0r,_y > V(6

€p. Uyt
iy 0'er3(0;—1,0;_1)

| (A.23)
= "4&;1 (61717 33&'71) (5ﬁog[n+z—1} (‘/L‘Zifl ) X

(1 M, )G ) ) By (a0, ),

ep. Uyt i—1
-1 0
‘ Ti—1

which produces, as in (A.20), the contribution

Aéi—l (92'*1’ Ll ) (g[”-f'i—l} (‘/Ezi—l )8&'72 7/31—1 (xfiﬂ )g[n—l—i—l} (x&'ﬂ ) X

y M[n+i71]($£i71)g[n+ﬂ(xei71)> By, 1(73(6’1'—174))-

ey. WU pr i—
—1° 0
‘ Ti—1

(A.24)

Ri(
Si—1

i—1

Figure A.9: Graphical representation of the left hand side of (A.23).
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Hence we can proceed recursively from 6,, up to 6y, until we obtain

Ay (00,26,) (97 @) 03 MP N )G ) ) Bey (ms(00,64))

€pn Uyl To
0’ ZTO
+ Ay, (60, z4,) (g[n] (»Tﬁo)aﬂo./\/t[n_l] (g;e_o)g[n—i-l] (:L’go)> e B@/TO (73(60,4))) (A.25)
e O,u[/TO
Aty (0, 24,) (G (0y) 03, MU ()G () M )G V() ) By (ms(60,1)).

€pn Upr 10
0’ éTo

Once again, if we split g, = On + Or, all the terms with On M1 are contributions to ./\/l[gﬂ (0). O

6. We are left with the derivatives 8y M4 (z), ¢ < n, when the differentiated propagator is not one
of those used along the cases 4 or 5; see for instance (A.17), (A.19) and (A.23). One can reason as
in the case dr, 7' (0), by studying the derivatives 0y ¥ p(z¢) and proceed iteratively along the lines of
cases 1 to 5 above, until only lines on scales 0 are left. In that case the derivatives 93,G (0] (x¢) produce

derivatives
83, Fo(Bo, Bo) €93, g, Fo(Bo, Bo)
5o M~ (z) =
EagoGo(,Bo, Bo) EagoyBoGo(,Bo, BQ)
(see Remarks 3.5 and 3.6). Therefore, for n = —1, in the splitting (A.10), there are no terms with the
derivatives dy and the derivatives 0, can be interpreted as said in Remark A.2. ]

lp

7. By construction, each contribution to M BEH(O) appears as one term among those considered

in the discussion above, that is among the contributions to Jg, @Z)a’p (e, Bo, Bp) arising from the trees
S @Zj’i{ 5 satisfying the condition (A.2). Of course, when computing dg, #'(0) for such trees, also
some contributions to M /gp }B (0) have been produced. Call WPl the contributions to M g’ ]ﬁ(O) which are
not obtained in the previous steps. Define also Rl as the sum of the contributions to g, @Z)z’p such
that
R.p—1 -1
D, 25"+ R = MB 1 (0) + (ng]ﬁ(O) - W[p]) : (A.26)
where we have used that M[glﬂ(O) = Mg’gl] (0)+ ME]B(O) — see definition (3.9) and use that x,(0) =1
for all ¢ > —1. Hence 93, @Z,a’p ~! 4+ R represents the sum of all contributions to 03, @Z,z’p used in 1-6.
One can write
95, PP = 95, PP~ + RIPI 4 SIP], (A.27)
for a suitable SI): by construction S takes into account all contributions arising from the trees
0 ¢ @Lszﬁ which do not satisfy the condition (A.2), i.e. such that
max {n€Z; :V,(w- v, #0} =p+1. (A.28)
teord
Such trees have been excluded in the discussion above, because on the one hand they would produce
the remaining contributions to M ép ]ﬁ(O), on the other hand they would equally produce contributions to
Mg?;l] (0). Therefore, by combining (A.26) and (A.27), we obtain 850@%2’13 = ME}B(O) + (S — Wik,
where both WP and SP! arise from trees containing at least one line ¢ on scale p and such that
Upi1(w - vy) # 0: for such a line £ one has |vy| > 2™r+1~! by Remark 3.8. Therefore, one has

max{\S[p”, |W[p]|} < le| D1e=P22""* | for some constants Dy, Dy and this is enough to prove the
bound (A.1). O
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B Proof of Lemmas 6.4 and 6.5

We want to prove by induction that
N (0) < max{2~ M3 K (0) — 2,0}. (B.1)

First of all note that 91%(#) > 1 implies 9% () > 1 and hence K (§) > 2"m»~1.

Set (o := (z,, no := ny, and v := vy,, and note that either ng = {y or ng = (o + 1. If {y < n the
bound (B.1) follows from the inductive hypothesis. If (y > n, call ¢1,..., ¢, the lines with minimum
scale > n closest to £y and 04, ..., 0, the subtrees with root lines ¢1, ..., ¢, respectively. If r = 0 the
bound trivially holds. If » > 2, by the inductive hypothesis one has 99 () = 1402 (61)+. . .+N0(0,) <
1427 m=3)K(9) — 2r < 2-(mn=3) K(9) — 3, so that the bound follows once more.

If r = 1 call T the subgraph with exiting line ¢y and entering line ¢1. Then either T is a self-energy
cluster or K (T') > 2™»~1. This can be proved as follows. Set v1 := vy,. If T is not a cluster, then it
must contain at least one line ¢/ on scale ny = n, so that if / ¢ Pp and 6’ is the subtree with root line
¢ one has K(T) > K(') > 2™~ while if £ € Py then vy # vq (because (¢ =n — 1 and ¢y, > n),
so that |w - (v — v1)| < am,—1(w) implies K(T) > |vy — vy| > 2™~ If T is a cluster then either
(i) v1 # v so that K(T) > |v — vy| > 2™~ or (ii) v1 = v and there is a line ¢ € P with ny = —1
so that K(T) > |v)| = |v1| > 2™ 1 or (iii) v1 = v and T is a self-energy cluster, otherwise there
would be a line ¢’ € Pp with vy = vy, which is incompatible with (¢ <n —1 and (s, > n.

Therefore, if K(T) > 2™»~!, the inductive hypothesis yields the bound (B.1). If K(T) < 2mn~!
then T is a self-energy cluster (and hence v; = v). In such a case call #; the tree with root line
¢1; by construction N (0) = 1 + N°(#;). We can repeat the argument above: call ¢;,...,¢, the
lines with minimum scale > n closest to ¢; and 61,...,6!, the subtrees with root lines #;,...,¢,,
respectively. Again the case ' = 0 is trivial. If v > 2 then 913(0) = 2+ N3 (0]) + ... + N (0),) <
2+42-(mn=3) [ (9) —2r < 2-(Mn=3) () — 2, so yielding the bound. Therefore the only case which does
not imply immediately the bound (B.1) through the inductive hypothesis is when ¢; exits a subgraph
T" with only one entering line £} on minimum scale > n. Set v/| := vy and call ¢ the tree with root
line ¢;. As before we have that either K (T") > 2™»~1 or T is a self-energy cluster. If K(T") > 2mn~1
then N (0) = 2497 (0;) and one can reason as before to obtain the bound by relying on the inductive
hypothesis. If 7" is a self-energy cluster then ¢; is a resonant line and 03, (0) = 1 + N2 (0)).

One can iterate again the argument until either one reaches a case which can be dealt with through
the inductive hypothesis or one obtains 0N, (0) = 1+ N2 (0"), for some tree #” which has no line ¢ with
C¢ > n. Thus M2 (") = 0 and the bound (B.1) follows. This completes the proof of Lemma 6.4.

Now, we pass to the proof of Lemma 6.5. Consider a self-energy cluster T' € 67’2’%6. First of all
we prove that K (T) > 2™»~!: the argument proceeds as in the proof of Lemma 3.10, by noting that
if there is a line £ € Pr on scale n then v, # v, (otherwise 1/2 = 0 and hence T would not be a

self-energy cluster).
Define C(n,p) as the set of subgraphs T of § with only one entering line ¢/, and one exiting line
{7 both on minimum scale > p, such that L(T) # () and ny < n for any line £ € L(T). We prove by

induction on the order the bound
Ne(T) < 27" K(T) (B.2)

for all T € C(n,p) and all 0 < p < n. Consider T € C(n,p), p < n: call £1,..., £, the lines with
minimum scale > p closest to £7. The case r = 0 is trivial. If » > 1 and none of such lines is along
the path Pr then the bound follows from (B.1). If one of such lines, say ¢;, is along the path Pr,
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then denote by 6o, ..., 0, the subtrees with root lines ¢», ..., ¢, respectively, and by T} the subgraph
with exiting line /; and entering line £7.. One has M(7) < 1+ 9 (T1) + ) (02) + ... + 93 (0,). By
construction T} € C(n,p), so that the bound (B.2) follows by the inductive hypothesis for r > 2.

If = 1 then call Ty the subgraph with exiting line /7 and entering line ¢;. By reasoning as in the
proof of Lemma 6.4 we find that either K(Tp) > 2™ ! or Ty is a self-energy cluster. Since M(T) <
14+ (1), if K(To) > 2m»~1 the bound follows once more. If on the contrary T is a self-energy cluster
we can iterate the construction: call £, ..., ¢, the lines with minimum scale > p closest to ¢;. If either
" =0 or no line among ¢}, ..., is along the path Pr,, the bound follows easily. Otherwise if a line,
say /) is along the path Pr, and 7' > 2 one has M3 (T') < 2+ 9 (T7) + Ny (63) + ... + N (0),), where
Ty is the subgraph with exiting line 1 and entering line £, and hence M3 (7)) < 2+ 2-(mp=3) K(T) — 2,
by the inductive hypothesis, so that (B.2) follows.

If ' = 1 let T}, be the subgraph with exiting line ¢; and entering line #}. If K(Tj) > 2™ ~! then
the inductive hypothesis implies once more the bound (B.2), while if K(T}) < 2™»~! then, by the
same argument as above, 7)) must be a self-energy cluster, so that ¢; does not contribute to e (T),
ie. M(T) < 1+ My(T)") where T7' is the subgraph with exiting line ¢} and entering line £.. Again
we can iterate the argument until either one finds a subgraph T” with K(T") > 2™~ so that the
inductive hypothesis compels the bound (B.2) for T', or one obtains 3(T") < 1 + N,(T") for some
subgraph T" which has no line on minimum scale > p, so that ‘ﬁ}')(T) <1

C Proof of Lemma 6.12

We say that a self-energy cluster T is isolated if both its external lines are non-resonant and that is
relevant if it is not isolated. As will emerge from the proof, it is convenient to introduce a further label
o7 € {0,1} to be associated with each relevant self-energy cluster T'. We shall see later how to fix such
a label: for the time being we consider it as an abstract label and we define the subchains as follows.
Given p > 2 relevant self-energy clusters 77, ...,7T), of a tree , with E’Ti =lr,,, foralli=1,...,p, we
say that C' = {T1,...,Tp} is a subchain if 077 =1 for i = 1,...,p, the line {7, either is non-resonant
or enters a relevant self-energy cluster T with 97, = 0 and the line E’Tp either is non-resonant or exits
a relevant self-energy cluster Tj,11 with 07,,, = 0. We say that a relevant self-energy cluster 7' is a
link if o = 1.

Given a subchain C' = {T1,...,T,} of a tree 6, the relevant self-energy clusters T; are called the
links of C. Define l(C) := £y, and ¢;(C) := {7, fori=1,...,p and set n;(C) = ny,c) fori =0,...,p.
The lines £9(C), ..., £p(C) are the chain-lines of C: we call £1(C), ..., L,—1(C) the internal chain-lines
of C and £y(C), ¢,(C) the external chain-lines of C. For future convenience we also set £ = £o(C') and

o =4p(C). We also call k(C) := k(T1) + ...+ k(Tp) the total order of the subchain C' and p(C) = p
the length of C. The value of a subchain C' is defined as in (6.8). Note that for alli=1,...,p—1 one
has () = oo = G, i 7(6) # 0.

We denote by €;(k;h, h';ng,...,n,) the set of all subchains C' = {T1,...,T,} with total order k
and with fixed labels hy () = h, hy (o) = h' and n;(C) = n; for i =0,...,p.

If all relevant self-energy clusters T' of 6 carried a label 97 = 1 the definition of subchain would
reduce to that of chain in Section 6. We want to prove the bound (6.9). The sum is over all chains
C=A{T,..., T} in €(k; h,h/;ng,...,np,); then we set 97, = 1 for i = 1,...,p, so that we can replace
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C(k; h,h'sno, ..., np) with € (k; h, ';ng, ..., np). Thus in (6.9) we can write

Z Veo(r) = Z Vo(x) = Z HM(Z L (i), (C.1)

Cel(k;h,h/;ng,....tp) Cely(k;h,h;mg,...,Ttp) hi,...,hp—1€{B,B} i=1
k1+..+kp=k
where hg = h, h, = b/ and n; = min{m;_1,7;} — 1 for i = 1,...,p; of course |n; — n;| < 1 for all

i,7=1,...,pand k; > 0fori=1,...,p; see Figure C.1.

ﬁ07 hO
)

Lo

Th b

Figure C.1: A subchain C of length p with links 77,...,7), and chain-lines ¢y, ..., {,; summing over all possible
C with hg = h, hy, = b/, k1 +... +k, = k and 7y, ..., 7, fixed, one obtains a graphical representation of (C.1).

For all k > 1, all n > —1 and all h, b’/ € {8, B} let us write

hh' ZMh R T, n, 5) (C2)
6EA

where A := {£,0,0% R} is a set of labels and

M (@, L) = MEL©0)  ME (@,n,0) = 20M),(0),
1
M®) (2,m,0%) = 2 / dr(1 — 1)PM®) (ra), (C.3)
9 0 9

k k k
M), (.0, R) == MY, (2.0) = M), (),
so that we can decompose the sum in (C.1) as

p
> > [TME s (@omi60). (C.4)

81100s0p €A hy oo hy—1 €48, B} i=1
k1+...+kp=Fk

There are several contributions to (C.4) which sum up to zero. This holds for all contributions

with 6; = dj41 = £ for some j = 1,...,p — 1. Indeed one can write such contributions as
& k

Z Z HMgliz—)lahi (m’ni’(;i) X

617"'7§j—17§j+1 ,,,,, EA h'11 7h’j 1ah]+17 p 16{5,3} Z 1
kitootkj— 1A ktk ot A kp=k "
(k) (kj+1) (k) (kj+1)
( > M sOMEER O+ Y Mh;_l,B<O>Mthﬁ;<o>>, (C:5)

kj+kjt1=k kj+kjt1=k
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and by Lemma 6.8 one has (for instance)

k k; kj
> MEOMEET O+ > MEROMEET o)
kjtkjp1=Fk kjtkj 1=k
k. k "
— Z M(B7J)( )M(ﬁJ-H)( )_|_ Z M( )( )(_ Z M(k)( )aﬁoB((]k ))
kj+kjy1=k kj+kj 1=k K k" =k 41
kj k;
= > MEPOMEEYO+ Y Ml oMEE 0 =0
kj+hj 1=k kj+kjp1=F

one can reason in the same way also for the cases (hj_1,hj11) # (8, 5). By (6.7a) of Lemma 6.9, also
the contributions with §; = 0 and h;_1 # h; for some j = 1,...,p sum up zero. Finally we obtain
zero also when we sum together all contributions with §; = ... =044 =0, hj_1=... = hjiq = h for
some h € {8,B} and 61 = §j4q+1 = L for some j =2,...,p—1and ¢ =0,...,p—1—j. Indeed we
can write the sum of such contributions as

72
ki k._
Z (H Ml(li)lyhi(:n’ni’(si)) MEL.J_;%(%”J?LE)X
i=1

_ j
hiyeshj—2,h b4 q41,-hp—1=6,B
[ -

Jjt+aq P
i (k ) ki
(HM (w,mi, ))Mh’;;:il(x,nﬂqﬂ,z)( I1 M,(”_)hhi(w,ni,éi))

i=j+q+2

Jj+q
=> X (HM%’??@M))X

]C”SIC kj—‘,-.‘.—‘rkj_‘_q:kl/

=2

(ki)

X Sy (HMhil’hi(:c,ni,(si) X
k14 4kj _14kpyqr1+.+kp=k—k" \i=1
hi,..shj—2,hjtq+15eshp—1=0,B

p
ki k; ks
< 3 M](L;;;L(x,nj_hﬁ)M<a+q+1>(x,nj+q+1,ﬁ)< I1 Mg)hhi(x,ni,ai)),

_ h.hjtqt2 o
h=3,B 1=j+q+2

and the last sum is zero by the same argument used for (C.5); note that we used (6.7b) to extract a
common factor Mfg ,ZB) (x,n;,0) in the third line.

We say that a cluster T is a fake cluster on scale n if it is a connected subgraph of a tree with
only one entering line ¢/, and one exiting line ¢7 such that (i) all lines in 7" have scale < n and there is
at least one line on T with scale n and (ii) the lines {7 and ¢/, carry the same momentum; note that
a fake cluster can fail to be a self-energy cluster only because there the scales of the external lines
have no relation with n (and hence it can even fail to be a cluster). Denote by Gm u,e the set of fake
clusters with order k, scale m and such that h,g/T = e and hy, = u.

In (C.4) we can expand

ki )
Mﬁlijlyhi('x?nh(si) - Z %Tl(.'L',(Sz), = 17“.7p,
TL'EG;;I;iI’hi (n4,04)
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where we have set

*k _ 2
U e §=1L,0,0%
S (n,8) == { m=-1 C.6
’ ( ) U Gl;;:u’e’ 6 — R’ ( )
m>n

forall kK > 0, n >0 and u,e € {$, B}, and defined

¥ r(0), =L,
z 0¥ 7(0), §=0,
Vr(x,d):=1< _ V() §=TR, (C.7)
1
372/ dr(1 —7)02 ¥ r(r2), §=0?%
0

with ¥ 7(x) defined as for self-energy clusters in Section 6. Denote by €*(k; h, h'; T, ..., 7p) the set
of fake clusters {T1,...,T,} with T; € 62’:11’,11_/ (ni, d;) for any choice of the labels {k;, n;, &;}¥_; and
{h;}?_, with the following constraints (see Figure C.2):

(i) k1 4+...+kp=kF,

(i) n; < min{m;_1,m;} for i =1,...,p,

(iii) ho = h, hy = I,

(iV) if 52 =L fori= 2,. ey P — 1, then 5@'71,5i+1 7'5 E,

(v)if§; =0 fori=1,...,p, then h;_1 = h;,

(vi) if §; = dj41 = ... = 0j4¢q = O for some j € {2,...,p — 1} and some g € {0,...,p —1— j} and
(5]'_1 = L, then (5j+q+1 # L.

10, ho T2, ho

lo

Ty b

Figure C.2: A x-chain C' € €*(k;h,h';71g, ..., Tip): the labels satisfy the constraints listed in the text.

We call x-chain any set C € €*(k; h,h'; g, . .., 7p) and =-links the sets T1, . .., T),. By the discussion
between (C.4) and (C.6), we can write (C.4) — and hence the sum in (6.9) — as

> Y olz), (C.8)

Cee*(k;h,h;ng,...,Tip)

where
P

Vo) =[] 7n(x6). (C.9)
i=1
With each #-chain C' summed over in (C.8) we associate a depth label D(C) = 0; if C' = {T1,...,T,}
we associate with each T; the same depth label as C, i.e. D(T;) = D(C) =0 for i = 1,...,p; the
introduction of such a label is due to the fact that we are performing an iterative construction and we
want to keep track of the iteration step by means of the depth label.
Given a x-chain C' = {T1,...,Tp}, for all i = 1,...,p and all ¢ € L(T;) there exist ¢ > 1 relevant

self-energy clusters T; = TZ-(O) D Ti(l) D...D Ti(q_l), with Ti(j ) a maximal relevant self-energy cluster
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inside Tl-(j U for all 7=0,...,g—1and Ti(q_l) is the minimal relevant self-energy cluster containing £.
Note that both ¢ and the relevant self-energy clusters T, ..., T(@ depend on ¢, even though we are
not making explicit such a dependence. We call {Ti(j )}?:0 the cloud of ¢ and {Ti(j )}?:1 the internal
cloud of £. Of course if ¢ = 0 the internal cloud of ¢ is the empty set.

n (C.9) consider first a factor #'r,(x,d;) with §; = L£,R. Assign a label 97 = 1 with each
maxmlal relevant self-energy cluster T' contained inside 7;. Denote by €y(7;) the set of maximal

subchains C” contained inside T;. For each C; € €(T;) there are labels kj( ), hy), Bl )/,ﬁ;()), .. ,ﬁgfl))j

such that C; € ¢; (k:j( ), hgi), hg )/,ﬁ%, . ’ﬁyz)y) Call T; the set of nodes and lines obtained from 7}
by removing all nodes and lines of the subchains in €y(7;) and F(7;) the family of all possible sets

T! € 62’“ i (ns,0;) obtained from T; by replacing, for all j = 1,...,|€y(T;)|, each subchain C; with

any subchain 7 € €; (/-cj(i), hgl), h§ )/,*g()), e g; ). Note that 70“2-’ = T for all T! € F(T;). If we sum

together all contrlbutlons in §(T;) we obtain

|€o(T5)]
Z 1/T, (z,6;) = a(6;) > Vi, 6) |] Y o (0005, (C.10)
TIES" Clee (k(z h( 1) h§ )’, 53)’ ’7;; ) ]:1
1<j<[€0(T1)| ’
where
Vo ( :( 11 f)( 11 gw(xm)) (C.11)
veN(T)) e L(Ty)
and
1 — 0 _
’ £y L (C.12)
a a 7 W Vy, 0= R?

for all ¢ € L(T") with T € §(T)
Now consider a set T; in (C

.9) with §; = 0,92, Write

Vr(2,0)=z Y 0:G xz< 11 f)( I g x£,>, (C.13)
LeL(T;) vEN(T;) 0 eL(T;)
z'#

with 20 := w - V9, and ¥1,(x,0?) as in the last line of (C.7), with

2V q(rz) = (81’9”41 (z0, (r))) (8:09% (e, (T))) ( 11 gnz(%‘f(T))> < 11 fv)

1AL L(T) e L(T)\{¢1,02} eEN(T) (0.14)
+ Y (90, (e >>)< Hgmmgm))( va>,
L1eL(T) e L(T)\{¢1} veN(T)

where z¢(7) = 20 + 72 if £ € Pr and 2, = 2¥ otherwise. To simplify the notations we associate with
each line ¢ a label d; = 0, 1,2, which denotes the number of derivatives acting on the corresponding
propagator, and set

Go(x) = 0% G, (x); (C.15)
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then we rewrite

Vo (z,0)=2x Z ( H Go(z?) >< H .7-") (C.16a)
)

HEL(T) \ e L(T) vEN(T))
RV (ra) =) ( 11 Qe (we(T ) ( 1T J-'U>, (C.16b)
01,02€L(T;) \(EL(T; veN(T))

with the constraint ), L(T) dy = 1,2 for §; = 0, 0? respectively.

Each summand in (C.16a) can be regarded as the value of a fake cluster T; in which the propagator
of a line ¢; has been differentiated. Given a relevant self-energy cluster T contained inside T;, we set
07 = 0 if either (1) T belongs to the cloud of ¢1 or (2) T is a relevant self-energy cluster with either
(2a) £ non-resonant and ¢/, = {7+ for some T" belonging to the cloud of ¢; or (2b) ¢, is non-resonant
and ¢p = {/, for some T” belonging to the cloud of ¢;. Moreover we set 97 = 1 if T is any other
maximal relevant self-energy cluster in 7; or in 77 with op» = 0. If €y(T;) = {C1,Cq,...}, each C}

belongs to Qil(k(l), hgl), hgl)/,*%, . ,ﬁg) ) for suitable values of the labels. Call T; the set of nodes
and lines obtained from T; by removing "all nodes and lines of the subchains in ¢o(T;) and §(T;) the

family of all possible sets T € G*k" »y (ni, d;) obtained from T; by replacing, for all j = 1,...,|Co(T})],

each subchain C; with any subchain C’ € ¢ (k]( )7 hgi), hg ),,*g ()), ... ,*ﬁz, ). Note that Ti’ = T, for all
T! € §(T;). Note also that both §(7;) and E depend on the choice of the line ¢1, although we are not
writing explicitly such a dependence. By summing together all contributions obtained by choosing

first the line ¢; and hence the fake clusters belonging to the corresponding family §(7;), we obtain for

6; =0

¢ © 3 ( Iaen)( 11 )

L eL(Ty) T, e§(T;) \LeL(T] veN(T!)

|€0(T5)] (C.17)
Zx Z “//T:cﬁ H”i/C/ xec)
ZleL(Ti)C}GQ:l(k;i) h(z) h§ )/7 5137 A ) 7j=1
1§J§|¢o( Bl

with

a)=< 11 g4($2)>< 11 fv>. (C.18)
teL(Ty) veN(Ty)

We deal in a similar way with (C.16b). Indeed, each summand can be regarded as the value of a fake
cluster T; in which the propagators of two lines ¢1, /5 (possibly coinciding) have been differentiated.
As in the previous case we associate a label 97 = 0 with (1) the relevant self-energy clusters 7" of
the clouds of both ¢1, ¢, and (2) the relevant self-energy clusters 7" such that either (2a) ¢7 is non-
resonant and ¢}, = {7 for some T” belonging to the cloud of ¢; or ¢3 or (2b) £/ is non-resonant
and {7 = {/,, for some T" belonging to the cloud of ¢; or {5 or (2c) both {7, /], are resonant and
lp =, U, = Lpy for some T", T" belonging to the clouds of ¢1,¢5. Moreover we associate a label
07 = 1 with the maximal relevant self-energy clusters 7' in T; or in any 7’ with 97+ = 0. Then
we reason as in the previous case, by defining T; as the set of nodes and lines obtained from T}
by removing all nodes and lines of the subchains in €y(7;) and F(7;) the family of all possible sets
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T! € 6Zki ., (1, 6;) obtained from T; by replacing, for all j = 1,...,[&(T})], each subchain C; with

any subchain C'/ € (’Zl(k]('), hgl) ) hy)/,*%, ... ,*EZ; ). Then for §; = 9 we obtain

:1:2/0 dri-r) Y Y ( I Ge(ze(r) )( HF)

L1€2€ L(T;) T/ €F(T3) \LeL(T}) veN(T))
1 €0 (T3)] (C.19)
. m2/ ari-7) 3 Vi @.0%) T] Ve (o, (7).
ttenr) 70 et (KD p 70 7527]) j=1
1§J§|¢0(T)|
with
Vg (2, 0°) ( ngZ )( va>, (C.20)
teL(Ty) veEN(Ty)
where z¢(7) = 2) + 72 if £ € Pr, and z4(7) = 2 otherwise.
By summarising we obtained
P
> Volx) = > 17 7(x.6)
Cee*(k;h,h/;ng,...,tp) {T1,....Tp }Y€€* (k;h,h;10g,...,tp) 1=1
-~y (az)(n s )
{T1,.... Ty Ye€* (k;h,h' o,...,7ip) (Si_z_laémeL(Ti) 5%&192 €i1,0i2€L(T})
(C.21)

(HQWT’ )(H/dnl—n>

L
g 13 gy Vh ) Y Ve (e (),

Creer (kD W, )

(
J

with x,, = x by construction and

(sz):( I ggow(a@-))))( 11 fv>, (C.22)

teL(T) veN(Ty)

where we have defined zy(7) := 20 + 72 and

0, §=2L, 1, 0=~L,

(0) == ’ ’ ,0) = ’ ’ C.23

mil9) 0, 0 =0, al@,9) z, d =0, ( )
Ti, §=0?% x?, § = 0%

The factors 1/|F(T;)| have been introduced in (C.21) to avoid overcountings. The last sums in (C.21)
have the same form as the sum (C.1), so that we can iterate the procedure, by writing

Y. Vola (1(8) = Y. Vola, (1(8) (C.24)
Cyen (knf n my ) Cyee (ki m )
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*-chain C a depth label D(C’ ) and if C; = {Tl(j), . ,Tp(f)} we associate with each Ti(j) the
same depth label as Cj, i.e. D(T; 7Y ) = D(C}). More generally, by pursuing the construction, in order
to keep track of the iteration step, we associate a depth label D(C') = d with each *-chain C' which
appears at the d-th step and the same depth label D(T') = d with each *-link T of C. Since at each
step the order of the chains is decreased, sooner or later the procedure stops.

fori=1,...,pand j =1,...,|€(T;)|, with ¥ r(x) defined as in (C.9). Now we associate with each
=1,
/)

To make the notation more uniform, for any #-link 7" such that €y(T) = ) we write 7' = T'. Given
any *-link 7" with 7' # T, if two lines ¢,¢' € L(T) are such that there exists a maximal link 7”7 in T
with €7 = ¢ and ¢/, = ¢', we say that the two lines are consecutive and we write ¢’ < £.

At the end of the procedure described above we obtain a sum of terms of the form

1
( 11 /0 dri(1 — 7i) ) [T at@er, (2),60) ¥ 4, (wer, (7)., 60), (C.25)

i€l i€l
o, =92

where the following notations have been used:

(i) I ={1,2,...,N} for some N € IN;

(ii) {T;}ier are x-links such that (1) for all T; with D(T;) = d, d > 1, there exists a *-link T}, j € I, with
D(T;) = d — 1 and two consecutive lines ¢ < ¢ € L(fj) with the same labels as ¢7., {1;, respectively,

and conversely (2) for all T; with D(T}) = d, d > 0, and all pairs of consecutive lines ¢’ < ¢ € L(ﬁ),
there is a *-link T;, i € I, with D(T;) = d+1, such that £/, {7, have the same labels as ¢', ¢, respectively

(roughly we can imagine to ‘fill the holes’ of all 7" such that D(T) = 0 with all 7" with D(T") = 1,
then ‘fill the remaining holes’ with all 7" with D(T"”) = 2 and so on up to the *-links of maximal
depth which have no ‘holes’);

(iii) T = (71(81), ..., 7n (8n)), with 7;(6;) defined as in (C.23), and for all £ € L(T1) U ... U L(Tx) we

have set
z(7) = .732 + Tig (5Tid) (l’gd + Tig_1 (5Tid_1 ) (wgd,l + Tig_s (5Tid_2 )+ Tig (6Tzo)x>>> ) (C.26)

where T;, is the minimal *-link (with depth d) containing ¢ and /; is the line in the x-link T;,_, with
depth j — 1 corresponding to the entering line of 7;, for j =1,...,d.

Recall that each propagator is differentiated at most twice and note that, for T" such that 7 = 9,
there is a line £ € L(T) with dy = 1. Then, when bounding the product of propagators, instead of

H 0 iy (w) ! (C.27)

LeL(T

with 7o as in the proof of Lemma 4.3, we obtain the bound (C.27) times an extra factor
c1m,,, (W) e, (C.28)

for suitable constant ¢;. Analogously, for T such that d7 = 02, either there are two lines ¢y, fo with
dy, = dyg, =1 or one line ¢; with dy, = 2; in both cases we obtain (C.27) times an extra factor

C10m,,,. ((.«J)_lozmn/£2 (W) e, % (C.29)
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On the other hand we have no gain factor coming from the *-links with label § = £, R, or from the
relevant self-energy clusters 77 with 977 = 0. In order to deal with such lines we need some preliminary
results.

Given a #-link T', define T as before and denote by L r(T ) the set of resonant lines in 7. Set

(i) Lvn(T ) L(P)\ Lp(T),

(i) Lp(T) :={€ € Lp(T) : d¢ > 0},

(iil) L{(T ) ={le Lr(T ) ¢ = {7 for some relevant self-energy cluster 77 C T with 97 = 0},
(iv) L ( M) = {¢ €L r(T) : = ¢, for some relevant self-energy cluster 77 C T' with 677 = 0};
(

v) Lo(T) := L§(T) U L§(T);

(Vi) LR(T) = Lp(T) U Ly(T).

Of course Lp(T) = Lo(T) = 0 if 67 = £,R. Given a link T we say that £ € L(T ) is mazimal in
T' if T' is the minimal relevant self-energy cluster contained in 7' (with 977 = 0) such that ¢ € L(T").
If there is no such relevant self-energy cluster we say that ¢ is maximal in T. Given a x-link T with
ot = 0,0?, we denote by Ly (T) the set of lines which are maximal in T'; for any relevant self-energy
cluster 7" with 97 = 0 we denote by Lj;(7”) the set of lines which are maximal in 7.

Lemma C.1. Let T be any *-link with 67 = 0,0%. For all relevant self-energy clusters T' contained
in T one has qo(T") := |Lyp(T") N Lo(T')| < 4. Moreover

q(T):= > dy<min{d—q(T"),2}.
LeLy (T7)

The same hold if we replace T" with the *-link T'.

Proof. 1f 67 = O there is at most one line ¢ € L(T) such that dy = 1. Let {T;}7L, be the cloud
of £, where we denoted Ty = T, so that Lo(T) C ey by, br,,, U} Then Ty, is the minimal
relevant self-energy cluster containing ¢ and Ly (Tj) N Lo(T') C {gTj+1’ﬂfj+1}v j=0,...,m—1. Hence
q0(T5) < 2 and ¢1(7}) =0for j =0,...,m— 1, while qo(Tyn) = 0 and q1(T,,) = 1. If 67 = 9? and
there is one line £ € L(T") with d; = 2 one can reason as in the previous case, denoting by {7};}7"
the cloud of ¢ and hence obtaining ¢o(7j) < 2 and ¢;(7}) = 0 for j =0,...,m — 1, while go(T7,) =0
and q1(T},) = 2. If there are two lines £}, £, € L(T) with dyr = dg, =1 one proceeds as follows. Call

(TP} the cloud of €], i = 1,2, with T{" = T{? = Ty = T, and set

r:=max{j >0 : T() (2)—T}

If 7 = m1 = mgy then again ¢o(7}) < 2 and ¢;(7j) = 0 for j = 0,...,r — 1, while ¢o(7}.) = 0 and
@(Ty) = 2. If r = my < mg then qo(7j) < 2 and ¢1(7;) =0 for j =0,...,r — 1, q(7;) < 2 and
@(T,) =1, qo(Tj( )) < 2 and ¢ ( ]-(2)) = 0 for ] =r+1,. mg, and qo(Tm,) = 0 and q1(Trn,) = 1.

Finally if » < min{my, my} then Ly (T}) N Lo(T) C {€T<1 , (1) o @ v @, }, so that go(7};) < 2 and
+1

q(Tj) =0for j =0,...,7—1, go(T) < 4 and ¢;(T},) = 0, Wh1leq0( ]())§2andq( ):()for

j=r+1,.. ml,andqo( ml)—Oandql( J=1i=12. [ ]

Define the multiplicity (function) of a non-injective map as the cardinality of its pre-image sets
[26, 53].

Lemma C.2. Let T be a x-link with 57 = 0,0%. There exists an application A : L*R(T) — Lyg(T)
with multiplicity at most 2 such that ¢ = Ca(p)
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Proof. By Lemma C.1 there are at most four lines ¢y, ¢2, {3,404 € L}}(T) such that, if 77 denote the
minimal relevant self-energy cluster containing ¢;, then 7] = ... = T;. Moreover by Remark 6.11
if £ is a resonant line, then the minimal relevant self-energy cluster containing ¢ contains also two
non-resonant lines ¢}, ¢, with the same minimum scale as ¢. Therefore the assertion follows. u

Now consider a *-link T" contributing to (C.25) with largest depth, say D. Since T' does not contain
any resonant line, by Lemma 6.6 and Remark 6.7 we have

|V 1, (e, (1), R)| < &y TV EKT2 < 3y, (7)), (C.30)

n, —1
for some positive constants co and c3; we have also used that K(7;) > 27T for o, = R and
e, (T)] = am,, (W) if Uy, (24, (1)) # 0. Therefore we can bound

i T; i i

k(T)

ey, 6=L,
la(ep (1), 07)|| ¥ (207 (1), 07)| < D |y, (7)), 5 =0, (C.31)
Dz, ()2, §=0%R,

for some constant ¢4. Now consider a x-link 7" contributing to (C.25) with depth D — 1. For each
resonant line £ € L R(T) denote by 7" the minimal relevant self-energy cluster containing ¢ (set 7" = T if
there is no minimal relevant self-energy cluster containing ¢). For all resonant lines ¢ € Ly (T")\ Lo(T),
there is a subchain C' € €y(T') for which ¢ is an internal chain-line, such that C' is uniquely associated
(see the comments after (C.25)) with a #-chain C* = {T},,...,T; ., } with depth D contributing to
(C.25), whose value can be bounded by

p(C)

—1 k(C
[T alwer, (2).0) ¥ (@er, (2).0;)| < e, (P75, (C32)
j=1

for some ¢5 > 0, and this can be obtained as follows. If either 5Tij # Lforall j=1,...,p(C) or there
is only one j =1,...,p(C) such that 5T¢j = L, then (C.32) trivially follows from (C.31). Otherwise if
1 <j<j <p(C) are such that 5Tij = 5Tij/ = L then there is at least one j” = j+1,...,5 — 1 such
that (5Tij” = 0%, R; recall the constraints (i)—(vi) after (C.7). Then (C.32) follows.

Moreover by Lemma C.1, if there are Ry (T") resonant lines in L/ (7”) with minimum scale n, we
have an overall gain ~ a,,, (w)R:r(T,)_qo(T/) and on the other hand the product of the propagators of
such resonant lines can be bounded proportionally to ayy,, (w)~ T+ (T)  with go(T") +q (T") < 4.
Therefore, by Lemma C.2, if we replace the bound for the propagators of each non-resonant line
0 € Ly(T"), ¢ = n, with cgaym, (w)~3 for some positive constant cg, we have exactly a gain factor
which is enough to compensate each propagator of the resonant lines with minimum scale n in Ly (T”).
But since we can reason in the same way for all n and all resonant lines in 7', if we replace the bound for
the propagators of each £ € Lyg(T) with C6Qm,,, (w)~3 we obtain a gain proportional to O, (w)!Fde

for any ¢ € L R(i” ), and hence we can use again Lemma 6.5 in order to obtain the bound (C.31) also
for the *-links with depth D — 1.

Then we pass to the x-links with depth D — 2 and reason in the same way as above and so on.
When we arrive to the x-links with depth 0 we only have to recall that they are associated with the
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maximal relevant self-energy clusters 7' of 6, which all have label 97 = 1. Hence in (C.25) we can
bound

N
H a(ngi (1),6:) a//ﬁ ($€Ti (1),8)| < C?(Tl)+.‘.+k(TN)|x|p_l _ cl§|$|p_1,
i=1

for some positive constant ¢7. We have still to sum over all the possible contributions of the form
(C.25). To take into account the scale labels ng, £ € L(Ty) U ... U L(Ty) simply recall that for
each momentum v, only 2 scale labels are allowed; see Remark 3.8. To sum over the mode labels
vy, v € N(T1)U...UN(Ty) we can neglect the constraints and use a factor e~€/4M| for each v.
Moreover the component labels hy are 2. Finally the sum over all possible unlabelled chains with order
k is bounded by a constant to the power k. This completes the proof of the bound (6.9).
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