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Abstract
We study the isotropic XY chain with a transverse magnetic field acting on a single site
and analyse the long time behaviour of the time-dependent state of the system when a periodic
perturbation drives the impurity. We find that for high frequencies the state approaches a
periodic orbit synchronised with the forcing and provide the explicit rate of convergence to the
asymptotics.
MSC: 82C10, 37K55, 45D05, 34A12.

1 Introduction

Frequently time-dependent Hamiltonians provide a fair effective description of otherwise compli-
cated physical systems. In particular the interaction of a quantum system with a classical electro-
magnetic field typifies non-autonomous quantum mechanical models. Time-periodic perturbations
correspond to monochromatic radiation and constitute the basic case to analyse.

In this paper we study the isotropic XY quantum spin chain with a periodically time-dependent
transverse external field acting only in one site, namely the k-th. The Hamiltonian operator reads

N-1

Hy(t)=—g > (0Fo7,, +0lo?, ) — (Vo + WV (wt))o . (1.1)

j=1

Here 1 < k < N is fixed once and for all, 0®,0%,0% denote the Pauli matrices, g, h,w > 0 are
three parameters ruling respectively the strength of the spin-spin coupling, the magnitude of the
external field and its frequency. We assume that V(wt) is a real analytic function with period 27 /w
and zero mean, i.e.

Viwt) =Y ™V, V| < Coe 7" (1.2)

nez

For any time ¢ the Hamiltonian is a self-adjoint operator on the tensor product of 1/2-spin vector
spaces H; = C?, each spanned by the vectors spin up and spin down: Hy = ®§V:1 H; = c2®V,



The corresponding matrix algebra of 2 x 2 matrices GL?(C) is spanned by the Pauli matrices
0%, 0Y,0% plus the identity 1. As usual the thermodynamic limit for the system is performed in the
Fock space, defined as F := @, Hy. We assume for simplicity free boundary conditions.

Our main result is that, if the frequency is sufficiently high, the state of the system approaches
a periodic orbit with the same period of the perturbation. It will be stated precisely below.

The analysis of this model was begun in [ABGM70, ABGM71.a, ABGM71.b]. The Hamiltonian
(1.1) can be conveniently written in terms of quasi-free fermions via a Jordan-Wigner transforma-
tion, i.e.

i—1
oF = (64 ) @iy (o)
O'él = fi(cjfcj)®i:1(fcr,f3)
o7 = 2cjc; — 1

followed by a Fourier transform (from ZN[—N, N] to the N-th cyclotomic group Z(N)). It becomes

1 ik(q—
Hy(t) = - ezZ:(N) {g cospdgp + (Vo + hV(wt))Ne (a=p) aflap (1.3)
@p

where d4), is the Kronecker delta and a’, a satisfy the canonical anti-commutation relations

[apv aq]+ = 07 [a;r)a aq]+ - 51"1 .

The equilibrium property of such a system are well understood, as the N-body state is determined
by the single particle. The Hamiltonian was diagonalised in [ABGM70, ABGM71.a]. Let h be the
magnitude of the field at fixed time and

h i(g—p)k
Hfl\fp ::gcosqéqp+ﬁe (a=p)x

be the Laplacian on Z with a rank-one perturbation. Hy is the second quantisation of #V. Then

as N — oo
- h2
spect[Hn] — [—g,9] U< gsign(h)4/1 + Z( (1.4)

As we will see below, the dynamical properties of the model are still determined by the one
particle state, but the action of the rest of the chain adds an additional (linear) term in the one-
particle Schrodinger equation.

Our work stems from the analysis performed in [ABGM?71.b]. There the authors investigated the
motion of the impurity with various time-dependent external fields. In particular they computed
the magnetisation of the perturbed spin at the first order in h, with V(wt) = coswt, observing a
resonance (i.e. a divergence) in w = 2g.

We will see that such divergences appear in any order of the (formal) expansion in h. They
must be controlled by an appropriate renormalisation. We can already foresee where the problem
is by looking at the spectrum. For V[ # 0 we are essentially perturbing the isolated eigenvalue.
Note that the spectral gap between the band and the eigenvalue is approximately %(VO + AV (wt)).
Therefore if A is small enough we have no crossing of eigenvalues, hence no resonances. When
Vo = 0 the perturbation could move energy levels within the band. However, if w is sufficiently
high we are able to treat the resonances.



In the rest of this introduction we will introduce our set up, state the main result and link it to
some literature on the topic.

1.1 One-particle reduction

Now we briefly show how to reduce the dynamics of the N-body problem to a one-body Schrédinger
equation with memory, adopting the scheme of [ABGMT71.b] (for more details, we refer to [G15]).

The starting point is the representation (1.3). Obviously for ¢’ # " one has [Hy ('), Hn(t")] #
0, which implies a non-trivial dynamics. At fixed N, the solution of the Heisenberg equations

& 0g(t) = lag ), ~iH()], g € ZN) (L5)

is given by a one-parameter semigroup of Bogoliubov transformations, namely
1
aq(t) = N Zqu(t)ap, (1.6)
P

where the matrix Ay, (t) solves the following ODE (obtained by matching (1.5) and (1.6))

» 1 1 .,

() = 55 2 Aar () [g cos plpg + (Vo + hV (wt)) ze™ 7P| Agp(0) = 8y

q

Fix tg € R as the initial time; then the following change of variables will be convenient:

. 1 L
U, (t) = ewcosq(t—twﬁ > €MIAL(t), jEZN[-N/2,N/2].
pEZ(N)

Obviously, the Ay, are equivalent to the ¥; ,. Moreover, as we are dealing with quasi-free fermions,
the functions {¥; 4(¢)} ez completely specify the state of the system at any time ¢. For any finite IV,
the {U; (t)},cz for all times are trivially given by the standard existence and uniqueness theorem
for ODEs. As N — oo, after some manipulations and using Duhamel formula we arrive at the
following set of equations

t
Vy(g;t) =1 - ie’”(j‘”)/ dt' Ji—n(g(t =) (Vo + hV (wt))W(g;t), j € Z,q €T :=R/(27Z).

¢
’ (1.7)
For k € Z, J(t) denotes the Bessel function of first kind and k-th order:

1 4 . )
Jk (t) . / dl‘ewk-H cos zt )

:% -

In order to be as self-consistent as possible, many properties of Bessel functions used in the paper
are proved in Appendix A.

Since the state of the system is completely determined by W, (g;t), henceforth we agree to refer
to the solution of the following integral equation (with the change of variable £ := cosq)

(&, 1) = Ve (q(€)st)



and
t
Y(Et) =1~ / At Jo(g(t — )" "D (Vo + AV (W))(&, 1), €€[-1,1]  (L8)
to
as the state of the chain. This integral equation comes from the Schrédinger equation on Z of the

Floquet type
i0(x,t) = —gA(x,t) + Hp(t, to)y(z,t), o(x,0) =6d(z), (1.9)

passing to the Fourier side on the spatial variables. Here A is the Laplacian on Z and Hp(t,tg) is
t
Hp(t to)d(z,t) = (Vo+hV(wt))p(z,t) - gVo/ dt' Ji(g(t — 1)) (1)
to

t
— gh / At' Jy (g(t — )2V (wt' ) (z, t') .

to

Therefore the many-body problem reduces to a one-body Schrodinger equation with a memory
term. Since the Duhamel representation in the momentum space is much simpler, we will only
deal with it for the rest of the paper. Remarkably, this kind of equations appeared already in the
original studies by Volterra [V13], who called them heredity equation. They model quite a vast
variety of physical phenomena, from elasticity theory to electromagnetism.

Let us spend few words on the notations. With a little abuse of notation, since throughout the
paper we operate in the Fourier (spatial) space, we will systematically omit * to indicate spatial
Fourier transformations. Therefore we convey that (&, t) for [-1,1] 3 € = cosq, ¢ € [—7, 7], is
the Fourier coeflicient of ¢(x,t), x € Z. The Fourier and Hilbert transform .# and ¢ will be
employed. According to the standard definitions

Z11(7) ::/R%emf(t), HPNE) = ip.v./Rdt’f(t;t/), (1.10)

where p. v. denotes the Cauchy principal value. x(-) always indicates the indicator function of a set
(subset of R). We write X <Y when there is a constant C' such that X < CY.

1.2 Main result
It is convenient to introduce the Volterra type operator for any ¢ > ¢y and £ € [—1, 1]
t
Wi, f(&,1) ::/ At Jo(g(t — )95 (Vo + hV (wt') (£, 1') . (1.11)
to

This can be regarded as a linear map from L?Ct([fl, 1] X [to,t]) into itself. For any to finite it is
an integral operator with smooth kernel on a finite interval, hence compact. We rewrite (1.8) as

(1 + iWy, )b(€,1) = 1. (1.12)

Therefore by the standard Volterra’s theory [V13] (for a modern exposition, see for instance [FEN00])
we obtain the existence of a unique solution for finite time, i.e. as t — ty < co. We denote this
one-parameter family of functions with 4, (&, t).



The operator Wy, has a formal limit as tg — —oo, which we denote by W, defined through

t

Woo f(£,1) == / dt' Jo(g(t — )@= (Vo + hV (wt')) (€, 1) . (1.13)

— 00

W4 is an unbounded operator on LgC’t([—l, 1] x R), mapping periodic functions of frequency w
into periodic functions of frequency w. Thus the formal limit of (1.12) is

(1 +iWa)p(E,8) = 1. (1.14)

We will show that this equation has a periodic solution with frequency w, under some conditions
on g,w, h and denote such a solution by 1 (&,t). We will work in two different regimes, namely

(a) The non-degenerate case: Vi # 0.

(b) Moderately resonant regime: Vo = 0 and there is € > 0, such that

g 1
< ¢, 1.15
w2 c ( )
Our main result is the convergence as tg — —oo of the family {:,(&,t)}t,er to a function
Yoo (&, wt), which is a periodic solution of (1.14) with frequency w. More precisely we have

Theorem. Let h < w and assume either (a) or (b). Then there exists a periodic solution of (1.14)
with frequency w analytic in h, whose Fourier transform oo (z,wt) € L2C5°(Z x R). Moreover, let
i, (z, 1) be the unique solution of (1.9). It holds

ro (2, 1) zwoo(x,wt)+0(\/tl_7to) .

1.3 Discussion and summary

This class of problems was intensely studied in the past. Two approaches were mainly adopted, both
having classical counterparts. In one of them, introduced by Howland and Yajima in [Y77, H79],
time is promoted as an additional space coordinate 7 € [0,¢] (as in the contact geometry of the
extended phase space with time and energy in classical mechanics.). This permits to study directly
the spectral properties of the Floquet operator

. d

e H(r)
in L2[0,t] x H, where H is the Hilbert space of the system at fixed time. Therefore one can develop
the theory in parallel with the one for periodic Schédinger operators. This idea has been exploited
in many other papers, as for instance [BASPW 15, BASP15, BASPMS14], dealing with open quantum
systems, in a set up similar to ours. The second technique, first used by Bellissard in [B85], is based
on KAM algorithm and have been much developed in the past decades in different contexts, and in
particular for time-dependent Schrédinger equations (see e.g. [BGO1, EK09, ADRH15.b]).

Here we are using none of these methods, as our analysis is chiefly based on a renormalisation of
the Neumann series. Of course there is much overlap among these three approaches. Nonetheless



we cannot use KAM reducibility for our problem. The technical reason is that, in the more difficult
case of zero-average forcing term, we deal with perturbations of the identity (bear in mind (1.14)).
This trivialises the homological equation at each KAM step. Moreover we emphasise that all the
aforementioned papers (except [EK09]) deal with perturbation of the discrete spectrum, while we
have the Laplacian on Z. This constitutes a major issue to cope with in our work.

A striking feature of the solution we find is that even if the external field has zero average,
the system approaches a time-periodic state with non-zero average (see Remark 2.5). The lack of
ergodicity of this sort of models is of much interest in non-equilibrium statistical physics and it
received attention by old and new works [ABGMT71.b][L71][R73][LLMMI15]. In any case, since we
deal with high frequency, we are not able to establish whether or not the limits ty — —oo and
w — 0 commutes. So the question remains in the realm of conjectures.

The high-frequency assumption appears also in other works on related problems [ADRHI15.a,
ADRH15.b, BDP15, BASPMS14]. From a mathematical viewpoint the main issue at low frequencies
is that, as w is smaller than the width of the continuous spectrum, a finite but arbitrary large number
of harmonics are resonant with the chain [G13]. The study of this more delicate regime requires
some new idea.

The paper is organised as follows. In Sections 2 and 3 we prove the main theorem. The strategy
of our proof consists of two steps. First in Section 2 we find a periodic solution of (1.14), analytic
in h. This is achieved by expanding the resolvent of the operator W, in powers of h/w. The case
Vo # 0 is simpler. When the potential has zero average, the oscillating eigenvalue crosses the band,
giving rise to resonances. We take care of these by an appropriate renormalisation. This part of
our analysis is much in the spirit of trees formalism, first developed for KAM theory in [E96]. The
linearity of the problem allows us to deal with linear trees, which we call reeds. In Section 3 we show
that the solution of (1.12) approaches the periodic solution constructed in Section 2 as tg — —oo.
We give the explicit rate of convergence, which is determined by the asymptotic behaviour of the
Bessel function Jy. The non-degenerate case is easier to treat and the proof, long but direct, is
only sketched. The moderately resonant regime is more delicate and is presented in detail. Indeed
in that case the resonances give two possible bad effects that we have to avoid: first, as in Section
2, the single terms of the expansions can be divergent; second even if regularised, the resonances
could in principle kill the desired decay in time, which depends indeed on the time oscillations.
We attach two appendices, whose results are heavily employed in Section 3. In Appendix A many
useful oscillatory integrals are explicitly computed; in Appendix B we present a separate proof of
the main theorem as h = 0.

Acknowledgements We thank G. Gallavotti for suggesting the problem and G. Gentile, A.
Giuliani and B. Schlein for some stimulating discussions. This paper has been written as L.C. was
Canada Research Chair Postdoctoral fellow at McMaster University. G.G. is supported by the Swiss
National Science Foundation through the grant “Effective equations from quantum dynamics”.

2 The asymptotic solution

Now we concentrate on the solution of (1.14). It will be helpful to set

9 ._
Q= —, Y=
w w



although will use this notation only in this section. We want to prove the following result.

Proposition 2.1. Let v small enough, and either (a) or (b) hold. Then there exists a periodic
solution to (1.9) with frequency w analytic in ~y.
2.1 Formal set up

Let us consider the change of variables ¢ := wt, so that equation (1.9) (in spatial Fourier variables)
becomes

i0,9(&, ) = — a&p(& ) + (Vo +V()v (€, ¢)

® ié A (21)
- a/ dg’Jy (%(w - w/)) S (Vo + V()6 @) s
and (1.14) becomes
¢ _ ,
wee) =1-1 [ o (ale - ) 1 + AV (E)(E ). (22)
- ({6 : b+ 0] < o)) — ix({€ : [k +0€] > a})
. . ikt al| <ap)—1 Dkt ol > a
gk =gk +ag) = X N (2:3)
[(a€ + k)? — o?|
and note that each ji is singular for aé + k + o = 0.
Remark 2.2. Once « is fixed there is € > 0 such that, for all k with |k| > 2« +  one has
. 1
k()] < (2.4)

V2az 22
uniformly in £. In particular, in the moderately resonant regime (1.15) the only divergence is for
k =0, as we have

1
i e R 2.5
) = s (2.5)
while
. _ —i 1
m@n—‘ e S MO (2.6)

Let us now compute the asymptotic solution as a formal power series in ~y

w = Zkak ) (27)
k>0
where ’ .
0 = )
Y = We[tp—1]. (2:8)

Since the image via W, of a periodic function is periodic, each term of the series is a periodic
function of ¢, so we can consider its Fourier expansion also in time. Using the fact that

(Weott)k = ji Z Vi—ntn,  (Y0)k = 00,k ,

nez



by direct computation we obtain

. in
= E .]nl‘/nle 1<p7

ni1€Z

(2.9)

wk(‘ﬁ) = Z (ﬁj#ivni)ewkw )

Ny, N €EZ =1

where we denoted 4
2

wi = p(ng,...,ng) ::an. (2.10)

Jj=1

In this way we obtained that the formal power series

(& piy) =D eMPPu(E) =D er? Z —iy) NN u(€)

WEZ HEZ N2>0
_ e (2.11)
Yo Y Y o ([Lnn),
MEZ N > 0ni,....nNEZ i=1
HN=H

solves (1.9) at each order 4. Thus the uniform convergence of the series (2.11) for v small enough
will provide a well defined solution of (1.9). To achieve this goal we shall present a graphical
representation for the coefficients 9y, in (2.11) and use such representation as a tool to simplify
the computations leading to the appropriate bounds, which in turn entail the convergence of the
series.

2.2 Reeds expansion

Here we introduce the graphical formalism which will allow us to deduce the convergence of the
formal series (2.11); such formalism has been used plenty of times both in theoretical and mathe-
matical physics. In the context of KAM theory it was originally introduced by Gallavotti in [G94],
inspired by a pioneering result obtained by Eliasson in [E86] (published in [F96]) and thereafter
has been used in many other related papers; see [Gel0] for a review.

Since our problem is linear, we deal with linear trees, or reeds.

An oriented tree is a graph with no cycle, such that all the lines are oriented toward a single
point (the root) which has only one incident line (called root line). All the points in a tree except
the root are called nodes. A reed is a linear tree, i.e. a tree in which each node has exactly two
incident lines. Note that in a reed the orientation induces a natural total ordering (<) on the set
of the nodes N(p). Moreover, since a line £ may be identified by the node v which it exits, we have
a natural total ordering also on the set of lines L(p).

Given a reed p we associate labels with each node and line as follows. We associate with each
node v a mode label n, € Z and with each line ¢ a momentum uy € 7, with the constraint

pe=y _ny. (2.12)

v=<{



Note that (2.12) above is a reformulation of the constraint (2.10). We call order of a reed p the
number of nodes with non-zero mode in it and total momentum of a reed the momentum associated
with the root line. ©y,, denotes the set of reeds of order N and total momentum .

We then associate with each node v a node factor
Fo=Va, (2.13)

and with each line ¢ a propoagator

Ge = Ju,(&), (2.14)

so that we can associate with each reed p a value as

valp) = ([T 7)( I %) (2.15)

vEN(p) LeL(p)

For any p € Oy, we can rewrite (2.15) as

Val(p valg& , (2.16)

where v;, £; are the i-th node and line respectively. Clearly

Ynp= Y Val(p). (2.17)
PEON,
2.3 The renormalisation procedure

We pass now to illustrate the renormalisation separately for the two regimes.

2.3.1 The non-degenerate case

By Remark 2.2 the only dangerous reeds are those containing a line ¢ with momentum |uy| < 2«
since otherwise the propagators are easily bounded: we call singular lines such lines and regular
the others. Since the average of the potential is not zero we may have two lines carrying the same
momentum attached to the same node (having zero mode by the conservation law (2.12)): in this
case we say that the two lines are connected. Let @E, ., denote the set of renormalised reeds i.e.
reeds in which no pair of connected lines appear. We define

(&) == 1_‘71“‘/% (2.18)

and for any p € @ﬁ ., let us define the renormalised value of p as

Val®(p valg,, , (2.19)

where

Gre = (&) (2.20)



We easily see that formally

GR(E) = 3u(©) D (—iVodu(©)P

p=0

and since for a renormalised reed the order coincides with the number of nodes (and hence lines),
setting

DRE) =D (=N Y ValR(p) (2.21)

N>1 pe@}%’u

formally we have
Pu(&7) = Y& ) -
The advantage is that for the propagators (2.18) we have the bound

1
. — | > 20 +7,
iR < {4 V2aE +E (2.22)
Vol ™! |pu] < 2a + &
Therefore
ValR(p) = (T 17l)( IT 16el) < (Coem=vemr ™) (T 141)
vEN(p) LeL(p) LeL(p) (2.23)

<o Ne o Xweni Il < (Cuor)Neolnl

which implies

WR(E < D AN (CoCrt)Nemalm/2 (2.24)

N>1

and we see that there is a constant C; > 0 such that the series above converges for

v <Oyt . (2.25)
This means that the function
PR(i6,7) = Y €M pR(&), (2.26)
WEZ

is well defined, uniformly bounded for £ € [—1, 1] and + satisfying (2.25) and analytic for ¢ € T.

2.3.2 The moderately resonant regime

Anew by Remark 2.2 the only dangerous reeds are those containing a zero-momentum line, thus
we need to provide a suitable renormalisation only for such reeds. We say that a line £ is regular
if ug # 0, otherwise it is singular. Since V = 0, the order coincides with the number of nodes
and moreover two singular lines cannot be connected; however it is possible that there is only one
regular line between two singular lines: in such a case we shall say that the two singular lines are
consecutive. Given two consecutive singular lines £,/ we call link the line ¢ between ¢; and /5,

10



and we say that the link has size n > 1 if |ug| = n. Note that by the conservation law (2.12) a link
can have only momentum g, # 0.
For all n € Z\ {0} set
n(€) = Jn(&) + j-n(8) - (2.27)

Given a reed p with a link £y of size n, let p’ be the reed obtained by exchanging the modes
of the nodes fy enters and exits respectively, so that gy, is replaced with —puy,; note that this
replacement effects only the propagator of the link, while the product of all the node factors and
the other propagators is the same. In other words we have

Val(p) + Val(e) = ( TT Z)( T 9) Gy (© + 1y ()

veN(p) LeL(p)\{¢o} (2.28)
(I =) I &)ie.
vEN (p) LeL(p)\{fo}
If we perform this procedure for all reeds, we can rewrite (2.17) as
Unp= Y, Val'(p), (2.29)

pE@}‘\,’“

where OF , is the set of reeds with order N and total momentum g in which the links have only
positive momentum and their propagators are replaced by j,,(£) in (2.27). We are now ready to
perform the renormalisation procedure.

Denote by @7]%’“ the set of reeds in which no link appears, set jo*°(&) := jo(€) and for n > 1
define recursively

R o (€)
iR (€)= 0__ . (2.30)
70 14+ 72V 27, (€30 ()
Remark 2.3. Note that )
]'Rn (5) _ ]0(5) _
’ L+ 2203201 [Vol27,(6))do
so that we can define
R = T jRn(€) = Rle) . (231)

n—00 1+ ’72(2;,,21 |Vp|25p(£))j0(£)

Since v*(3- 51 [Vpl?7,(€)) is purely imaginary while jo(¢) is real, the limit in (2.31) is well defined
and moreover using (2.6) one has

2e

i ()] < (722 Vol?lip ()~ < T (2.32)
2 ZIVIE
For any p € @JR\,’ ., let us define the renormalised value of p as
N
Val®(p) = [[ 7. 6% . (2.33)
i=1

11



where

B {jwi (&), fe; 70, (2.34)

G =
h J(fJR(f)a He; = 0.

Remark 2.4. Note that by construction in a renormalised reed with N nodes one can have at most
N/3 lines carrying zero-momentum: indeed between two zero-momentum line there must be at least
two nonzero-momentum lines.

As in the non-degenerate case, setting

eR&) =Y (=N Y ValR(p)o(§), (2.35)

N>1 peOF

it is, again formally
Pu(&7) = Y& ) -

Moreover, using Remark 2.4 we have

VaR(p)l = ( TT 170)( TT 16el) < (Coe™ = ™) (T 16el)

vEN(p) teL(p) ¢eL(p)

— N/3 aN/3
< =7 Tuenip Il \/%2 ( 1 > (2.36)
V2V [[Z- V2

< G \" 2N/3 g olu
=\ Cy(22)176 ’

which implies that there exists a constant C5 > 0 such that

C N
RGN < Y AN (c*g(ko)l/ﬁ) eI/ (2.37)

N>1

and we see that the series above converges for

7 < (Cy'Ca(28)%)°. (2.38)
This means that the function
PR (p;&,y) =D e yYR(E), (2.39)
MEZ

is well defined, uniformly bounded for £ € [—1, 1] and + satisfying (2.38) and analytic for ¢ € T.

2.4 The asymptotic solution

From the previous discussion we obtained the convergence of the series

PR &, y) =D MY (&) (2.40)

MEZ

12



in both the non-degenerate case and the perturbative regime. We complete our proof of Proposition
2.1 showing that the function 1% (¢; €, ) is in fact a solution of the equation (2.2). This is essentially
a straightforward computation.

First we notice that the difference between (2.21) and (2.35) is only in the definition of the set
OF . and the explicit expression of the renormalised propagators. Indeed using either (2.21) or
N,u
(2.35) (depending on the case) into (2.2) we get

[ e ateo— o) w4 v (R (i)

SDIEHAD DRI

N>0 peOR

= o(§) — /wd@’Jo (alp — @) €=V (Vg + 7V (¢)) %

x D (=)™ 3o Val (p)o(€) (241)

N>1 peOR |

= (14 Y =~ / 4 o (0l — @) X 1 + iV ()
N>1 o

X3 Val(p) ) o(€).

96971\1/,“
which means that the coefficients must satisfy

DN > ValR(p) =

N=1 pEOT ,

=Y [ Ao (ol — ) EE D Vo V() 3 ValR(p).

N=1 PEOR 4,

(2.42)

On the other hand the r.h.s. in (2.42) equals

D =N DD valR(p)

=R
Nz1 pe@N,u

where O , is the set of reeds whose root line may exits a zero-mode node (in the non-degenerate
case) or the line immediately preceding the root line may be a link (in the perturbative regime).

We study separately the two cases.
2.4.1 The non-degenerate case.

In this case the root line of a reed has to be renormalised only if it exits a zero-mode node.
Concerning the case |u| < 2a + &, equation (2.42) reads

DREY) =D (=Y Y ValR(p). (2.43)

=R
N>1 pEON.,

13



Let us split
AR
@NH—@N“U@NM (2.44)
where éﬁ . is the set of reeds such that the root line exits a node carrying zero mode and éﬁ L

772 ~
are all the others reeds in © ,: note that if p € @71%7 ,, then all the lines in p are renormalised.
Therefore we have

SN DT ValR(p) = —ivdu(€) D Vi vl (69) (2.45)

N>1 pedR

and

YN DD ValR(p) = —ivio(€) D ()i n(©Vo R (€), (2.46)

N>1 peOR HEZ\{0}

so that summing together (2.49) and (2.50) we obtain ¥J*(&;7).

2.4.2 The moderately resonant regime.

In this case the root line of a reed has to be renormalised only if it carries zero momentum, thus
for u # 0 we see immediately that (2.42) holds.

Concerning the case u = 0, equation (2.42) reads

&) =D (=i YD Val®(p (2.47)

N>1 P€@N,0

Let us split
@No—@NOU@NOa (2.48)

where éfw is the set of reeds in which no link appears while éﬁ,o are the reeds such that the line
immediately preceding the root line is a link. Therefore we have

SN DD ValR(p) = =€) Y VouuR(€) (2.49)

N>1 peBF HEZ\{0}

and

DN DT ValR(p) = =€) Y (1) Vi w(OVoup R (€), (2.50)

N>1 peOR | HEZ\{0}
so that summing together (2.49) and (2.50) we obtain ¥J*(&;7).
This concludes the proof of Proposition 2.1.

Remark 2.5. As anticipated in the introduction, the solution in the moderately resonant regime
exhibits a non-zero mode even though the forcing has vanishing average, as it can be directly verified

by (2.47). Since @E,o is non empty as N > 2, the average of the solution is O (Z—z) .
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3 Finite time analysis

To conclude the proof of Theorem 1.2, we need to show that the solution for finite ¢y is asymptotic
as tg — 00 10 Yoo (€, t). More precisely, the goal of this section is to prove the following proposition.

Proposition 3.1. For anyt € R, £ € [—1,1] one has

lm Vit —to|teo(&,t) — 1, (€,1)] < 0. (3.1)
to——00
We need some preliminary considerations. It is convenient to define

Ay, (t7€) = Z/JOO(§7t) — Yy, (5775) : (32)

Note that as a difference of two analytic functions, A is analytic in hA. Thus there is a sequence of
functions {A*}en, such that
A= (ihy A (3.3)

Jj=0
Combining (1.12) and (1.14) we get
(1 +iWeo)thoo (1) = (L + Wi )1, (€, 1)

thus Ay, (¢, €) satisfies

(]1 + tho)Ato(Eat) = 71(1 (5 t th )7 (34)
with
to )
q(E, b, to, w) = / drJo(g(t — 7)) (Vo + ihV (7)) beo (€, 7) - (3.5)

Let us now look at ¢% (¢, to, £, w). Expanding in Fourier series we get

q[O](tvth§7w) = VQZ'LZ)keiWkt/ dTJO(g,r)ei@fwk:)fr

kezZ t—to

o0
+ A Z wuffkeiw(u-&-k)t/ dTJO(gT)ei(S—W(u+k))T

,kEZ t=to
o0

= % (Voo + b= 6 7)) e [ drdggrieieen
t

nez —to

Therefore the function ¢l%(t, o, €, w) can be written as

q[ t thga Z elwnt t tnga )a (36)

nez

with

oo

dV(t, 1o, w) = (wwh(wmm) / drJo(gr)e’E—m (3.7)

t—to

We first study the decay properties of ql% (&, ¢, g, w).

15



Lemma 3.2. There exists a bounded function 7(t,t,&, w) such that

(€ —wnto) (t—to)
_ ;4000 — _ E € T(t7t07§aw) 1
14, (t7 tOv ga w) (¢OO,7L 6n0w0) [U_il H + 0] r_ to . (38)

Proof. By (3.7) we see that apparently the integral on the r.h.s. may have some divergences, but
these are in fact suppressed by .. Indeed we observe

5n0 = woo,n —+ (IV()?/)n =+ Zh(’(/)oo * V)n) / dTJo(gT)ei(E*wn)r )
0

Both the terms of this equality are finite uniformly in €. In fact the r.h.s. is regular for all £ € [—g, g]
except a finite set of values I,(w). Thus we can write for any & € [-1,1] \ I,(«)

oo -1
0

Now we plug the last equality into (3.7) obtaining

1=, drdo(gr)eleemT
fooo drJo(gr)elE—wmn)T

—iq!%(t, to, &, w) = (¥ — Gp,0) (3.9)

This is a well defined expression for £ € (—g,g). Moreover, thanks to (A.11) and (A.17), we can
extend by continuity to £ € I,,(a), obtaining (3.8). O
Remark 3.3. Since 1 is analytic, all the q,[L0 I are exponentially small in n. Therefore we readily
get the overall decay

o _of Lt
qo(t,to,f,w)—O(H>.

The non-degenerate case can be discussed as follows. Set
— t . ’
Wiof o= [ dtlglt =€)V () (6, 1).
to

so that, using (B.1), we get Wy, = iVoW,, + ihWy,. By (3.9), also ¢l is analytic in &, with
49 = 3 (i) (3.10)
j=z0

The last equality must be understood as a definition of the %7, with each of these functions
decaying for large ¢y according to Lemma 3.2.

Plugging (3.3) and (3.10) into (3.2) and using the resolvent identity (which can be directly
verified to hold for h small enough) we get the following sequence of equations

(3.11)

(1 + VoW, )80 = ¢loho,
1+ VoW, )6k Ok — W, AR B> 1.
0 0

16



The study of these equations can be carried out in analogy to what was done in Appendix
B (from (B.5) onward), with the aid of the forthcoming analysis of the moderately resonant case

to control the operator Wy,. However a detailed exposition would bring fairly long computations
bearing nothing new with respect to Section 2 and we prefer to omit it. The conclusion is that

_ 1
Ap =0 (ﬁ
degenerate case.

) for all k& > 1, therefore also A is so. This proves Proposition 3.1 in the non-

Let us now discuss in detail the case Vo = 0. Since Wy, is compact for any finite ¢y, we can
invert (3.4) by Neumann series:

Ato (57 t) = (]l + tho)_l(_ihq[O] (57 t7 to,UJ)) = Z (ih)k+1Wtké)q[0] (57 t7 t07 W) . (312)
k>0

We set for brevity
g (&t to,w) = W' (&, 1 to,w).

The same decomposition of ¢l% (£, ¢, g, w) is extended to any ¢!*/(¢, ¢, o, w) by a similar calculation.

Lemma 3.4. For any k > 0. Then

q[k} (67 ta th w) = Z einUth'ELk} (67 ta th w) )
neZ

with the functions q%ﬂ] (&, t,to,w) for k = 1 recursively defined as
t—to . L
Q’L,k] (fa t7 tOv w) = / dt/JO (gt/)el(g_wn)t (V * q[k_l])n(t - t/’ th 57 w) :
0

Proof. We apply W3, to ¢ and get

t—to _
q[l] (53 ta t07 W) = / dt/JO (gt/)elgt V(t - t/)q[O] (5’ t— t/7 t07 UJ)
0
. t—to . ,
=3 e [ (g ) g ¥ o)
n,meZ 0
. t—to . 7 A
= > e“‘mt/ dt' Jo(gt") el € (Vs g0 (6,8 — 1 to,w) . (3.13)
nezZ 0
In the same way we get the proof for all £ > 1. O

Lemma 3.5. One has

. A . / 1
BNt E0) = T (T e T it -t +0 ()
méi -0
o,0'==+1

17



Proof. We perform the proof by induction on k. For k =1 we use (3.8) into (3.13) and we get

t—to ) ..
gt b0, 6 w) = / dt' Jo(gt')e" M (V 5 q1), (6,8 = ', b0, w)
0
R R . t—to J ( t/) . , ,
_ V o b mVn,mel(é_me’_U)(t_to) dt' o\g e—l(w(n—m)t +o)t
%:Z( Voo) ; N
o==+1

= > (Vo) mVaomeC om0 f (w(n —m)t' + ot —to)  (3.14)

1
v o)

Here the oscillatory integral is estimated by Lemma A.6. Note that the phase factor in (3.14)
is the same as the one appearing in (3.8). Therefore an analogous argument for k£ > 2 (in virtue of
Lemma 3.4) proves that if

R N . / 1
qgc] (t,t0,&,w) = E (Vv xF—1 woo)mVn_mel(Ef‘*’”+” )(tft“)fa/ (wn—m)t' +o,t—tg)+0O (t ; >
—to
meZ
o,0’'=%1

then

. . . / 1
a0 g w) = Y (Ve tuo)m Vim0 [ (w(n—m)t! + 0,1~ t0) + O (t t)'
-0
meZ
o,0'=+1

Therefore the assertion follows. O

Proof of Proposition 3.1. We want to prove that |A| = O (\/tl_it() We will use the decomposition
(3.12) which gives
A =ih Y (ih)*q".

k>0

The boundedness of each ¢!*! (t,to,&,w) is given by the analyticity property of V' and t,. Moreover
a standard convolution estimate gives

|q[k] (t7t07f,0.))| 5 C’(l)C 3

uniformly in w, . This yields the convergence of the series (3.4) at fixed ¢,to for h sufficiently small
as in Proposition 2.1 (see (2.38)). Finally, the terms in which w(n —m)t’ + o is equal to +1 are

vanishing since Vo = 0. So, having in mind Lemma A.6 we get the desired behaviour O (ﬁ) of

(k]

each ¢! and hence of A, uniformly in w,&. O
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A Some oscillatory integrals

In this appendix we present explicit computations of some one-dimensional oscillatory integrals
which are used in the paper. Recall the definition of the Fourier and Hilbert transforms .# and
S in (1.10). To lighten the notation, we convey henceforth that every time % appears, it will be
understood in the sense of principal value.

We start by recalling the following elementary identity holding for any a > 0:

a .
: sinar .1 —cosar
dte'™ = +i : (A1)
0 T T
Set for brevity
. sinT 1—-cosT
sinct := , COSCT = —,
T T
e*iat

and recall that ¢t~ — cosc(at) — isinc(at) = “5— tends to Fimd(t) as a — +oo in the sense of

distributions. Moreover as a — oo (A.1) gives the Fourier transform (modulo a factor v27) H” (7)
of the Heaviside function x(¢t > 0), that is

©dt ., 1 i
H> = Rt X A — A2
(7) /0 o 0 o (4.2)

where the above equality must be obviously understood in a weak sense. Let us denote
H<(1) == Fllu<qyl(r),  HZ(7) = F[lpzop)(7) (A.3)

and note that H<(7) = H” (—7) and HZ (1) = e"*HZ (7). A worth feature of the Hilbert transform
is that it acts as a Fourier multiplier:

A = \/Ze”t (gz {(1)] (T)>* — i sign (A4)

) LT
T) =1/ =981 .
B gnT

as normalizing factor. Using the notation of Section 2 we set f, := fe~%*. Our first result is the
following.

since we choose

)
| —
—~
\'/\'“
—
—~~

Lemma A.1. Let f € L _(R), a € R. We have

loc
621at

t

efzat

t

1

V2t

F [e(i;(')} (r) = z\/z sign(r + a) .

# | 10] = = esim)a) =m0+ () 1) (A)

Proof. First we note that
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_%[ 7 f(t)} = \/>/\/% zs1gn(r+) [f](T’)%[e’i(TJ”/)t}
- L= mgn(¢+a>mgn<f+T'>f[f1<r’>e—i<f+f’>t.

We split the integral into several pieces with definite sign

2 e—tat too g ® dr . , +oo qr - dr
I — a / =i+t ar ’ e
W%[ : f(t)} e [ n / T [ e

_ /:o f/l;;r 77 /Ta =it | /; \‘/l%y[ﬂ(y) /0: dre—i(rH)t

a ! o0 a / 77_/
[m \C/Z;;ﬂ_gz[f] (7'/) . dTe_i(T“""/)t _ /700 7d72-ﬂ_33[f](7") [a e—i(7'+‘r')t

“+o0
/ dT/y[fKT/)e—iT t (26iatH< + ei'r t(H> _ H<)>

+

+ / dT’ﬁ[f](T')e_”/t (2eiatH> - e”/t(H> - H<)) )

—00
Using (A.2) we have

—+o0 a
2€iatH</ dT/y[f](T/)e—iTt+2€iatH>/ dT/yLﬂ(T/)e—i‘rt

—0o0

V2met 5 (t) £ (t) — 1 p.v. (eiat ,-) /RdT’ﬁ[f](T’)e_”/ti sign(r’ — a)

s T

Vameiats(t) f(t) — \/Ei p.v. (6; , ) (f . e(;)> ().

Furthermore
+oo @
[ arsne e - m - [ arginew - B
_ P Nz ~
= p.v. (m‘ , > (ZF[f] *sign)(a) .
Recollecting all the terms we obtain (A.5). O

Remark A.2. Formula (A.5) has two interesting upshots:

i) as a — £oo the second and the third summand vanish and we recover

A1) = +p.v. O (A.6)

7t

which can be obtained by the very definition of Hilbert transform.

20
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ii) as a =0 we get

# (f)} 0 = p.v. HZZIO 5050, (A7)
If f(t) is constant (say f = 1) then
1
H {()] (t) = —mo(t). (A.8)
Finally from (A.7) using (A.8) we obtain
o [T ) = —w70) — j@)at0) +p.v. O

As t — 0 the last equation gives the usual derivation rule of the Hilbert transform H|[f] =
H[f'] (see for instance [KK09]).

Now we pass to examine some integrals involving the Bessel function Jy, defined through

Tdo .. .

Jo(z) = / ?e“’“ oz (A.10)
‘We have
Lemma A.3. Let a,7 € R. It holds

/oo dtJO(t)ei‘rt _ X(|T‘ < 1) + iX(‘T| 2 1) (A].].)

: =
/ " do(t)e — / Tdeasinclar) [T acosclar) g

0 r—1 T /1= (x—1)2 1 1—(z—171)2

Remark A.4. Note that the r.h.s. of (A.11) is not an integrable function and the above formula
cannot be interpreted as a Fourier transform. Indeed the Fourier transform takes into account only
the real part of (A.11), namely

boeittdr 2 x(|r| < 1)
Jo(t) = . T[] =2 =)
ot /,1 Vi-r2 ol =

Proof. Let us compute

/ dtJO(t)eiTt / i@ / dteit(r+cos 0)
0 - T Jo
T i 1
= / d9 (6((T+COS€))+pV <<7’—i—c089)7ﬂ'>)
< T
= X\%ﬂi—\;) [ﬂ 6(60 — arccosT) + 6(6 + arccos T) (A.13)
i T+l 1
+ —p.v _ (A.14)

™ e a1 (z—1)%
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The summand (A.13) is different from zero only if |7] < 1, where it is

x(Irl < 1)

2 )
V1—72
while (A.14) gives

! 1 x(rl <)  x(r=1)

)
—p.V. = - ? :
7P r—1 21— (x—71)2 V1—72 VT2 -1

As for a < oo, comparing (A.1) and (A.2), we see that we can proceed likewise, simply replacing
respectively the Dirac é-function and the principal value with sinc and — cosc and (A.12) follows. O

Of course we can compute the value of any integral of the form

b . 1 ab .
/ dtJo(at)e'™ = — / dtJo(t)e'="
a « oa
by straightforward algebraic manipulations. In particular we can obtain the asymptotic behaviour
of some integrals useful in this paper. To this purpose, we recall the asymptotic expansion of Jy
(see [GROT7], 8.451 1)

it it
Jot) = > {Jitﬁm +Jitj+1/2} ; (A.15)
izo

) /2l Ti+1/2 )
JL = (2;3\/7? j!PEJ—;_-i-/l/)Q) (1+i(=1)7) . (A.16)

We have the following result.

Lemma A.5. Let a > 0,7 € R. One has

> T 1 ei‘ra 1—i ia —ia
/ dtJy(t)e t\/&l |1—72|< 5 >(e Vil=71|—e \/|1+T|)+r(7,a)

(A.17)

10 (1 )
a/1-72)"
where r(7,a) is uniformly bounded in 7 and a.

Proof. Since a > 0 we can use (A.15), (A.16), so that we have to evaluate integrals of the form

00 ei(‘ril)t
a t7tz2

We see immediately that for j > 1 there all these integrals are finite for any 7 and one has

0 ei(‘rj:l)t 1
dt——— =0 ——= ), 7-uniformly.
o tita al” 2
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Thus we set

) o] i(T+o)t
r(r,a) = Z Jg/ dtethr% (A.18)
i1, @
o==+1

and because of the rapid decay the JZ, we can readily check that it is bounded in 7, a.
So we are left with

1 1+1 o) ei(T+1)t 1—1i o] ei('r—l)t
R = — | — dt————+ —— dt——— | . A.19
wn=gz (7 [ e [ e ) 19

To check (A.17), we can use the explicit representation of the last integrals in terms of Fresnel
functions. Setting
s+(7) :=sign(r + 1)

A

and using the asymptotic expansion of C'(x) and S(x) (see [GRO7], 8.255), we obtain

oo ei(rEL)t B 2m 1+is(7) )
/a dtT = T ( 5 —C’(\/a|7':|:1|)—1si(T)S(\/a|w:|:1|))

—isy(7) ele(mED 1
e o 1Y o

Note that for 7 — 1, C(y/a|r £ 1]), S(y/a|7 £1]) — 0 and then the integral diverges as lr£1|" 2.
Thus we have

e 1-i ia ~ia 1
R(a,T):\/am< 5 )(e Vi—r[—e \/|1+T|)+0<m>,

whence (A.17) follows. O

Lemma A.6. Leta > 0,7 € R. Then

a eiTt ei(‘r+o’)a 1 A
/O dtJO(t) \/m == U:Zil ng(T, a) + 0 (a) 5 ( 21)

where [ is a bounded function for 7+ o # 0 and such that lim,_,+1 f,(7,a) = 7/a.

Proof. Choose any b € (0,a) and split

a eiTt b eiTt a eiTt
dtJo(t = dtJy(t dtJo(t) —. A.22
| == [ an =+ [ ano—= (422

For the first integral in the r.h.s. we use (A.10) to get

’ it T dé a —i(7+cos 0)t
/ dtJ()(t) ¢ — / 761(T+COS Q)a/ dtei
0 \/m T ab \/i
1 T 40 1 — ei(T+cosb) 1
Ly,
va J_. ™ T4cosb a
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which is finite uniformly in 7.

Concerning the second integral in the r.h.s. of (A.22), we can use again the asymptotic expansion
of Jy. We have to look at terms of the form

a dt i(TE£1)t
/b Va—1t tits

We set:
dt i(TJra)t
, = J? )
uy(a, ) Z:l AT
o==+1
dt ei('r-‘ro)t
us(a,7) = JO/ — ,
UZ:i:l —t \/{‘:
so that

/Oa dtJo(t) \/eait =ui(a,7) +us(a,7) + O (%) .

It is easily verified that as j > 1 each term is O ( \/E) uniformly in 7. Therefore
sup Jui(r,a)] < oo Va >0, lim valui(r,a)] <o V7T €R.
T a— o0

For j = 0 we have a different behaviour determined by 7: as 7 # +1 the oscillations still give a
1 . . . ..

decay as a” 2z, but as 7 = +1 we get a finite contribution as ¢ — oo and the explicit value of the

integral is 7. This concludes the proof. O

Finally we compute a combination of Hilbert and Fourier transform applied to Jy.

Lemma A.7. It holds
x(Ir[ > 1)

T VE—1

Proof. The computation is simple as it uses only (A.4) and the parity of Jy. We have

AT D|(1) = (A.23)

HERN = [ herem =i [ %Jowgm

\/> / dtJo(t) sin(rt) = \(/tl;”

As a byproduct of (A.23), since 2 = —1, we have

H UOOO dtJO(t)eiTt} (1) = —iHt UOOO dtJo(t)e”t} (7). (A.24)

This concludes the proof. O
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B Constant magnetic field

Here we analyse the situation in which h = 0 but V5 # 0. As it is pointed out in [G15], the existence
and uniqueness of the solution for all times is given by the well established theory of time-dependent
Schrédinger operators (see for instance [N69]). Here we sketch a direct proof providing explicit rates
of convergence to the limiting dynamics.

Throughout this section 1/7 will be always intended in the sense of principal value, even when
not explicitly written. We set for brevity j(t; €)= Jo(gt)e®st,

t ~

Waf = [ atda-nper).  Wr= [ adee-mien,

V_Vtco = W — Wto :
Note that W is a one-side convolution. The asymptotic equation (1.14) in this case reads

(1 + VoW, )v(&,t) = 1. (B.2)

Solving this equation is equivalent to solve the following sequence of integral equations (we are
simply using the resolvent identity (see e.g. [HP57], sect. 4.8) with the reminder that can be
verified to vanish as t — tg — c0)

{ ¢0(€7t) _
(L + VoW )i (&, t)

(1+iV5j(&,0)71,
VoW k-1(6,t), k=1,

(B.3)

Therefore we want to prove that for any k& > 1 W 4,1 satisfies (B.7) and v is O (\/tiito)

A central object of the analysis is

: T e _ XUgE+ T < g) +ix(lg€ + 7] > g)
J(€,7) /0 Jo(gt')e T

(recall (A.11)). It is worth to stress that this is not the Fourier transform of J(¢; &), but rather of

J(t;€)x(t > 0), since

T (7€) == ZLI(6:9)(r,€) = \/Z%[j(fm)}, J(0,€) = \/zj(£,0)~ (B.4)
It is useful to write it as £y — oo for generic source terms:
(L +iVoW)(€,t) = g(&:t) - (B.5)
By Fourier transform (B.5) becomes an algebraic relation:
(1 +iVoj(&, 7)) F W] = Flg] (B.6)

We notice that the operator 1 +iVpj(€, 7) is bounded and it vanishes at 7 = g€ £+ /g% + ViZ. Thus
the following result is achieved by simple Fourier inversion
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Proposition B.1. Assume

12L& 7)
[1zEn <o, [T e B)

uniformly in & € [—1,1]. Then there is a unique (t; ) € LgC’t([fl, 1] x R) solving (B.5).
If (B.7) is not satisfied, but F[g](¢,7) = H, = f for f € L'(R), where H> is defined in (A.2),
then there is a unique ¥(t;€) € LgC’t([fl, 1] x (tg,00)) solving (B.5).

Remark B.2. For any vo(£) € L2[71 1] and & € [~1,1], the function g(&,t) = e?9%0tq)y () satisfies

(B.7) (with possibly & = €), as F[g] = Yo(€)8(géo — 7), and [¢ — &| < 1 while \/1+ % > 1. In
particular the solution to (1.14) for h =0 is given by

1
Yo(§) = TH iV (E0)°
Now let us denote Xto( x) := x(z 2 t9) and
(Wi (& 1) = — th)dt" = xi, () (J * (fx3;) (¢ €) (B-8)
Note that
1
> - - * b
H” (1) = 2(5(7’)—1— 5 P V- (7” ) , (B.9)
<) = Ysmy_ L 1
H~(1) = =4(1) 5 P V- <T, ) (B.10)
and ‘
HZ to(r) = ™™ H=(7),
where 6(7) is the Dirac §-function.
We set fi, := e~ 7% f and use the formula
]‘ s T 0
(H * f) = 5 (f £ie™ ) (B.11)

where J2[f] is the Hilbert transform of f. The following lemma is crucial for the next computations.

Lemma B.3. We have

»-lk“—‘

FIWENET) = L [TZU]+ AT AT [flu)
+ i (AT T (fl] = TH LT f)]] - (B.12)

Moreover there exist F,G,H linear functionals in L _(R), such that for any g € L .(R) the
following holds:
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i) for Z[f|(r) = g(1)é(7), defining

Glgl(&,7) = ig(O)\/z(j(&O) — (7)) (B.13)
Hlgl(&,7) = (T 7)g(r) =T (£ 0)9(0)) +9(0)(T(£,0) =T 7))  (B.14)
and we have i 5
FUWPIET) = St + g, (B.15)
i) for Ff1(1) = g(7) eito we have

FIWg HIET) = 7 Flal(r)
with

Flgl(&,7) —7775(7) (& 7)(A9)(7) = 2[g](0)) + T (& 7)g(7) — T (&, 0)9(0)
Hg)(0)(A1TN0) = A[TN(7)) + AT Hg)l(r) — AT #g]](0)  (B.16)
+ZJ(£, ) (A 19)(7) = #19)(0)) + i [T g(7) — [T ) (0).

Proof. To obtain (B.12) it suffices to note that
FIWENNE ) = Hi (1) + [T (& T)(Hy; = F )€ 7)]

and then apply repeatedly (B.11). Then, bearing in mind (A.6) and (A.8), starting by (B.12) a
straightforward computation gives

FWEAEn = 1 (50T (€l - TE0s(0) +i5(0) (7(6.0) - (e.7)
— g0y [‘7(5’0)7‘7@”)D . (B.17)
Now we use (A.9) and Lemma A.7 to get (B.15):
FUVEANET) = "L - TE000) + D0 TE0) - 7))
b WO g0 - g - L2 e - #1710
= (g6 - 7090 + " Prg(0)(7(€.0) - (6.
+ nglo) Z:O (T(£.0) — T(€7) + 9(40) etto \/z X((L;if;?g (B.18)

By (B.4) the latter line is equal to H[g](&, 7).

Finally, once again starting from (B.12) we obtain the form of F[g] in (B.16) by a direct com-
putation which uses anew (A.8) and (A.6). O
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For k > 1 let us set vi(§,7) 1= iVo.Z [((WE thr—1)](&, 7) so that (B.3) becomes

Uk(ga )
14 iVoj(&, 1)

Since Z 1] = 6(T)10(§), a simple iteration of the previous lemma yields

Fll(§,7) = (B.19)

w(en) = @28 ap,
1Tty r Gl
ito [F [ SOl
wier) = @y ey 1[;;;;} ),
[ pEam
iTto w7
wien) = e p | Lo ),

The nested structure coming out the iterative scheme is clear. Now we wish to invert formula (B.19)
to obtain the 1. The next result completes the study of the unperturbed solution.

Lemma B.4. For any k > 1 one has ¥ (§,t) = O (\/tl—ito> .

Proof. We want to prove the lemma by induction on k. For &k = 1 a direct computation yields

dr vy e¥T

R \/ﬂl—l-iVOj(f,T)
dr ez‘r (t—to) ](E,T) ](570)
=iVo(1+iVp5(£,0)) \/7/ m T <1 +“/b](§77') B 1+ZVO](£,0)> .

Then we have

J& ) JE7) . J(& )
e Tr e~ [ Treen) (20
The above identity can be proven first noting that
j(ga’r) . \7(577—) _ ](Ea’r) - \7(537-)
1+iVoj(§,7)  1+iVWJ(E 1) 1+iVo(i(& ) — T 7))
Then writing explicitely
J(& ) _ x(Im + g€l < g) (B.21)
1+iVo T, T) Vi — T+ g2+l '

L+iVo((&,7) - TET) /@ —(T+gE)2+iVo
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we see that (B.20) follows by direct computation using (B.21) and (B.22) (see [[K09], vol. 2). Note
that (B.21) is in L', but its Hilbert transform is not. Nevertheless one has

i) Y -
1+iV0j(§,7')_(H> 1+iV0J>( )

Thus

e R b

and the second factor in the product on the r.h.s. is continuos, so the r.h.s. is continuous in R™T.
Moreover

. _ P& /2 41 J(§,7) j(£,0)
Vi(&t) = ZV0(1+ZV0J(§0))4\/;3Z [T (1+i%j(§,7) - 1+iV0j(§,0))] (t—to)

- % /OOO j% sign(t — to —t').F ! [‘MT))] t')

1+iVoJ (&, T
_ % o dt/ -1 j(gaT) /
1)y o LHVOJ@JJ(”

— % ot ag—1 |: J(gv,r) :| (t/)
2 Jito V2 1+ iVoJ (& 7)
and the latter integral has a decay of order O (ﬁ) uniformly in & € [—1,1] because of (B.21).

From the last chain of equalities we deduce
J(E,7)
F =HS —~ > 7
W) = B v 76

Therefore we assume inductively that there are two real constants ag, by, (a more precise computation
determines b, = V¥) such that

Fi](t) = HS x(|7| < ax)

fo \/a% — 72 4 iby,
which entails 15 (€,t) = O (ﬁ) We set ¢.(€,7) := Te 0. F[hy] (€, 7), so

vea(6m) = @0) 1 L prg e 7).

Using (B.16), after some straightforward manipulations we obtain
Flee](7) = T (& 1) (& 7) + 12 [T k() — (T (§, 7)<k (0) + i [T k) (0))
=(H” «Js) (1) — (H” * T) (0),
with J(&,7)sk(é,7) € LY(R) and locally it behaves as 1/y/7. Hence we are exactly in the same
situation as in the case k = 1 and an analogue computation yields ¥11(§,t) = O (ﬁ), for any

&e-1,1].
O

29



References

[ADRH15.a] D. A. Abanin, W. De Roeck, F. Huveneers, Ezponentially slow heating in periodically
driven many-body systems Phys. Rev. Lett. 115.25 (2015): 256803.

[ADRH15.b] D. A. Abanin, W. De Roeck, W. W. Ho, F. Huveneers, A rigorous theory of many-
body prethermalization for periodically driven and closed quantum systems, arXiv:1509.05386
(2015).

[ABGM70] D. B. Abraham, E. Barouch, G. Gallavotti, A. Martin-Lof, Thermalization of a mag-
netic impurity in the isotropic XY model Phys. Rev. Lett. 25, 1449-1450, (1970).

[ABGMT71.a] D. B. Abraham, E. Barouch, G. Gallavotti, A. Martin-Lof, Dynamics of a Local
Perturbation in the XY Model. I-Approach to Equilibrium, Studies in Appl. Math. 1, 121,
(1971).

[ABGM71.b] D. B. Abraham, E. Barouch, G. Gallavotti, A. Martin-Lof, Dynamics of a Local
Perturbation in the XY Model. II-Excitations, Studies in Appl. Math. 51, 211, (1971).

[BGO1] D. Bambusi, S. Graffi, Time Quasi-Periodic Unbounded Perturbations of Schridinger Op-
erators and KAM Methods, Comm. Math. Phys. 219.2 (2001): 465-480.

[BASPMS14] V. Bach, W. de Siqueira Pedra, M. Merkli, I. M. Sigal, Suppression of decoherence by
periodic forcing, J. Stat. Phys. 155.6 (2014): 1271-1298.

[B85] J. Bellissard, Stability and instability in quantum mechanics, in: Trends and Developments
in the Eighties, S. Albeverio and P. Blanchard (eds) Singapore: World Scientific, 1985, pp.
1-106

[BASPW15] J-B. Bru, W. de Siqueira Pedra, M. Westrich, Characterization of the Quasi-Stationary
State of an Impurity Driven by Monochromatic Light I, Ann. H. Poincar. 13, 1305-1370,
(2012);

[BASP15] J-B. Bru, W. de Siqueira Pedra, Characterization of the Quasi-Stationary State of an
Impurity Driven by Monochromatic Light II: Microscopic Foundations Ann. H. Poincaré
16. 6 (2015): 1429-1477.

[BDP15] M. Bukov, L. D’Alessio, A. Polkovnikov, Universal High-Frequency Behavior of Periodi-
cally Driven Systems: from Dynamical Stabilization to Floquet Engineering, Adv. Phys.64,
139-226 (2015).

[E86] L.H. Eliasson, Compensations of signs in a small divisor problem, Aspects dynamiques et
topologiques des groupes infinis de transformation de la mcanique (Lyon, 1986), 37-48,
Travaux en Cours, 25, Hermann, Paris, 1987.

[E96] H. L. Eliasson, Absolutely convergent series expansions for quasi periodic motions, Math.
Phys. Electron. J. 2 (1996), Paper 4, 33 pp. (electronic).

[EK09] H. L. Eliasson, S. B. Kuksin, On reducibility of Schrédinger equations with quasiperiodic in
time potentials. Comm. Math. Phys. 286 (2009): 125-135.

30



[EN00] K.-J. Engel and R. Nagel, One Parameter Semigroups for Linear Evolution Equations,
Springer New York, 2000

[H79] J.S. Howland, Scattering theory for Hamiltonians periodic in time, Indiana Univ. Math. J.,
28 (1979), pp. 471494.

[G94] G. Gallavotti, Twistless KAM tori, Comm. Math. Phys. 164(1), 145156, (1994)

[GBGO4] G. Gallavotti, F. Bonetto, G. Gentile, Aspects of ergodic, qualitative and statistical theory
of motion, Texts and Monographs in Physics, Springer-Verlag, Berlin, (2004).

[G13] G. Genovese, Quantum Dynamics of Integrable Spin Chains PhD Thesis in Mathematics,
Sapienza Universita di Roma, (2013)

[G15] G. Genovese, On the Dynamics of XY Spin Chains with Impurities, Physica A, 434, 36,
(2015).

[Gel0] G. Gentile, Quasiperiodic motions in dynamical systems: review of a renormalization group
approach, J. Math. Phys., 51 (2010), 1, 015207, 34

[GRO7] I. S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series and Products, A. Jeffrey and D.
Zwillinger (eds.), Seventh edition (Feb 2007) 885 (2007).

[HP57] E. Hille, R. S. Phillips, Functional Analysis and Semigroups, Providence, AMS, (1957).
[K09] F.W. King, Hilbert transforms, Vol. 1,2. Cambridge University Press, (2009).

[LLMM15] E. Langmann, J. L. Lebowitz, V. Mastropietro, P. Moosavi, Steady states and universal
conductance in a quenched Luttinger model, Comm. Math. Phys., (online, 2016).

[L71] J.Lebowitz, Hamiltonian Flows and Rigorous Results in Nonequilibrium Statistical Mechan-
ics, Lecture given at TUPAP Conference, University of Chigago, (1971).

[N69] E. Nelson, Topics in Dynamics 1: Flows., Princeton University Press, (1969).
[R73] D. W. Robinson, Return to equilibrium, Comm. Math.Phys. 31 (1973), 171-189.

[V13] V. Volterra, Legcons sur les équations intégrales et les équations intégro-différentielles, Paris,
Gauthier—Villars, (1913).

[Y77) K. Yajima, Scattering theory for Schrdinger equations with potentials periodic in time, J.
Math. Soc. Japan, 29 (1977), pp. 729743.

31



	Introduction
	The asymptotic solution
	Finite time analysis
	Some oscillatory integrals
	Constant magnetic field

