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Abstract

We discuss a Nash-Moser/ KAM algorithm for the construction of invariant tori for tame vector fields.
Similar algorithms have been studied widely both in finite and infinite dimensional contexts: we are
particularly interested in the second case where tameness properties of the vector fields become very
important. We focus on the formal aspects of the algorithm and particularly on the minimal hypotheses
needed for convergence. We discuss various applications where we show how our algorithm allows to reduce
to solving only linear forced equations. We remark that our algorithm works at the same time in analytic
and Sobolev class.
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1 Introduction

The aim of this paper is to provide a general and flexible approach to study the existence, for finite or infinite
dimensional dynamical systems of of finite dimensional invariant tori carrying a quasi-periodic flow. To this
purpose we discuss an iterative scheme for finding invariant tori for the dynamics of a vector field F = Ny + G,
where Ny is a linear vector field which admits an invariant torus and G is a perturbation.

By an invariant torus of i = F(u), with u € E a Banach space, we mean an embedding T¢ — E, which
is invariant under the dynamics of F', i.e. the vector field F' is tangent to the embedded torus. Similarly an
analytic invariant torus is a map T¢ — E (with s > 0) where T? is a thickened torusﬂ

It is very reasonable to work in the setting of the classical Moser scheme of [I]], namely F acts on a product
space (0,y,w) where § € T? y € C* while w € £, some separable scale of Hilbert spaces. The variables 6
appear naturally as a parametrization for the invariant torus of Ny. The y variables are constants of motion
for Ny, in applications they naturally appear as “conjugated” to 6, for instance in the Hamiltonian setting they
come from the symplectic structure. The variables w describe the dynamics in the directions orthogonal to
the torus. The main example that we have in mind isEI

No = w95 + AOwd, (1.1)

where w(® € R? is a constant vector while A is a block-diagonal skew self-adjoint operator, independent of
6. Note that Ny has the invariant torus y = 0,w = 0 , where the vector field reduces to ¢ = w(®.

Regarding the normal variables w, we do not need to specify ¢,, but only give some properties, see
Hypothesis which essentially amount to requiring that ¢, , is a weighted sequence spacdﬂ where a > 0 is
an exponential weight while p > 0 is polynomial, for example

w = {wj}jGIglNa w; € C, ||U)||§7p = Z )\?pega)‘j|wj|2 , 0< )‘j < )‘j+1 R e e <
JEICN

Note that if Z is a finite set our space is finite dimensional.

The existence of an invariant torus in the variables (6, y,w) means the existence of a map T¢ 2 i x Lop
of the form 6 — h(0) = (h¥)(6), h(*)(6)) such that

F(F,h) = F(h) := FO0,h%(0), ) (0)) — 9ph™ - FO (6, L) (), h™)(0)) =0, v=y,w, (1.2)

hence it coincides with the search for zeros of the functional F with unknown h. Here h lives in some Banach
space, say H4(T%;C% x £,,) on which F is at least differentiable. Note moreover that F(Np,0) = 0 trivially.
Since we are in a perturbative setting, once one has the torus embedding, one can study the dynamics of the
variables 6 restricted to the torus and look for a change of variables ¢ — 0(p) which conjugates the dynamics

I we use the standard notation T¢ := {0 € C? : Re(9) € T, maxp—1,...q|Imé,| < s}
2we use the standard notation for vector fields F = sze yow FWMa,
3a good example is to consider spaces of Sobolev or analytic functions on compact manifolds



of 6 to the linear dynamics ¢ = w with w ~ w(® a rationally independent vector. Obviously this could be
done directly by looking for a quasi-periodic solution i.e. a map

hip = (WO (), K (), A (), h € HUT €T x €M x Lo p).
which solves the functional equation
F(h) == F(( (), A (), ) (p)) = w - b = 0.
If we take £, , =), d; = d, this is the classical KAM framework of Kolmogorov [2], Arnold [3] and Moser [4];
see also [B] [6] [7].

Even in the simplest setting, equation (1.2) cannot be solved by classical Implicit Function Theorem. In
fact typically the operator F in (1.2)) linearized at F' = Ny, h = 0 is not invertible on H%(T%; C% x ¢, ,) since
it has a spectrum which accumulates to zero (the so-called small divisors). To overcome this problem one can
use a Nash-Moser iterative scheme in order to find a sequence of approximate solutions rapidly converging to

the true solution. The fast convergence is used to control the loss of regularity due to the small divisors. Such
schemes are adaptations to Banach spaces of the Newton method to find zeros of functions, see [§].

--—_/ ho h1 ho

Figure 1.1: Three steps of the Newton algorithm A, 41 := hy, — (dpF (hy)) "L F (hy)]

In order to run an algorithm of this type one must be able to control the linearized operator in a neighbor-
hood of the expected solution; see Figure [[.I} Due to the presence of small divisors it is not possible to invert
such operator as a functional from a Sobolev space to itself (not even the operator linearized about zero).
However, since the Newton scheme is quadratic, one may accept that d, F~! is well defined as an unbounded
“tame” operator provided that one has a good control on the loss of regularity.

Of course, if on the one hand in order to achieve such control it is in general not sufficient to give lower
bounds on the eigenvalues, on the other hand one surely needs to avoid zero or “too small” eigenvalues. To
this end one typically uses parameter modulation. Precisely one assumes that w(®, A(®) depend (non trivially
and with some regularity) on some parameters ¢ € R* for some k. Unfortunately, equations from physics may
come with no such external parameters, so that one needs to extract them from the initial data: however we
shall not address this issue here.

An equivalent approach to the Nash-Moser scheme is to find a change of coordinates
(y,w) ~ (5 + R (0), @ + bt (0))

such that the push forward of the vector field has an invariant torus at § = 0, w = 0. Clearly the equation for
h is always (|1.2]), hence the solvability conditions on the inverse of the linearized operator appear also in this
context.



Following this general strategy one can look for different types of changes of variables such that the push
forward of the vector field has a particularly simple form, and the existence of an invariant torus follows
trivially. For instance in classical KAM Theorems the idea is to look for an affine change of variables such
that not only y = 0,w = 0 is an invariant torus but the vector filed I’ linearized in the directions normal to
the torus is diagonal. This means that in the quadratic scheme one not only performs a traslation but also
a linear change of variables which approximately diagonalizes the linearized operator at each step. Naturally
this makes the inversion of dpF much simpler. It is well known that it is possible to diagonalize a finite
dimensional matrix if it has distinct eigenvalues. Then, in order to diagonalize the linearized operator at an
approximate solution, one asks for lower bounds on the differences of the eigenvalues (the so called “Second
Mel'nikov” conditions). Under these assumptions the bounds on the inverse follow by just imposing lower
bounds on the eigenvalues (the so called the First Mel’nikov conditions). This requirement together with some
structural hypotheses on the system (Hamiltonianity, reversibility, ....) provides existence and linear stability
of the possible solution. More in general if one wants to cancel non linear terms in the vector fields one needs
to add some more restrictive conditions on the linear combinations of the eigenvalues (higher order Mel’nikov
conditions). Naturally such conditions are not necessary for the invertibility, actually in many applications
they cannot be imposed (already in the case of the NLS on the circle the eigenvalues are double) and typically
in a Nash-Moser scheme they are not required.

Quadratic algorithms for the construction of finite dimensional invariant tori have been used in the literature
both in finite, see for instance [9] and references therein, or infinite dimensional setting. Starting from [0} [IT],
this problem has been widely studied in the context of Hamiltonian PDEs; a certainly non exaustive list of
classical results could be for instance [12] 13}, 14} 15 16, 17, 18] 19} 20} 21], in which either the KAM scheme
or the Lyapunov-Schmidt decomposition and the Newton iteration method are used.

The aforementioned literature is mostly restricted to semilinear PDEs on the circle. More recently also
other extensions have been considered, such as cases where the spatial variable is higher dimensional, or
when the perturbation is unbounded. Regarding the higher dimensional cases, besides the classical papers by
Bourgain, we mention also [22] 23] [24] 25], 26| 27, (28] 29| [30], where also manifolds other than the torus are
considered.

The first results with unbounded perturbations can be found in [18| 3T [32] [33] 34}, B5]; in these papers the
authors follows the classical KAM approach, which is based on the so-called “second Mel'nikov” conditions.
Unfortunately their approach fails in the case of quasi-linear PDEs (i.e. when the nonlinearity contains
derivatives of the same order as the linear part). This problem has been overcome in [36, [37, [38], for the
periodic case, and in [39, 0], first for forced and then also for autonomous cases, see also [41] [42] 43 [44].
The key idea of such papers is to incorporate into the reducibility scheme techniques coming from pseudo-
differential calculus. The extensions for the autonomous cases are based on the ideas developed in [45], where
the Hamiltonian structure is exploited in order to extend results on forced equations to autonomous cases.

In all the results mentiond so far, the authors deal with two problems: the convergence of the iterative
scheme, and the invertibility of the linearized operator in a neighborhood of the expected solution. Typically
these problems are faced at the same time, by giving some non-degeneracy conditions on the spectrum of
the linearized operator in order to get estimates on its inverse. However, while the bounds on the linearized
operator clearly depend on the specific equation one is dealing with, the convergence of the scheme is commonly
believed to be adjustable case by case.

Our purpose is to separate the problems which rely only on abstract properties of the vector fields from
those depending on the particular equation under study.

Our point of view is to look for a change of coordinates, say ¥, such that the push-forward of the vector
field has an invariant torus at the origin. In fact all the results described above can be interpreted in this way.
Typically one chooses a priori a group G of changes of coordinates in which one looks for ¥. Then, for many
choices of G, one may impose smallness conditions on the perturbation (depending on the choice of G) and
perform an iterative scheme which produces ¥, provided that the parameters £ belong to some Cantor like set
(again depending on the choice of G). In this paper we impose some mild conditions on the group G such that



an iterative algorithm can be performed. Then we explicitly state the smallness conditions and the conditions
on the parameters. Then, in Section {4 we show some particularly relevant choices of G (in fact we always
describe the algebra which generates G) and the resulting Cantor like sets. In this way, in order to apply our
theorem to a particular vector field, one has to: first choose a group, then verify the smallness conditions and
finally check that the Cantor like set is not empty. As it might be intuitive, the simpler the structure of G the
more complicated is to prove that the resulting Cantor like set in not empty.

The present paper is mainly inspired by the approach in [45], but we follow a strategy more similar to the
one of [I]. In particular this allows us to cover also non-Hamiltonian cases, which require different techniques
w.r.t. [45]; compare Subsections and We essentially produce an algorithm which interpolates a Nash-
Moser scheme and KAM scheme. On the one hand we exploit the functional approach of the Nash-Moser
scheme, which allows to use and preserve the “PDE structure” of the problems; on the other hand we leave the
freedom of choosing a convenient set of coordinates during the iteration (which is typical of a KAM scheme).
This allows us to deal with more general classes of vector fields and with analytic nonlinearities. This last
point is particularly interesting in applications to quasi-linear PDEs, where the only results in the literature
are for Sobolev regularity; see [46]. In fact, we develop a formalism which allows us to cover cases with both
analytic or Sobolev regularity, by exploiting the properties of tame vector fields, introduced in Definition [2.13
and discussed in Appendix [B]

Another feature of our algorithm is related to the “smallness conditions”; see Constraints and [D1]
and the assumption . Clearly in every application the smallness is given by the problem, and one needs
adjusts the algorithm accordingly. Again, while this is commonly believed to be easy to achieve, our point of
view is the opposite, i.e. finding the mildest possible condition that allow the algorithm to converge, and use
them only when it is necessary. Of course if on the one hand this makes the conditions intricated, on the other
hand it allows more flexibility to the algorithm.

Description of the paper. Let us discuss more precisely the aim of the present paper. We consider vector
fields of the form )
0 =F? =)+ G0,y w)

§=FW .= aW(0,y,w) (1.3)
w=F® = A (&)w+ G (0, y,w)

where Ny = w(©@ - 9y + A®Qwd,, and G is a perturbation, i.e. (1.3) admits an approximately invariant torus.
Note that this does not necessarily mean that G is small, but only that it is approximately tangent to the
torus. Recall that £ € Oy € RF is a vector of parameters.

Then the idea, which goes back to Moser [I], is to find a change of coordinates such that in the new
coordinates the system (1.3)) takes the form

0 =w(&)+G90,y,w)
§=GW(0,y,w) (1.4)
W = A (Ew+ G0,y w)

with w ~ w©®, the average of G(6,0,0) is zero and G(")(6,0,0) = 0 for v = y,w. More precisely in our
main Theorem [2.25] we prove the convergence of an iterative algorithm which provides a change of variables
transforming into , for all choices of £ in some explicitly defined set O (which however might be
empty).

The changes of variables are not defined uniquely, and one can specify the problem by — for instance —
identifying further terms in the Taylor expansion of G w.r.t. the variables y and w which one wants to set to
zero. Of course different choices of changes of variables modify the set O so that in the applications it is not
obvious to understand which is the best choice. In fact finding the setting in which one is able to prove that
O is non empty and possibly of positive measure is the most difficult part in the applications. We do not
address this problem at all. Our aim is instead to study very general classes of changes of variables and find



general Hypotheses on the functional setting, the vector field under study and the terms of the Taylor series
that one wants to cancel, under which such an algorithm can be run, producing an explicit set 0.

In particular in our phase space T¢ x C% x Lq,p we do not distinguish the cases where either s or a are
equal to zero (Sobolev cases) from the analytic cases. In the same spirit we do not require that the vector field
is analytic but only that it is C? for some large finite q. The key ingredients of the paper are the following.

Tame Vector fields. We require that F is C*-tame up to order g, see Definition namely it is tame
together with its Taylor expansion up to finite order k£ w.r.t. y,w and it is regular up to order ¢ in 6, see
Subsection We make this definition quantitative by denoting a tameness constant for G by Cy ,(G), here ¢/
contains all the information relative to the domain of definition of G, while p gives us the Sobolev regularity. In
Appendix [B| we describe some properties of tame vector fields which we believe are interesting for themselves.
Finally our vector fields are not necessarily bounded, instead they may lose some regularity, namely we allow

F:Tdx{yeCh : |yh <r®} x {w € loprv : |wllap, <7} = Cx CM x £, (1.5)

for some fixed ¥ > 0. The properties we require are very general and are satisfied by large class of PDEs,
for instance it is well known that these properties are satisfied by a large class of composition operators on
Sobolev spaces; see [4, [47].

The (N, X,R) decomposition. We choose a subspace of polynomials of maximal degree n, which we call
X, containing all the terms we wants to “cancel out” from G. This space contains the algebra of the changes
of variables we shall apply. Clearly the subspace X must be chosen so that a vector field with no terms in
X possesses an invariant torus. In order to identify the part of F' belonging to X we Taylor-expand it about
y =0, w = 0: since F is assumed to be a C'? vector field, this obviously requires that ¢ is larger than n i.e.
the maximal degree of the monomials in X'. With some abuse of notation (see Definition and comments
before it) we denote this operation as a projection Iy F.

We also define a space of polynomial vector fields N (which does not intersect X') such that Ny € N'. We allow
a lot of freedom on the choice of N, provided that it satisfies some rather general hypotheses, in particular all
vector fields in A should have an invariant torus at zero, and N should contain the unperturbed vector field
Ny; in fact we shall require a stronger condition on Ny, i.e. that it is diagonal; see the example in and
Definition for a precise formulation.

Our space of C*-tame vector fields is then decomposed uniquely as X @ N @ R, and we may write

(I-Ix)F=N+R

where N = IIx F while R = [Ix F' is a remainder.

The Invariant subspace £. We choose a space of vector fields £ (see Definition where we want
our algorithm to run. Such space appears naturally in the applications where usually one deals with special
structures (such as Hamiltonian or reversible structure) that one wishes to preserve throughout the algorithm.
As one might expect, the choice of the space £ influences the set Oy,. In the applications to PDEs the choice
of the space £ is often quite subtle: we give some examples in Section [4]

Regular vector fields. We choose a subspace of polynomial vector fields, which we denote by regular vector
fields and endow with a Hilbert norm |- |5, with the only restriction that they should satisfy a set of properties
detailed in Definition for instance we require that all regular vector fields are tame with tameness
constant equal to the norm | - |, , and moreover that for p = p; this tameness constant is sharp. Throughout
our algorithm we shall apply close to identity changes of variables which preserve £ and are generated by such
vector fields (this is the group G of changes of variables). This latter condition can probably be weakened but,
we believe, not in a substantial way: on the other hand it is very convenient throughout the algorithm.

Our Goal. We fix any decomposition (N, X,R), any space € and any space of regular vector fields A provided

that they satisfy Definitions[2.17, [2.19 and [2.18.
We assume that F = No+G belongs to £, is C**2 tame (the value of n being fized by € ) and that Iy F = G

is appropriately small while (1 — Uy )F is “controlled”. We look for a change of coordinates Ho, such that for




all € € Oy one hadl]
My (Hoo)« F=0.

At the purely formal level, a change of coordinates ® generated by a bounded vector field g, transforms F' into
D (F)~ F +[g,F] +0(g?) ~ el9F. (1.6)

We find the change of variable we look for via an iterative algorithm; at each step we need ® to be such
that Iy (®.F) = 0 up to negligible terms, so we need to find g such that

in other words we need to invert the operator IIy[F,]. Since one expects g ~ X := IIxF (which is assumed
to be small) then, at least formally, the term [g, [Ty F] is negligible and one needs to solve

My ([(1 — x)F.g) — X =u (L.7)

with g ~ X and u ~ X2. Equation (1.7) is called homological equation and in order to solve it one needs the
“approximate invertibility” for the operator

A() = Ma[(1 ) F, ) (1.8)

Then the iteration is achieved by setting ¥y := 1 and
U= oW, 1, Fp:=(¥,).F (1.9)
where <I>;n is the time-1 flow map generated by the vector field g,, which in turn solves the homological equation
M ([(1 = x) Fyo1, gn)) — Xn—1 = tn. (1.10)

Since we need to preserve the structure, namely we need that at each step F,, € &, then at each step the
change of variables <I>én should preserve £. In fact we require that g, is a reqular vector field,

In order to pass from the formal level to the convergence of the scheme we need to prove that g, and u,
satisfy appropriate bounds.
Homological equation. We say that a set of parameters O satisfies the homological equation ( for
(F,K,%°,p)) if there exist g,u which satisfy with appropriate bounds (depending on the parameters
K, %", p; ¥° controls the domain of definition, p controls the size of the change of variables and K is an ul-
travioled cut-off), see Definition Since F' is a merely differentiable vector field the bounds are delicate
since expressions like may be meaningless in the sense that —apparently— the new vector field F,,y; is
less regular than F},, and hence it is not obvious that one can iterate the procedure. Indeed the commutator
loses derivatives and thus one cannot use Lie series expansions in order to describe the change of variables.
However one can use Lie series expansion formula on polynomials, such as IIy®,F. We show that, provided
that X is small while R, N — N, are appropriately bounded, we obtain a converging KAM algorithm.
Note that the smallness of X implies the existence of a sufficiently good approximate solution; on the other
hand, we only need very little control on (1 — IIx)F,,, which results on very weak (but quite cumbersome)
assumptions on R and especially on N — Ny; see and Remark
Compatible changes of variables. It is interesting to notice that at each step of the iterative scheme (|1.9))
we may apply any change of variables £,, with the only condition that it does not modify the bounds, i.e.
My (Ly)sFrn-1 ~IxF,_1 (and the same for the other projections). We formalize this idea in Definition
where we introduce the changes of variables compatible with (F, K, 7, p). Then we may set

Ho=C, oLnoHn 1, Fn:=(Hn)F (1.11)

4given a diffeomorphism ® one defines the push-forward of a vector field F as ®.F = d®(®~H)[F(®~1)].



and the algorithm is still convergent.

This observation is essentially tautological but it might well be possible that in a new set of coordinates it is
simpler to invert the operator 2, := I yad((1 —IIy)F,,—1) (for instance A,, may be diagonal up to a negligible
remainder, see Subsection. Note that since the approximate invertibility of 2L, is in principle independent
from the coordinates (provided the change does not lose regularity), if one knows that a change of variables
simplifying 2A,, exists, there might be no need to apply it in order to deduce bounds on the approximate
inverse. This is in fact the strategy of the papers [39] 40], where the authors study fully nonlinear equations
and prove existence of quasi-periodic solutions with Sobolev regularity. On the other hand one might modify
the definition of the subspace X in such a way that £, is the time one flow of a regular bounded vector field
in X. The best strategy clearly depends on the application, so we leave the L, as an extra degree of freedom.
We can summarize our result as follows, for the notations we refer to the informal Definitions written above.

Theorem. Fiz v > 0 as in , and fix a decomposition (N, X, R) , a subspace & and a space of regular
vector fields A. Fix parameters g, Ro, Go, P2 satisfying appropriate constraints. Let Ny be a diagonal vector
field and consider a vector field
Fo:=No+Gopeé&
which is C*T2-tame up to order q¢ = po + 2.
Fiz vy > 0 and assume that

Py(;lCﬁo,Pz (GO) < Go, 751Cﬁo,pz (H/J\?GO) <Ro, 7(;1|HXG0|?70,91 <é&o, 7(;1|HXG0|1707P2 <Ro, (112)
here Cz ,(G) is a tameness constant, while | - |, is the norm on regular vector fields.

For all n > 0 we define recursively changes of variables L, ®,, and compact sets O, as follows.
Set H_1 =Ho =Py =Ly =1, and for 0 < j < n—1 set recursively H; = ®;0L;0H,;_1 and F; := (H;).Fo =
No+ G;. Let L,, be any compatible change of variables for (F,—1, Ky,—1,Un—1, pn—1) and O, be any compact
set

On c On—l )

which satisfies the homological equation for ((L£y)«Fn-1, Kn-1,9°_1, pn-1), let g, be the solution of the ho-
mological equation and ®,, the time-1 flow map generated by gy,.
Then the sequence H,, converges for all £ € Oy to some change of variables

Hoo = 'Hoo(é) : Daoyp(S()/Q,To/Q) — Dajo_’p(S(],’f'o).
such that defining Fo, := (Hoo)«Fo one has

MxFao =0 VEE€ O =)0,
n>0

and
Yo O oy (M Foo — No) < 2Go, Yo *Cpy (Mr Fao) < 2Rg

with "700 = (70/2a 0007 50/27 a0/2)'

While the scheme is quite general, as a drawback the set of parameters ¢ for which the invariant torus
exists is defined in a very complicated way, in terms of the approximate invertibility of the operators 21,,.

In order to get a simpler description of the good parameters we may require that (AN, X', R) is a “triangular
decomposition” i.e. there exists a decomposition X = @?ZlXj such that for all N € N the action of the
operator M := IIx[N, ] is block diagonal while for all R € R the action of R := IIx[R, ] is strictly upper
triangular, see Definition [3.1I] In Proposition [3.5] we show that under such hypotheses the problem of solving
the homological equation is reduced to proving the approximate invertibility of 0, the so called Melnikov



conditions, which is typically much simpler to analyze in the applications. Indeed solving (1.10) amounts to
inverting 2 but since R is upper triangular and 91 is diagonal, the Neumann series

A= M+R) =0 (—1) (TR

is a finite sum.

Note that in order to produce a triangular decomposition one can associate degrees to w,y (say resp. 1
and d > 0) in order to induce a degree decomposition (see Remark which gives to the space of polynomial
vector fields a graded Lie algebra structure. By Lemma [3.3] triangularity is achieved when N contains only
terms with degree 0 while R contains only terms with degree > 0 while X = @?:1)(]- is the decomposition of
X in subspaces of increasing degree. Note that this can be done for any choice for d.

Another natural way to understand the nature of the subspaces X, N, R is through “rescalings”. This
means introducing a special degree decomposition where the degree of y is the same s as the one used in the
definition of the domains in the phase space, see (|1.5]). This latter degree decomposition separates terms which
behave differently under rescaling of the order on magnitude of the domains » — Ar. Note that in this way
X contains terms with negative scaling, N contains the terms with scaling zero and finally R contains terms
with positive scaling.

Typically the invertibility of 91 relies on non degeneracy conditions on the eigenvalues which provides a
lower bounds on the small divisors. The size 7 of such denominators is essentially given by the problem. A
vector field is considered a perturbation if its size is small with respect to the size of the small divisor. Hence
in giving the smallness conditions on G one must find a modulation between the size of the remainder R,
which can be made small by a rescaling, and the size of X which grows under the rescaling. The polynomial
vector fields in IV are more delicate. Indeed some such terms do not change under rescaling. Of course Iy G
should be much smaller with respect to Ny but in fact one does not need that IIx G is small with respect to
~o provided that IIyG is sufficiently small. This further justifies why the smallness conditions on the vector
field G are imposed separately on each term. We refer the reader to Paragraph for more details.

In Section [] we discuss various applications and examples and we show how our algorithm allows to
interpolate between the Nash-Moser algorithm and the classical KAM one. Example 1. is the classic Nash-
Moser approach, where one fixes the subspace X’ to be as simple as possible.

In Example 2. we study Hamiltonian vector fields, and exploit the Hamiltonian structure in order to simplify
the Melnikov conditions; this is a reinterpretation to our setting of the strategy of [45]. We conclude subsection
by collecting our results into Theorem

In Example 3. we only assume that our vector fiels is reversible and we simplify the Melnikov conditions by
making an appropriate choice of the sets X', A/, R, this is a new result which we believe should enable us to
prove existence of quasi-periodic solutions in various settings, see [46] for the case of the fully nonlinear NLS
on the circle. We conclude subsection by collecting our results into Theorem

In Examples 2. and 3. our formulation essentially decouples the dynamics on the approximate invariant torus,
which is given by the equation for 6 and y, and the dynamics in the normal direction w. More precisely in
these cases the invertibility of 91,, follow from the conditions:

e The frequency vector w,(§) := <F,(L‘9)(9, 0,0)) needs to be diophantine;
e The operator £, := wy, -0y +d F*)(6,0,0) acting on HP(T?, ,) must be “approximatively invertible”.

Note that £,, has the same form of the linearized operator of a forced equation, namely the case where
F? = w0y and the frequency vector w plays the role of an external parameter. Moreover if F is a vector field
coming from a PDE (possibly after one step of Birkhoff Normal Form), then £, differs from the linearization
of a composition operator by a finite rank term, this is an essential property in the study of quasi-linear PDEs.
In Example 4 we prove a KAM theorem for a class of Hamiltonian vector fields corresponding to the classical
paper [I5], but requiring only finite differentiability and imposing milder smallness conditions, comparable to



those of [48]. We conclude subsection by stating a result on the existence of reducible invariant tori; this
is the finitely differentiable version of [15] 4§].

Finally in subsection [1.5] we discuss how to apply Examples 2 and 4 to an NLS with Fourier multipliers,
respectively in the case of a Lie group and of [0, 7] with Dirichlet boundary conditions.

Acknowledgements. We thank L. Biasco, F. Giuliani, J. Massetti and R. Montalto for useful comments
on the manuscript. This research was supported by the European Research Council under FP7 “Hamiltonian
PDEs and small divisor problems: a dynamical systems approach”, by PRIN2012 “Variational and perturbative
aspects of non linear differential problems" and McMaster University.

2  Functional setting and main result

In this paragraph we introduce all the relevant notation and tools we need. In particular we define our phase
space, the vector fields we will deal with and the type of change of variables we need in order to perform our
KAM algorithm, as explained in the introdution.

2.1 The Phase Space

Our starting point is an infinite dimensional space with a product structure V, , := Céx Ch x Ly p. Herel, , is
a scale of separable Hilbert spaces endowed with norms || - ||, in particular this means that ||f|la,p < || flla’.p’
if (a,p) < (d,p’) lexicographically.

Hypothesis 2.1. The space £y is endowed with a bilinear scalar product
frg€loo— f-geC.
The scalar product identifies the dual £},  with {_, _,, and is such that

a,p
lwldo=w-@, lg-fl<lgllapllfll-a—p 19+ fI < lglloollflloo < lIgllapllfloo- (2.1)
We denote the set of variables V := {6‘1, e B, 7ydl,w}. Moreover we make the following assumption

on the scale £, ,. We assume that there is a non-decreasing family ({x)r>o of closed subspaces of £y, such
that Ux>olKk is dense in £, p for any p > 0, and that there are projectors

HzK : go’o — ZK, HZLK =1 - H@K, (2.2)

such for all p,c, B > 0 there exists a constant C = C(a, p, a, B) such that one has
1MLt wllatapss < CEF KP fwllay Voo € lay, (2.32)
G wllap < Ce™ MK |wllataptss V0 € Lataptp- (2.3b)

We shall need two parameters, po < p;. Precisely po > d/2 is needed in order to have the Sobolev
embedding and thus the algebra properties, while p; will be chosen very large and is needed in order to define
the phase space.

Definition 2.1 (Phase space). Given py large enough, we consider the toroidal domain
T? x Dy p(r) := T X By2 X Brapp, > C Vap (2.4)

where
T¢ .= {6 ¢ C? : Re(d) € T?, max [Im6,| < s},
h=1.....d

By = {y et |y|1 < TS}’ B app, = {’LU €lap : HwHa,m < T},
and we denote by T¢ := (R/27Z)¢ the d-dimensional torus.
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Remark 2.2. Note that B, 4 pp, is the intersection of £y, with the ball of radius r in £, p,, thus our phase
space clearly depends on the parameter p1. We drop it in the notations since it will be fized once and for all,
while a,p, s, vary throughout the algorithm and we carefully need to keep track of them.

Fix some numbers sg,ag > 0 and rg > 0. Given s < s, a,a’ < ag, r < 19, p,p’ > po. We endow the space
Va.p with the following norm. For u = (u(?, u®) u()) € T¢ x D, ,(r)

1
max{1, 0}

lullv,,, = Jut (2.5)

a,p)?

1
@) ar + — ™|l
T To
Now consider maps
f : Tg X Da/7pl (7”) — Va,p (2 6)
0.y, w) = (fO0,y.w), fP(0,y.w), [0, y,0)), '
with
F0,5,0) =Y [, vev,

ez

where f()(0,y,w) € C for v = 6;,y; while f(*)(0, y,w) € 4,.p. We shall use also the notation fO0,y,w) € €4,
f(y) (97 y7 w) e Cdl °

Remark 2.3. We think of these maps as families of torus embeddings from T? into Va,p depending paramet-
rically on y,w € Dy p(r), and this is the reason behind the choice of the norm; see below.

We define a norm (pointwise on y,w) by setting

112 0 == 1SN, + 1FDN2, + 151120, (2.7)
where
L 0. <50 #0
5o SluP 4 If aw>||HP(’JP§) s < sp #
T I (23)
flup £ oy, w)l| gp(ray, s=s0=0
£ s = Z £y, w0) | e ra) (2.9)
1 w w
£ s 0,p = . <||f( )||Hp(1rg;ea,,,0) + £ )||Hvo(1rg;ea,,,)> ; (2.10)

where HP(T¢) = HP(T%; C) is the standard space of analytic functions in the strip of size s which are Sobolev
on the boundary with norm

)G pay == D [>T @, (1) == max{1, [I]}. (2.11)
lezd

If s = 0 clearly one has that H?(T%) = HP(T¢9) is the standard Sobolev space. More in general given a Banach
space E we denote by HP(T%; E) the space of analytic functions in the strip of size s which are Sobolev in

f on the boundary with values in E endowed with the natural norm. Note that trivially |\85/u|| Hr(Td) =
||UHHP+P'(’]I‘§)'
Remark 2.4. We can interpret ([2.10)) as follows. We associate f(*) with a function of @ defined as
=Y A (g w)l|ape®, (2.12)
lezd

and then we have
17 s 0 = Ipoll e gy + €l rvo cmg)-
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Remark 2.5. If {,, = HP(T%) then fizing po > (d +r)/2 we have that || -
|- e (raxcrsr)

s,a,p n (2.10) is equivalent to

By recalling the definition in (2.5) we have that

1 lls.ap ~ Wl evo (v, ynmr v o) = I fllEr e, o) + [ l@vo (e ) (2.13)

Remark 2.6. Formula (2.7)) depends on the point (y,w), hence it is not a norm for vector fields and this is
very natural in the context of Sobolev regularity. Indeed in the scale of domains T% x D, p(r) one controls
only the p1 norm of w (see Definition , and hence there is no reason for which one may have

sup || fls,ap <00
(y:w)€Da,p ()

Naturally if one fizes p = p1 one may define as norm of F' the quantity sup, .,)ep, oy (1) | F|ls,a.p1 -

The motivation for choosing the norm 1s the following. Along the algorithm we need to control
commutators of vector fields. In the analytic case, i.e. if sg # 0, one may keep p fixzed and control the
derivatives via Cauchy estimates by reducing the analyticity, so the phase space can be defined in terms of the
fized p. However, since we do not want to add the hypothesis sy # 0, we have to leave p as a parameter and
use tameness properties of the vector field (see Deﬁnitz’on as in the Sobolev Nash-Moser schemes.

It is clear that any f asin (2.6 can be identified with “unbounded” vector fields by writing

F o Y 06,y w., (2.14)

vev

where the symbol f)(6,y,w)d, has the obvious meaning for v = 6;,%; while for v = w is defined through its
action on differentiable functions G : ¢, , — C as

FE0,y,0)0,G = du Gl (0, y,w)].
Similarly, provided that |f(®) (6, y,w)| is small for all (6,y,w) € T?¢ x D, ,(r) we may lift f to a map
=0+ fOy+ fY w+ f): T¢x Dy — T x €1 x £,,, for somes; > s, (2.15)
and if we set ||0]|s,4,p := 1 we can write

125,00 = [[vs.000 + 1/

s,a,p s V:07y7w'

Note that
HyHS,a,p = T()_s‘yh ) ||w||37a,p = T(J_1||w||a,p-

Remark 2.7. There exists ¢ = c(d) such that if || flls,ap, < cp one has
P ’]I‘f;,l X Datpag,p(r) — Tg+pso X Dap(r + pro).

We are interested in vector fields defined on a scale of Hilbert spaces; precisely we shall fix p,v,q > 0 and

consider vector fields
F :T? X Dot pag piv(r) X O = Vo, (2.16)

for some s < sp, a+ pag < ag, 7 < o and all p+ v < q. Moreover we require that p; in Definition [2.1] satisfies
p1 > po+v+1.

12



Definition 2.8. Fiz 0 < p,0 < 1/2, and consider two differentiable maps @ =1+ f, U =1+ g as in (2.15)
such that for all p > po, 2pse < s < 80, 2prg <1 <719 and 0 < a < ag(l — 20) one has

O,V : T X Doy gaop(r — pro) — T x Dy ,(r). (2.17)

S—pPSo
If
1=Uod: T;LQPSO X Day20a0.p(T — 20r0)  — T x D, ,(r)

(2.18)
(0.y,w) > (0,y,w)

we say that ¥ is a left inverse of ® and write @' := U,

Moreover firv > 0,0 < o <1/2. Then for any F : T¢X Doy prag piv (1) = Vap, with0 < a < ag(1—20—0'),
we define the “pushforward” of F' as

D F :=d®(® M )[F (@) : T 5,0, X Dar (20400040 (T = 2070) = Vap - (2.19)

We need to introduce parameters £ € Oy a compact set in R?. Given any compact O C Oy we consider
Lipschitz families of vector fields
F:T?X Dy (r) x O = Vo, (2.20)

and say that they are bounded vector fields when p = p’ and a = a/. Given a positive number v we introduce
the weighted Lipschitz norm

1E() = F()lls.ap—1
[Ellop = 1Flly.0.50p = sup IE(E)ls.a.p T sup = (2.21)

neoO |€ - n'

and we shall drop the labels ¥ = (v, O, s,a) when this does not cause confusion. More in general given F a
Banach space we define the Lipschitz norm as

£

v0.8 =50 [F()llp +7 sup ) = F)ls. (2.22)

#neO |£ - 77|

Remark 2.9. Note that in some applications one might need to assume a higher reqularity in &. In this case
it is convenient to define the weighted qi-norm

IFll5p = 1 Fllv.0sap = > " supll0fF(E)lls.apn-
heN® €O
[h|<q1

Where the derivatives are in the sense of Whitney.

Throughout the paper we shall always use the Lipschitz norm (2.21)), although all the properties hold verbatim
also for the qi-norm.

Definition 2.10. We shall denote by Vi, with U = (v, 0, s,a,r) the space of vector fields as in (2.16]) with
0 = 0. By slight abuse of notation we denote the norm || - ||y.0,s,ap = || - l5,p -
2.2 Polynomial decomposition
In Vg, we identify the closed monomial subspaces
VOO = eV, f=f"D0)0,}), vev

VOV = ff eV, o F= OOV, vEV, vV =y, ya,w (2.23)
PELvE) L {fEVg’p . f:f(‘“"l """ Vk)(@)[vl,...,vk]av}, veV, vi=Y1,...,Yd, W,
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where vi,...,vy € U:= {y1,...,yq,,w} are ordered and f("Vi»-Vk) is a multilinear form symmetric w.r.t.
repeated variables.

As said after (2.6) it will be convenient to use also vector notation so that, for instance

f(y’y) B)y -0, € Yw:y) — @ PWiy;)
i<j=1,...,d1

with f(¥)(0) a d; x d; matrix.
Note that the polynomial vector fields of (maximal) degree k are

k
Py = @ @ @ V(V,vl,...,vj) 7

so that, given a polynomial F' € P we may define its “projection” onto a monomial subspace Il,,¢v,....v;) in
the natural way.

Since we are not working on spaces of polynomials, but on vector fields with finite regularity, we need some
more notations. Given a C*t1 vector field F € Vs p, We introduce the notation

FO0(9) := FM(9,0,0), FO)(0)]] = dpFY(0,0,0)[], veEV, v =y1,...,yaq,w (2.24)
v (g)] | = o ﬁd F™(8,0,0)] ] ;=
eyl = a(V17~-~>Vk)!(i_1 qu) ,0,0) .00, veEV, vi=y1,...,Y4,,W,
where we assume that vy,...vy are ordered and the (d 4+ 1)-dimensional vector a(vy,...,vy) denotes the

multiplicity of each component.

By Taylor approximation formula any vector field in Vy , which is C**+1in y,w may be written in a unique
way as sum of its Taylor polynomial in P, plus a C*+1 (in y, w) vector field with a zero of order at least k + 1
at y = 0, w = 0. We think of this as a direct sum of vector spaces and introduce the notation

o) F o= FOT00) (0) vy vy (2.25)
we refer to such operators as projections.
Definition 2.11. We identify the vector fields in Vg, which are CF+1 in y,w, with the direct sum
(k) _
W{;‘,p =P ®Rg,

where Ry, is the space of C**1 (in y,w) vector fields with a zero of order at least k+1 aty =0, w =0. On
Wékg we induce the natural norm for direct sums, namely for

k
f:Z Z Z f(V)th’vj)(a)[vla"'7vj]8v+f72k ka eRkv

vEV j=0 (vq,...,v;) €V
we set

11

k
k V,V1,...,Vj
=SS ST e Ofer, vl + Rl - (2.26)

veV j=0 (vq,...,v;)EU

Remark 2.12. Note that with this definition if k = oo we are considering analytic maps with the norm

S5OSO, vl

veV j=0 (vq,...,v;)€V

14



We can and shall introduce in the natural way the polynomial subspaces and the norm ([2.26)) also for maps
=0+ y+ ¥ w+ f) with

®:T? X Dy (1) x O —= T x Dy p(r1),
since the Taylor formula holds also for functions of this kind.
We also denote
<V(V7V1a e 7Vk)> :{f € V(V’VI’M’Vk) : f = <f(v’V1’m’Vk)> : av}a
VG s {f @ Y f o (o) () gy

where (f) := f. f(0)d6.

Tame vector fields. We now define vector fields behaving “tamely” when composed with maps ®. Let us
fix a degree n € IN and thus a norm

(2.27)

17l = IF1I5- (2.28)
Definition 2.13. Fiz a large ¢ > py1, k > 0 and a set O. Consider a C*t**1 vector field

Few®

7,p? 7= ('y,(’),s,a,r).

We say that I is C*tame (up to order q) if there exists a scale of constants Cy ,(F), with Cg ,(F) < Cgp, (F)
for p < p1, such that the following holds.

For all py < p < p1 < q consider any C**' map & = (0 + fO,y+ f@ w+ ) with || f||l5.p, < 1/2 and
®: T X Doy, (') x O = T4 x Dy pi(r),  for some 1/ <r,s" <s;
and denote 0" = (v,0,s',a,r"). Then for any m =0,...,k and any m vector fields
hiyeooshm : T X Doy oy (7)) X O = Vi pi,
one has
(Tw) NG F(@)[ha, . bl < (Cop(F) + Cop ()@l pn) TT72 1R 177 9040
+Cp0 (F) 22551 [llar ptw TTig 1Pill5 ot

for all (y,w) € Dq, p, (r'") and p < q. Here dyF' is the differential of F w.r.t. the variables U := {y1,...,ya,, w}
and the norm is the one defined in (2.28)).

We say that a bounded vector field F' is tame if the conditions (T,,) above hold with v = 0. We call Cy ,(F)
the p-tameness constants of F'.

Remark 2.14. Note that in the definition above appear two regularity indices: k being the mazimum reqularity
ny,w and q the one in 6.

Remark 2.15. Definition |2.15 is quite natural if one has to deal with functions and vector fields which are
merely differentiable. In order to clarify what we have in mind we consider the following example. Let L be a
linear operator

L: HP(T%) — HP(TY).

In principle there is no reason for L to satisfy a bound like

[Lullp < (Lo

[ullpo + L1, polull (2.29)

where || - || z,p is the HP-operator norm. However if L = M, is a multiplication operator, i.e. M,u = au for
some a € HP(T?) then it is well known that

[Maully < rp(llallpllullpe + lallp lfullp)
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which is (2.29) since ||all, = |Mallz,p- In this case we may set for all p < q Cp(M,) = Kqllallp, where q is
the highest possible reqularity. This is of course a trivial (though very common in the applications) example in
which the tameness constants and the operator norm coincide; we preferred to introduce Definition[2.13 since
it is the most general class in which we are able to prove our result.

Remark 2.16. It is trivial to note that, given a sequence Cy,(F) of tameness constants for the field F,
then any increasing sequence ég7p(F) such that Cy,(F) < ég7p(F) for any p is a possible choice of tameness
constants for F. This leads to the natural question of finding a sharp sequence which then could be used as
norm. Throughout the paper we shall write Cy ,(F) < C to mean that the tameness constants of F' can (and
shall) be chosen in order to satisfy the bound.

2.3 Normal form decomposition
Definition 2.17 (N, X, R)-decomposition). Let N, X C P® have the following properties:

(i) if N O VYEY19i) £ () then either N N VEVL%) = YPEvievi) op M A PEI10) = (PE31095)) for
all 7 < n;
(ii) one has VO C X for v =y, w.
We then decompose
Wip=CPHB AW = NaX &R

where C?F3 is the set of vector fields with (2n + 3)-regularity in y,w, R contains all of Ry and all the
polynomials generated by monomials not in N ® X. We shall denote Il := 1 —Ilxr — Iy and more generally
for S = N, X, R we shall denote 1§ :=1 — Ils.

The following Definition is rather involved since we are trying to make our result as general as possible.
However in the applications we have in mind, it turns out that one can choose A, ., satisfying the properties
of the Definition below in an explicit and natural way; see Section [4]

Definition 2.18 (Regular vector fields). Given a subset As,, C P® of polynomial vector fields f -
T X Dy pir (1) — Vo, we say that A is a space of reqular vector fields if the following holds.

Given a compact set O € Oy we denote by Ay, with ¥ = (v,0,s,a,r) the set of Lipschitz families
O — A qp. We require that As o p is a scale of Hilbert spaces w.r.t a norm |- |s.ap = |- |s,a,p,r and we denote
by | - |z, the corresponding y-weighted Lipschitz norm.

1. VO € Ay, for v =y, w while either Agf})j =0 or Ag?z), = Vée’o).
2. All f € Ay q are C* tame up to order q for all k, with tameness constants
Cop(f) =Clflop- (2.30)

for some C' depending on po on the dimensions d,d, and on the mazimal regularity q. Moreover |- |,, is
a sharp tameness constant, namely there exists a c depending on po,p1,d,d; such that

|f|177P1 < Ccﬁypl(f) (2'31)

for any f and any tameness constant Cy p, (f).

3. For K > 1 there exists smoothing projection operators Ilg : Az, — Ag,p such that % =1lk, forp; >0,
one has

U Flgpip, < CKP|F|g, (2.32)
|F =g Flgp < CK™"|Flgp4p, (2.33)
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finally if Cy ,(F) is any tameness constant for F then we may choose a tameness constant such that

Cypip Mg F) < CKP*Cy . (F) (2.34)

We denote by E) the subspace where g EF) = BU)

4. Let B be the set of bounded vector fields in Asqp > f: T¢x Do (1) — Vap with the corresponding norm
| - |s,a,p,0- For all f € B such that

| flap: < cp, (2.35)
with p > 0 small enough, the following holds:
(i) The map ® := 1+ f is such that
@ T x Dy p(r) x O — T, X Dy p(r+ pro). (2.36)

(ii) There exists a vector field h € B such that
o |l .p < 2|flsp, the map ¥ :=1 + h is such that

- T¢

! pso X Dap(r —pro) x O = T¢ x Dy p(r). (2.37)
o forall (0,y,w) € ']Tg_QpSO X Dg p, (r — 2prg) one has
Uod(f,y,w)=(0,y,w). (2.38)

5. Given any regular bounded vector field g € B, p > py with |g|zp, < cp then for 0 <t <1 there exists
fi € B such that the time—t map of the flow of g is of the form 1 + f, moreover we have |fi|z, < 2|9l p
where U7 = (A, O, s — psg,a,r).

Definition 2.19. Consider £ a subspaaﬂ of Vgp. We say that € is compatible with the (N, X, R)-
decomposition if

(i) any F € ENX is a regular vector field;
(i) for any F € ENPy one has Iy F € £ ford =N, X, B
(i4i) denoting
Be := {f eXNB: <I>§c is & preserving for all t € [0, 1]} cCXNB, (2.39)

one has

VgeBe,Fe&: |[g,Fle&, VgheBs: Ilx[g,h]€ Bs. (2.40)
Definition 2.20 (Normal form). We say that Ny € NN E is a diagonal vector field if for all K > 1

ad(NO)HE(K)HX == HE(K)HXad(No) , on Bg. (2.41)

5For instance £ may be the subspace of Hamiltonian vector fields.
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2.4 Main result

Let us fix once and for all a (M, X', R)-decomposition. Before stating the result we need to introduce parameters
(which shall depend on the application) fulfilling the following constraints.

Constraint 2.21 (The exponents). We fix parameters o, Ro, Go, 1, V, 1, X, Q, K1, K2, K3, P2 such that the fol-
lowing holds.

e 0 <ep <Ry < Gy with £0G3,20G2Ry " < 1.
o 1, v,k3>0,pa>p1,0<a<], 1<y <2 such that ax < 1.
o Setting kg := pu+ v + 4 and Ap := ps — p1 one has

Ko+ K3 Ko

K1 > max , , 2.42a
(et oy (2.422)
K > max ( 2H0 ! (14 a)ko + 2max(k1, k3) k1)) (2.42b)
X(z— —— x(K1, — , .

2 2 ' 1—ay 0 1, K3 XK1

n>p+(x—Dra+1, (2.42¢)
1
Ap > max (kg + K2 + max(k1, K3), m(ﬁo + (x — 1)k2 4 max(k1,k3))) , (2.42d)
alAp < kg 4+ xKk1 — ko — max(ky, K3) - (2.42e)
e there exists Ky > 1 such that
1
log Ko > ——C, (2.43)
log x
with C a given function of u,v,n, a, K1, ke, K3, P2 and moreover

G2R; o K° max (1, RoGo K0T X Dr2y < 1 (2.44a)
max(Kgl,50K33)K{){O*AH(X*D@GOE(YI max (1, Ro, EoG()KgAp> <1, (2.44Db)
max(K§", eo K§*) K5 X" GoRy ! max (RO, 50G0K8‘Ap) <1. (2.44c¢)

Remark 2.22. In the applications the constants Go,Ro, e in Constraint [2.21] are given by the problem under
study and typically they depend parametrically on diam(Og) ~ ~; then one wishes to show that for v small
enough it is possible to choose all other parameters in order to fulfill Constraint [2.21. Often this implies
requiring that Ky — oo as v — 0. In order to highlight this dependence one often uses €y as parameter and
introduces g, r such that

Go~¢ef, Ro~ep, with g<r<1, min{l+3g1l+2g—1}>0. (2.45)

Then given kg, k3 one looks for «, x, K1, k2, P2 satisfying and, setting Ko = €, the constraints (2.44)
become constraints on a. Another typical procedure is to write Go,Ro,€0 as powers of Ko, see paragraph [].6
Note that in we need 1+ 3g > 0 but in principle we allow g < 0; same for r. This means in particular
that Go and Rg might be very large.

Definition 2.23 (Homological equation). Let v > 0, K > Ky, consider a compact set O C Oy and set
7= (v,0,s,a,r) and 7° = (v, 0y, s,a,r). Consider a vector field F € Wgo ,, i.e.

F=Ny+G:00% Dypirn(r)xT = V,,,
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which is C*T2-tame up to order q = po +2. We say O satisfies the homological equation, for (F, K,4°, p) if
the following holds.

1. For all (£ € O one has F(§) € € and |IIxG|gp,—1 < CCyyp, (H/J\‘/G).
2. there exist a bounded regular vector field g € Wgo , N E5) such that

(a) g € Bg for all€ € O,

(b) one has |glsop, < Clglvp, < cp and for pr < p < po

l9lsp <7 EH (MR Gl + KPP Mg Glip, v~ Crp(Q)) (2.46)
M [%G, gll5.p-1 < Cipr1(G)lglap, + Copy (G)lgloprvr
(c) setting u = Uy (ad(II3 F)[g] — F), one has

[ulg,p, <oy 'K Cyp, (G) gy G

T,p19

B B (2.47)
[ulipe < 7 K* (ITKTLG gy (G) 4+ K27 P) ML Gl Cipa (G) ) 5

(d) setting v = (v,0, s — pso,a,r — prg), and let ® the change of variables generated by g, one has that
L. Fl 1 < Cop (LY G) + C ([gipa Oy (G) + [, Gy () (2.48)
Definition 2.24 (Compatible changes of variables). Let the parameters in Constraint be fized. Fix

also U= (v,0,s,a,r), 7° = (7,00, 8,a,r) with O C Oy a compact set, parameters K > Ky, p < 1. Consider a
vector field F' = Nog + G € Wyo ,, which is C**2_tame up to order ¢ = po + 2 and such that,

Fe& Yéeo, T Glgpy—1 < CCyp, (T3 G).
We say that a left invertible £-preserving change of variables
L,L7":T¢ X Doy, (r) x O = T, o X Da—pagp, (v + pro)
is compatible with (F, K, ¥, p) if the following holds:
(i) L is “close to identity”, i.e. denoting T§ := (v, 0o, s — pso,a — pag,T — pro) one has

1L = ) hlls0.p, < CoK " [Allgop, (2.49)

(ii) L. conjugates the C*T2-tame vector field F to the vector field F:=L,F = Ny + G which is C*2-tame;

moreover denoting Uy := (7,0, s — 2psg, a — 2pag, r — 2prg) one may choose the tameness constants ofCArY
so that

Cﬁzypl (é) < 077,331 (G)(l + €0K_1) )
Ci 2 (G) < C(Cp, (G) + 20K 5, (G)) (2.50)
|HXG|172,P2*1 < C(Cﬁpz (H.%\_/G) + ‘C:OI{H3 0177131 (Hj\_/G)) :

(111) L. “preserves the (N, X, R)-decomposition”, namely one has

I (L. F) =0, My (LO35F)=0. (2.51)
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Given vg > 0 we set for n >0

n . n B ; 1
G =CGo(1+Y 27), Ry =Ro(1+) 27), Kn=(Ko)¥ 7 =71(1~ 5rp5).
Jj=1 j=1
an:ao(l—l S 9-i) Tn:ro(l_lzn:g—j) Sn280(1—1i2_j) (2.52)
24 ’ 2 4 ’ 2 2 ’
j=1 j=1 j=1
1
- Ky 1. _ Ky —
I, :=0») Ik =1-11,,E, = EE, ), = TES

Finally, for all n > 0 we denote ¥, = (Y, On, Sny Gy Tn), U = (Yo, O0, Sns Gy Tn)-

We reformulate our main result, stated in the Introduction, in a more precise way. This is useful for
applications, where one needs to have information of the sequence of vector fields F,, and on the changes of
variables H,, in order to prove that the set O, is not empty.

Theorem 2.25 (Abstract KAM). Fiz a decomposition and a subspace £ as in Deﬁmtions and .
Fiz parameters o, Ro, Go, i1, V, 1), X, O, K1, K2, K3, P2 satisfying Constraint[2.21} Let Ny be a diagonal vector field
as in Definition [2.20 and consider a vector field

Fo =No+Gogeén Wﬁo,p (253)

which is C*T2-tame up to order q¢ = po + 2.
Fiz 9 > 0 and assume that

’y(;lCﬁo,P2 (GO) < Go, 7(;101707P2 (HJJ\_fGO) <Ro, ’7(;1|HXG0|170,P1 < e¢o, 7(;1|HXG0|’UO7P2 <Ro. (254)

For all n > 0 we define recursively changes of variables L, ®,, and compact sets O, as follows.

Set How = Ho = @9 = Lo = 1, and for 0 < j < n — 1 set recursively H; = ®;0L; 0H;—1 and
Fj:= (H;)+Fo := No + G;. Let L, be any change of variables compatible with (Fy,_1, Ky—1, Up—1, pn—1), and
Oy, be any compact set

O, COp_1, (2.55)

which satisfies the homological equation for ((Ln)sFn—1, Kn-1,0%_1,pn-1). Forn > 0 let g, be the regular
vector field defined in item (2) of Deﬁm'tion and set ®,, the time-1 flow map generated by g,.

Then @, is left invertible and F,, := (®,0L,)Fp_1 € Wio p is C*2_tame up to order ¢ = pa+2. Moreover
the following holds.

(i) Setting G,, = F,, — Ny then

anpl = ’y;lCﬁn,pl(Gn) S Gn’ anPZ = 777106717132 (Gn) g GOKZI’
®n>P1 = 7;1CﬁwlaP1(HJJ\_fGn) < R, @TMPQ = 7;105n7pz (Hf\_/Gn) < Rngl

—1 - —1
6n =n |HXGn|17n,p1 S ngﬁoKn K27 Tn |HXGTL|17n,p2 S ROKgl

g —ra2tp+l —1 pr—v—14xK1
|gnli, p < Kg?eoGo K, "7 s gnli,.p. <RoGy K, 4

(2.56)

where Uy, = (VYn, On, $n + 120180, an + 12pp00, 70 + 12p,70).

(ii) The sequence H,, converges for all £ € Oy to some change of variables

Hoo = Hoo(f) : Dao,p(80/27’l"0/2) — DaTo’p(So,T()). (257)

20



(iii) Defining Foo := (Hoo)«Fo one has

MyFoo =0 V€ On =[]0 (2.58)
n>0

and
Yo ' Ce py (M Foo — No) < 260, g 'Ca py (IR Fao) < 2Rg

with Uso == (70/2, Oxo, $0/2,a0/2).
Proof. The proof of this result is deferred to Section [f] O

Remark 2.26. Note that if one makes the further assumption that sq > 0, the smallness conditions as well
as the definition of the set of parameters in Definition [2.23 simplify drastically: in particular one may choose
po = p1. We are not makeing this assumption because our aim was to have a unified proof; however we discuss
the time analytic case in Appendiz[D| for completeness.

3 Triangular decomposition and Mel’nikov conditions

In most applications one may redefine the sets on which one can solve the homological equation in a more
direct way, by introducing the so-called Mel’nikov conditions.

We start by introducing some notation.

Definition 3.1 (Triangular decomposition). We say that a decomposition (N, X, R) is triangular if X

admits a block decomposition
b

x=px, (3.1)

j=1
such that for all N € N, R € R setting
N:=Iyad(N), R:=Iyrad(R) (3.2)
then N s block diagonal and R is strictly upper triangular, i.e.
N: X — X, R: Xie@xj.
j>i
Remark 3.2. In order to construct a triangular decomposition one generally associates some degree to the

variabled
deg(f) =0, deg(w)=1, deg(y)=4d,

this automatically fizes the degree of a monomial vector field as
deg(y’ €% “wd,) = jd + |a| — deg(v),

moreover one verifies that if g has degree dy and f degree da then [f, g] has degree dy + da. Finally we remark
that V"9 has negative degree for v = y,w and degree equal to zero for v = 0, in the same way VV) has
always degree zero for v = y,w while V%V has positive degree. Then to a polynomial we may associate its
minimal and maximal degree. In the same way if a C*¥T1 function has zero projection on all spaces VV¥i>Vh
with h < k and degree < d we call d its minimal degree. In many applications it is convenient to place all
monomials of degree <0 in NN X and all those of positive degree in R.

6clearly one must give 6 degree zero since we do not Taylor expand on it, then by convention we decide to give degree one to
w.
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Lemma 3.3. Any decomposition such that N contains only polyomials of degree zero and R contains only
terms of minimal degree > 0 s triangular w.r.t. the degree decomposition of X = @©;X; where the X; are
spaces of homogeneous polynomials with increasing degree d;.

Proof. Given any polynomial P of positive minimal degree the operator adP has positive degree, namely its
action on any polynomial increases its minimal degree. Now for any N € N IIyadN preserves the degree and
thus maps each & into itself. By definition the maximal degree in X is given by d;. Then if we have a tame
function f with minimal degree > d, — max(1,d) the operator Ilyadf on X is equal to zero, and this is just a
property of polynomial subspaces in R. Since all R € R have positive degree, then obviously Il yvadR is upper
triangular. O

Once we have a triangular decomposition we introduce the following notion

Definition 3.4 (Mel’nikov conditions). Let v,u; > 0, K > Ky, consider a compact set O C Oy and set
7= (v,0,s,a,r) and 7° = (v, 0y, s,a,r). Consider a vector field F € Wgo ,, i.e.

F=Ny+G:00x Dgpi,(r)x Tf = Vap

which is C*2-tame up to order q = po + 2. We say O satisfies the Mel'nikov conditions for (F, K,7°) if the
following holds.
1. For all £ € O one has F(€) € € and |y G|y p,—1 < CCfp, (II4G).

2. Setting M := Ugllyad(IIn F) for all £ € O there exists a block-diagonal operator 2 : EK)nxné -
EE) N Be such that for any vector field X € EF)nxNE

(a) one has
WX |5 < 7 K (X g + KOO X 5,77 oy (G)) (3-3)

(b) setting u := (IIgad(TIn F)[WX] — X) one has
[ulgp, < €0y KT Cyp, (G X s,
[ulape <77 K" (1X]5p, o (G) + KPP X g, Cio (G) )

Then we have the following result.

Proposition 3.5 (Homological equation). Let v > 0, K > Ky, consider a compact set O C Qg and set
7= (v,0,s,a,r) and 7° = (7,0, s,a,r). Consider a vector field F' € Wgo ,, i.e.

F=Nyg+G:00% Dopir(r)xT = V,,,
which is C*T2-tame up to order ¢ = py + 2. Assume that v ~ diamQy and set

T, :=7"1Cs,(G), ©,:=7""'Cs,IIxG). (3.5)
Assume finally that for any f € Bg

xR G, fllzp-1 < Cops1(TING)| flo,p, + Copy (NG| flo,psvr1s
MLy [InG, fllgp-1 < Copr1(G)| flap, + Copy (G| flzprvt1,

If O satisfies the Mel’nikov conditions of Deﬁnitionfor (F, K,0°) then O satisfies items 1. and 2.a-b-c of
Definition [2.23 provided that we fix

(3.6)

p=0+)(m+rv+1)+t (3.7)

where t > 0 is such that
(14605, (1+T,) (1 +Typ,) < K.

Proof. The proof is deferred to Appendix [C] O
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4 Applications

In order to use the Melnikov conditions in Definition [3.4] instead of the homological equation in Definition
[2:23] in Theorem [2:25] we need to prove that also item 2.d of Definition [2:23] holds. This latter point depends
strongly on the application so we discuss it in various examples.

Clearly the simplest possible case is ¢, , = 0 or a finite dimensional space. In any case we need to work
in some subspace £ endowed with some structure (say reversible or Hamiltonian). To this purpose we restrict
£, p as follows.

Definition 4.1. We assume that £, , has a product structure l,, = hqp X hqp with w = (2%,27) and hqyp
is a scale of Hilbert spaces w.r.t. a norm || - |lq,p satisfying (2.1). Moreover we assume that the subspaces {x

have a product structure as well i = hg X hx with the hx satisfying Hypothesis|2.1].

4.1 Example 1: Reversible Nash-Moser.

Let us first discuss the “minimal choice”, i.e. where in all the definitions we make the simplest possible choices.

Clearly the minimal choice for X is
X = Y0 g pw0) (4.1)

whereas for ' one can make for instance the classical choice
N = P00 o plww) o )wy) g Pyw) g Plwy) (4.2)

The decomposition (4.1) and (4.2)) is trivially triangular, see Definition provided that we set b = 1
since for any R € R, X € X one has
(R, X] =0. (4.3)

Note that it is a degree decomposition with d(y) = 1, where N is generated by all the monomials of degree
zero and X is generated by all those of negative degree.

We choose the regular vector fields as A = X, by setting for f = (0, f¥)(6), f(“’)(G)),

flop = IA1S) = 11£]

v,psy
with the projectors Ilx defined as

(HKf(%O))(g) — Z fe(y,o)eim)

¢|<K

(L f0)(B) 1= 7 Ty, fi0 el

<K

(4.4)

Lemma 4.2. The regular vector fields defined above satisfy all the properties of Definition [2.18; moreover the
norm | f|y p is a sharp tameness constant for all p > p;.

Proof. Ttem (1) is trivial and the bound (2.30) follows essentially by an explicit computation (see the proof of
Lemma for more details). Now by Definition we have that the bounds (7},) hold for any change of
variables ® and any y,w. Hence for ® =1 and y = 0 = w, for any p > pg, one has

|f|17,p = Hf”ﬂ,;v = ||f(q))HU-,p < Cﬁ,p(f) + Cﬁ,Po (f)HCI)Hﬁ,p < Ccﬁ,p(f)v (4'5)

where the last inequality holds since ||®|z, = 1 independently of p (recall that the map ® is evaluated at
w =y = 0). This means that |f|z, is a sharp tameness constant: this trivially implies that item (2) in
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Definition hold. Let us check item (3). Recall the definition of the projectors in (4.4)) and of the norm in
([2.7); for v = 6,y one has

PR USRI

<K

< CKQp’eszl Z |fl(V,0)‘2<l>2p62|l\ K2p 2K sy

1€Z

The latter bounds holds also for the norm (2.21]), hence (2.32) holds. Similarly the estimate (2.32)) holds also

for v = w. Moreover for v = w we can write

(1 — HK)f(w,O) 0) = Z eiz-efl(w,O) + Z (1 - HZK)fl(w,O)eig.g’

[t>K <K

||HKf||§+sl,a,p+p’ =
(4.6)

S a,p

hence one has for p,p’ € N

1 =T FO O 0 < D0 WP IA N e+ D2 W20 = Tle) 1V,

[1|>K ll|>K
w,0 s s w,0
+ 3 DY = ) 02 e+ @2 M (1 - T, ) £V,
[l|>K leZ
+ 30 W 02 e 4 ST e (1 1) 102,
l1|>K <K
< 2K—2p/ Z<l>2(p+p/)‘|fl(w»0)| 2 . €2S|”
= a,po
lez (4.7
w,0 s
+ oK 2 Z 2p0||fl( )Ha e e2slll
1€z
+c Z<l>2(p+p')K—2(p'+p)K290K2(p—Po) Hfl(wﬁo)H? . e2slll
a,po
ez
+c Z<l>2p0628|l|K2(;nfpo)Kf2(p+p'7po) 702 i
ez 7
2
< CRW|f0O2, L,

and the latter bounds holds also for the norm li Similar bounds holds also for v = 6,y, hence ([2.33)
holds. Condition (2.34)) is trivial. Finally, items 4 and 5 can be checked easily since the map generated by
vector fields in A are simply translations. O

By looking at the homological equation it is clear that the minimal requirement for the vector field is
that F®(6,y,0) = —F® (—0,y,0), otherwise even when ¢, , = () one can easily produce examples in which
invariant tori do not exis

Following Sevryuk (see for instance [7] and references therein) one expects to require that the vector field
satisfies some appropriate symmetry: this can be stated by saying that the vector field is reversible w.r.t.
some involution. Naturally one needs also the “unperturbed vector field” Ny to be reversible w.r.t. the chosen
involution, being the vector field that identifies the approximately invariant torus. In the applictaions to PDEs,
one typically deals with Ny of the form

No = w® -85 +iAOwd, =w® -9y +i1Q@ %9, —iQ0279,- (4.8)

with Q) a linear operator which is 6-independent and block-diagonal w.r.t. all the hx. Thus Np is a diagonal
operator as in Definition Unfortunately such Ny is not reversible w.r.t. the “simple” involution (0, y, w) —

7Consider for instance § = 1.
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(—0,y,w), but it is reversible w.r.t. the involution S : (6,y,(27,27)) — (=0,y,(27,2%)). Therefore, as for
the subspace £ we choose

FO (=0, y, ) —FO(0,y,(z+,27))
FO (= 9y’(‘7z+)) _ | FW (9y(z+z )) (4.9)
FG* )( Y, (27,27)) FE(@,y,(zF27) | '

) 27)

FE(- 91/,(2 ,21)) FED(0,y, (21, 27))

E=E0 =l FeVy,:

i.e. the vector fields which are reversible w.r.t. the involution S.
The conditions of Definitions [2.17 and [2.19] are trivially fulfilled with n =1 and

Be :={g=(0,g%(0),9"0) : g (=0)=g"(0), ¢=(-0)=g")(0)}. (4.10)

Now consider a vector field of the form £ 3 F = Ny+G and our aim is to apply Theorem [2:25]to F provided
that G is sufficiently small. The simplest possible choice of compatible change of variables is, £, := 1 for
all n. With such choices, our scheme is the standard a Nash-Moser algorithm to find solutions of the torus
embedding equation . Indeed each ®,, is a traslation in the y, w direction

y=y+9P0), w—w+g(0)
so that .
Ho: y—=y+hP0), w—w+h® (), hn:Zgj, (4.11)

Fo = F(0,y+h®, w+ ) = dghy, - FO 0,y + B w + h(™).

Note that h,, is simply an approzimate solution for the torus embedding equation , indeed one has that
F(0,0,0), FS)(6,0,0) — 0 as n — co.

The difference with the standard Nash-Moser algorithm is therefore only in the point of view: instead of
looking for a torus embedding, we are looking for a translation in the gy, w variables which puts the embedding
to zero.

With the above assumptions and assuming also that the smallness conditions (2.54]) are satisfied, then we
can apply Theorem Now we show that in this case the set of parameters satisfying the the Mel'nikov
conditions of Definition [3.4] also satisfies the homological equation of Definition 2:23]

Proposition 4.3. Let v > 0, K > Ky, consider a compact set O C Oy and set ¥ = (vy,0,s,a,r) and
= (7,00, s,a,r). Consider the vector field F' € Wyo ,, with (see (4.8]))

F=Nog+G:00% Dypirn(r)x T = V,,,

which is C3-tame up to order q = pa + 2. Assume that v ~ diamQg and F € £ defined in (4.9). If O satisfies
the Mel’nikov conditions of Deﬁnitionfor (F, K, 1°) then O satisfies the Homological equation of Definition
provided that we fiz parameters = .

Proof. We note that implies Tlyad(IT3G)= Myad(IlyG) so we may set g = W xIIxG € Be for € € O.
It is easily seen that the first of follows from . As for the second equation we use the sharpness of
| - |7,p.- Indeed by Lemma we know that Cgpy1(G)|9l,p, + Cop, (G)|9]5,p+v+1 is @ tameness constant for
[II% G, g]. Then the bound follows by Lemma Regarding 2.c, one simply notes that formula implies
(12.47)).

Finally in order to prove 2.d, we start by showing that the inequality (2.48) holds by substituting the Lh.s.
with a tameness constant Cy ,, 1 (IIx @, F); this follows from Lemmata [B.3] |B.1 and Remark [B.2] . see the
proof of estimate (| - ) for more details. Therefore, the bound | - follows from the sharpness of | - |5, for
any p. O
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By Proposition the set O, of Theorem contains the intersection over n of the sets in which the
Mel’'nikov conditions are satisfied for (F,, K., %), therefore we now analyze the Mel’nikov conditions. The
operator Ilyad(IIx F,,) has the form

(4.12)

(y,y) (y,w)
HxadmNFn):(F£9>(970,0>-89)n+(F” ) L <9>>

F"Y(©0) F(0)

Recall that F(#¥i) are defined in (2.24). Note that this operator maps Bg in X N E. Finding 2 satisfying
(3.3) and (3.4) is now equivalent to finding an approximate inverse for a K,-truncation of (4.12), which
unfortunately seems a quite delicate question.

A possible simplification occurs if instead of (4.2) we consider the decomposition (recall ([2.27)))
N = (VOO) g yww) g Yuw) g Yuw) g pww)  y = 4:= YuO g P g p{t0)

and leave £ unchanged; it is easily seen that the equivalent of Lemma [£.2] holds, and that

Be = {9 = (97(0), 9V (6).9(6)) 9 (-0) = ~4(0), ¢V (~6) =gV (6), ¢ (~0) = 4 (0)}.
(4.13)

Note that in this case we would obtain a stronger result, since the dynamics on the model torus would be
linear.

We divide X by degree decomposition as in (3.1, with b = 2 and X; = V0 @ Y0 x, = Vée,o); this
decomposition is triangular by Remark [3.2] and the equivalent of Proposition [{.3] holds.

As before we fix £, = 1 for all n. Now the maps ®,, are a translation in the y, w direction composed with
a torus diffeomorphism . They are hence of the form

0= 0+h20), y—y+r?0), w—w+hl(0) (4.14)

defined in such a way that F,(lg’o)(ﬁ) =w™ + 0O(|gn|) (here w™ is the average of F,(lg’o)(ﬁ) w.r.t. ).

Regarding the Mel’nikov conditions we have that, by definition, ITyad(IIx F,) is block-diagonal on X =
X; ® X5 and its action on X} is of the form

" W) F ()
(w()'ae)“(FWw) F0)) 11

while the action on A5 is simply w(™ - dg. Thus the Mel'nikov conditons , on the component Xo
amount to requiring that w(™) is v, 7 diophantine up to order K,,. All the difficulty is now reduced to inverting
(14.15)).

Note that, under the same Diophantine hypotheses on w(™), the operator can be reduced to the form
(4.15)) by choosing at each step n, the change of variables £,, to be the torus diffeomorphism which reduces
F (0,0,0) to its mean value. Of course one needs to verify that the £,, are in fact a sequence of compatible
changes of variables as in Defintion [2.24]

If we assume that the subspaces {x of Hypothesis are finite dimensional then the invertibility of
Ik, Myad(Iln F,,)k, can be imposed by requiring that its eigenvalues are non-zero (the so-called first
Mel'nikov condition); however, unless ¢ is uniformly bounded (i.e. when ¢, , is a finite dimensional space) it
is not at all trivial to obtain from such condition the bounds and .

To the best of our knowledge the only examples in which one has enough control on as it is, are the
forced cases, i.e. when F(®) = w, and there are no y variables, that is d; = 0. In this case one can use the
so-called multiscale approach; see for instance [49] 25| 28]. Otherwise one needs a more refined decomposition;
see below.
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4.2 Example 2: Hamiltonian KAM /Nash-Moser.

The following section is essentially a reformulation in our notations of the approach proposed in [45]. We start
by remarking that when the vector field is Hamiltonian, it is natural to apply to it only symplectic
changes of variables: this amounts to completing the maps introduced in to symplectic ones. We now
describe our procedure and at the end of the subsection we state the Theorem with an application to the NLS
equation.

Definition 4.4 (Symplectic structure). Recall that we assumed £, to have the product structure of Defi-
nition . We endow the phase space with the symplectic structure df A dy + idz™ A dz~.

We consider the decomposition
N = (VOO0 g pww) g pww) - g .= PO ¢ pw0) g pwy) g puw) g pwo) (4.16)

This decomposition satisfies (2.17) with n = 2 and it is a degree decomposition with deg(y) = 2. Using the
notation of (3.1)) we have b = 3 and

X, =Ve0  y, = ) g p@o) -y V(ge,o) EVEENY

We remark that if one wants to solve the torus embedding equation taking advantage of the Hamiltonian
structure, then the decompostion appears naturally since it is the minimal decomposition containing
and preserving the Hamiltonian structure. More precisely given a change of coordinates as in ,
completing it to a symplectic one produces an element of X’ in .

Note that by (i) of Definition [2.19] the bigger is the set X, the more delicate is the choice of A.

Definition 4.5 (Finite rank vector fields). We consider vector fields f : T¢ X Dy iy (r) — Vayp of the
form

=3 F000, + (FoDy 4+ {0 w) -,
vev (417)

FO e HP(T% 0, o)) VHP (T p o)y (fO0) =0
and we set for p > py

|f|s,a,p = Z ”f(u,O)

s,a,p T Max ||f(yi’y'i)||s,a7p+
i,5=1,...,d1

) =ty (4.18)
+;i—r{1axd (Hf(yi’w)||Hp(Tg§£7a,*Fo*V) + ||f(yi7w)||HPO(Tg?Kfa,p*M*PO*V))
o t=1..yd1

We say that f is of finite rank if |flsqp < 00. We denote by As . p the space of finite rank vector fields.
Given a compact set O C Oy we denote by Az, with T = (7,0, s,a,r) the set of Lipschitz families O — A o p
with the corresponding y-weighted Lipschitz norm which we denote by | - |z p.

Remark 4.6. Note that V") is not contained in the set of finite rank vector fields; indeed in general by the

identification of £, , with £_, —p, one has that and g € Vi) can be written as g (6) - w Oy, where

g W) € HP(T 0 o o) NHP (T 0 o))

On the other hand (4.17) is a stronger condition. Our — notationally quite unpleasant — choice of {_q p—p, —po—v
is needed in order to verify condition (2.31) in Definition .
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Definition 4.7. Given K > 0 and a vector field f € A we define the projection llk f as

([ fT0)0) = 3 f7e 0, v=6.y,

[e|<K
(HKf(w,o))<9) — Z HgKflSw,O)eiE'G’ (HK)f(yi,yj)<9) — Z féyivyj)eié~97i,j —1,....d, (4.19)
le|<K l¢|<K
(HKf(y'iaw))(e) = Z HZK fe(yi,w)eiéﬂ ,
le|<K

and we define E5) as the subspace of Az, where Il acts as the identity.

Lemma 4.8. The finite rank vector fields of Definition[{.5 satisfy all the conditions of Definition [2.18

Proof. The Hilbert structure comes from the fact that is defined by using the norm of an Hilbert space
on each component. Item 1 follows by the definition while item 2 formula is proved in To prove
bound in item 2 we reason as follow. Let us study the (y,w) component since the other are trivial. For
® =1 one has that

1 . 1 .
1@ 0 Bllsapy = max S DL wf < max S OPL 0 M0l g (4.20)
T 0 ez TR0 ez

using the Cauchy-Schwartz inequality. By the sharpness of the latter inequality we deduce that any tame-
ness constant must be larger that the right hand side of (4.20]), which in turn is bounded from below by

11 £(y,w)
2 |f |S,a,P1 .
Items 4,5 are proved in Lemmata and [B.9)in the Appendix.
Finally we need to show that item 3 holds. Now given a vector field f € Ay p, the components f 0) are

discussed in ([#.6) and (4.7), and the components f(*0) and f¥%¥) can be treated in the same way. By the
definition of the projector one has that the last component (y,w) behaves essentially as the component

(w,0). Hence again the smoothing bounds hold by reasoning as done in (4.6) and (4.7). O

We choose (J is the standard symplectic matrix)

g=e0 = {F € Vip: F = (9,H,~0H,iJO,H), H(0,y 2" 27)e ]R}, (4.21)

Ham

while the regular vector fields are given by Definition Note that by construction é'ﬁoa)m NX = A, indeed the
condition JA,H (0, y, w) = F)(,y,w) € ¢, implies that OwFW = —0,0pH(0,y,w) € ¢y as well. Then
Be is the space of regular Hamiltonian vector fields. The conditions of Definitions [2.17] and [2.19] are trivially

fulfilled. Note that the degree decomposition preserves the Hamiltonian structure.

Lemma 4.9. Consider a tame vector field f € Az, NE (i.e. regular vector field according to Deﬁmtion
which is Hamiltonian). There exists a ¢ (depending at most on po and on the dimensions d,dy) such that for
any tameness constant

|flop < cCspia(f) (4.22)
for any p > p;.

Proof. On the components (v,0), v = 6,y,w and (y,y) the bound (4.22)) is proved in Lemma Let us
study the (y, w)—component. First recall that, since we are in a Hamiltonian setting, then one has ) () =
—iJ9p f(*:9 (). Hence for ® =1 and y = 0 = w one has for any p > po that

[F@ D O)ap <1000 Osp < 1FOO)gpr1 = 11 0 @lgpi1 < cCrpra(f). (4.23)

Threfore the assertion follows. ]
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As in Subsection we now relate the Mel’nikov conditions to the homological equation.

Proposition 4.10. Let v > 0, K > Ky, consider a compact set O C Og and set ¥ = (v,0,s,a,r) and
7% = (7,0, s,a,r). Consider a vector field F € Wyo ,, N o of the form

Ham

F=Ny+G:00%xDypin(r)x T =V, ,,

where 51({033111 is defined [@.21)) and Ny is defined in ([&.8) with Q©) self-adjoint. Assume that F is C*-tame up

to order ¢ = py + 2. Assume that v ~ diamQqy and set
Iy i=7""C5,(G), O, :=7""Cs,(IIxG). (4.24)

If O satisfies the Mel’nikov conditions of Definition for (F,K,0°) then O satisfies the homological
equation of Deﬁnition provided that we fix parameters p and t as in (3.7).

Proof. We wish to apply Proposition [3.5] in order to prove that items 1. and 2.a-b-c¢ of Definition [2.23] are
satisfied for O satisfying the Mel'nikov conditions. In order to do so we need to prove . The desired
bounds follow from Lemma and from the bounds on tameness constants of commutators. We now
prove item 2.d. We claim that there exists a choice of a tameness constant Cy ,_1 (IIx®,F') which satisfies

(2.48)). Indeed this follows from Lemmata B.6[ and Remark see the proof of estimate ([5.12) for
more details. The bound ([2.48) follows from Lemma

In fact one may prove directly (obtaining a slightly better bound). Let ® = 1 + f be the time one
flow map of the field g defined by Proposition and ®~1! = 1 + f its inverse. Note that f is of the form
and [y @, F =y Fo® ! +df[Fo®~!]. The bound on the first summand follows by item 1. The only
non trivial term in the second summand is given by

FE(0) [du F N (@71(9,0,0)[w] = ((d U (271(6,0,0)))" f*(0)) - w.

By the Hamiltonian structure the operatorﬂ

iagdwF(w), o3 1= (é _01)

is self-adjoint, hence the bound (2.48)) follows by the tame estimates on F and the fact that f(¥*) g —po—v-
Hence the assertion follows. L]

Again, under the same assumptions as in Proposition [£.10]and of course assuming the smallness conditions

(2.54), we can apply Theorem by Proposition the set Oy of Theorem contains the intersection
over n of the sets C,, in which the Mel’'nikov conditions are satisfied for (F,, K, "), therefore we now analyze

the Mel'nikov conditions.

The operator ITyad(IIx F,), restricted to the blocks X;, X3 coincide with the operator (w™ - 95) 1 while
on the block X, = V(@0 g PWw)  we get

(W - 00) 1= B (6) 0
( —F(0) (w™ - 95) 1+ ("™ (0))" ) (4.25)

Note that the operators appearing on the diagonal of (4.25|) are ios times a self-adjoint operator, moreover
the whole operator maps Hamiltonian vector fields into Hamiltonian vector fields.

As before, the Mel'nikov conditons (3.3)),(3.4) on the component X, X3 amount to requiring that w(™ is
v, 7 diophantine up to order K.

In conclusion we have proved the following Theorem.

8We use the standard notation for the Pauli matrices.
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Theorem 4.11. Consider a vector field F' € Wyo , N W

Ham

of the form
F=Ny+G:00%Dypir(r)x T = V,,,

where Elgoa)m is defined and Ny is defined in with Q) self-adjoint. Assume that F is C*-tame up
to order ¢ = pa + 2. Fiz v > 0 such that v ~ diamQOy and assume that G satisfies the smallness conditions
(2.54) of Theorem[2.28. Then there exists an invariant torus for F provided that & belong to the set Ou of
Theorem |2.29, Finally O contains N, Cn where C,, is the set of & such that wy, is (v, T)—diophantine and the

matriz N, in (4.25) is approximatively invertible with tame bounds like (3.3)) and (3.4).

We claim that, in the applications, proving the approximate invertibility of (4.25]) is significantly simpler
than proving the invertibility of (4.15]).

4.3 Example 3: Reversible KAM /Nash-Moser.

We now wish to obtain a triangular decomposition for the Melnikov conditions as in (4.25) but without
restricting to Hamiltonian vector fields. To this purpose we set

N = Y0 g plww) . X = Y0 ¢ YWy @ plyw) g (w0 (4.26)
or
N = <V(0’O)> oY) oy .= Vé(m) & VW0 ¢ YWy g Pyw) g pw,0). (4.27)
such choices are compatible with Definition [2.17] with n = 1. Note that both cases come from a degree
decomposition provided that we fix 1 < deg(y) < 2, therefore they are trivially triangular. Now the degree
decomposition of (3.1)), say in case (£27), reads b = 4 and gives A} = V¥:0, x, = w0 x5 = pw) and
X =V @y,
We define the space of regular vector field Az, as the “finite rank vector field” of Definition @ and
introduce the smoothing operator IIx as in Definition By lemma [4.8] such vector fields satisfy all the
conditions of Definition 218l

Regarding the choice of £, we require the reversibility condition (4.9]), moreover, in order to satisfy condition
(i) and (iii) of Definition we set
£=£0 = {F €O d,FW(0,y,w) € HP(T% 0_q o) N HP (T 0 g pi—pos) } (4.28)

If we set £, =1 as before, we get changes of variables of the form
y — y+h»00) + n¥Y (0)y + hY0) - w, w—w+h00), 00+ h000)

i.e. the changes of variables (4.14) of Example 1, composed with a (y,w)-linear change of variable of finite
rank. Note that a regular g € X is in Bg if it satisfies (4.13]).

On €M we give a slightly stronger definition of tame vector field.

Definition 4.12. We say that a C®*—tame vector field F € €M) is “adjoint-tame” if there exists a choice of
tameness constants Cy ,(F') such that, for any ® generated by g € B and for any h as in Deﬁm'tion the
adjoinﬂ of dyF'(®) is tame and satisfies the bounds. Setting

XP = HPP (TS CM X U pg—) VHP M (T CM X Uy —py—)
and
VP i= HP (TS Voa—po) NV HP (T Vg pp—po)
for p > p1, one has (see formula ([2:22))

(7)) (doF () [M]llyoxr < (Cop(F) + Copo (F)lgle piw) [Blly.0.300 + Copo (F) [Pl .0ve- (4.29)

9We recall that, given a linear operator A : X — Y its adjoint is A* : Y* — X*. Our condition implies that (dyF(®))* is
bounded from Y; — X;, with Y7 C Y* and X1 C X* this is hence a much stronger condition.
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We have the following Lemmata.

Lemma 4.13. Consider a regular vector field f € Ag,. Then f satisifes (4.29) with Cz,(f) = |flsp-
Moreover there exists a ¢ (depending at most on po and on the dimensions d,d;) such that for any tameness

constant satisfying (4.29) one has
[flop < e Cap(f) (4.30)

for any p > py.

Proof. We only sketch the proof of the Lemma when & is the identity: the general case is essentially identical
due to the simple structure of Ay, and B. The only non-trivial components are f (wi:w) .4y, The adjoint of the
differential is then the map A — f¥+*)\ with A € HP(T¢). The result follows by the definition of | - |5,. O

Lemma 4.14. The adjoint-tame vector fields are closed with respect to close to identity changes of variables
® =1+ f generated by ¢ € Bg. In particular, setting F. = @, F, one has that the tameness constants in

(B.7) satisfy condition (T'1)*.

Proof. Fix a vector field F : T¢ x D, 1, (r) x O — V,, which is C3~tame, By Remark [2.7, we know that if
| flz.p, = cp with ¢ small enough then there exists @1 = 1 + f with |f|z,, ~ |fls.,p ~ [¢]s, and one has, by
Lemma FL:=d,F: Tg—2p80 X Dy ptv(r = 2pr0) X O = Vy_9,4, p is C3~tame up to order ¢ — v — 1, with
scale of constants

Crpp(F2) < (14 p) (Cipl(F) + Copy (F)Cs, pasa(f) ) (4.31)

where 7 := (\,0,8,a,7), U1 := (A, 0,5 — pso,a — gaop, ™ — pro) and T := (X, O, s — 2pso,a — 2pag,r — 2pro).
Now by Lemmam since f, f are “regular” vector fields, they are also “adjoint-tame”.

Consider a transformation I' generated by g € Bg. We need to check that (dyF4(I"))*[h] satisfies (4.29)
with C{,‘,p(F> ~ 01727p(F+).

One can write F. = F o ®~1 4 df(®)[F o ®71] and study the two summands separately. First note that
®ol'=V =1+ k with k£ € B such that

|k‘ﬁ1,p < |’L/)|17,p‘g|17,p1 + |w|5,P1|g‘f)‘,p~

In particular k is “adjoint-tame” since it is regular. On the other hand if one has two linear (in y,w) vector
fields A and B which are “adjoint-tame”, then AB is clearly “adjoint-tame”. Now one can write (F oT') =
F(@ 'ol)+df(®ol)[F(® ! oTl)]. Let us study for instance the first summand. Essentially follows
by the chain rule, the property (T1)* on F', and the tame estimates on the differential of & and on its adjoint.

One has that dyF(® 1 oT) = dyF(®~ 1 oIdy(®~ ' oI'). The estimate follows by (7'1)* on the field
F and the estimates on k. Jus as an example consider the term from the differential of df[F o ®~!] is, for
i=1,...,dy, the operator fW %) . d,F) (0, y w)[-]. For h € H?(T%; C) we have the estimate

(T1)”

(d FCO () FE Ry 0 poso (e oo IAHPOH (T ap gy o) S
< (Cp(F) + Cpo (F) Kl | Y Bl 1100 (pa;0) + Cotpo (F) (1 A+ [kl LY 1| g1 pase

(
< (Cop(F) + Cpo (F) kL5 p42) [P0 |2l o0 (r50) +
(

(4.32)
+ Cpo (F) (X + [Elgp, ) (2] e cres0) |91 3,00 + 1] oo (rescy [9]5,)
< Cipo (F) (14 2[5, 1917019 |5,p0 |12l 0 (70,6
+ 12l zvo (1450 [Cﬁ,p(F)lwlﬁ,pl + Cop0 (F)[Y]5,p40 + Copo (F) Y79, 19]7,p40 |-
0
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Proposition 4.15. Let v > 0, K > K, consider a compact set O C Oy and set v = (v,0,s,a,r) and
7% = (7,0, s,a,r). Consider a vector field F € Wyo ,, N EW of the form

F:N0+G:OOXDa’ij,,(T‘)XTg_)Va,pa

where EM) is defined (A.28)) and Ny is defined in [£.8) with Q©) self-adjoint. Assume that F is C®-tame up to
order ¢ = ps + 2 and adjoint-tame. Assume that v ~ diamQq and set

T, :=7"'C5,(G), ©,:=7"'0y,(0G). (4.33)

If O satisfies the Mel’nikov conditions of Definition for (F,K,7°) then O satisfies the Homological
equation of Definition provided that we fix parameters pu and t as in (3.7). Moreover ®.F (defined in

(2.48) ) is adjoint-tame.

Proof. We wish to apply Proposition in order to prove that items (1) and 2.a,b,c of Definition are
satisfied. In order to do so we need to prove . One has that follows directly by using the adjoint-
tameness estimates on IIx G and IIx G as done in the proof of Lemma Regarding item 2.d. To prove
estimate one can use the adjoint-tameness of G to get the bound for the term ®,G. The term ®, Ny
must be treated as done in ([5.31f) of Propositionby using the norm |- |5, instead of the tameness constant.
This can be done using the gﬁband the fact that g in Definition satisfies the homological equation .
The adjoint-tameness of @, F follows by Lemma [4.14] since g € Bg by definition. O

As in the previous examples, under the same assumptions as in Proposition [I.15] and of course assuming
, we can apply Theorem by Proposition the set O of Theorem contains the intersection
over n of the sets in which the Mel'nikov conditions are satisfied for (F,, K,, 7% ), therefore we now analyze
the Mel'nikov conditions in this case.

The operator ILyad(IIx F, )decomposes as follows: we get the operator (w™ -dg) 1 on the blocks X7, X; while
on the blocks X5, X3, we get

(w(n) - 9p) 1 — Flww)(9) (w(n) -0p) 1+ (F(w,w)(g))* (4.34)

respectively. As in the previous example the Diophantine condition on w™ is used in order to solve the
homological equations on X7, Xs. In conclusion we have proved the following Theorem, which is the analogous
of Theorem [I.11]in the reversible case, simply requiring less regularity for F', adjoint-tameness and of course
the reversible structure instead of the Hamiltonian one.

Theorem 4.16. Consider a vector field F' € Wyo , N EW of the form
F=Ny+G:00%Dypin(r)xT = V,,,

where EM) is defined and Ny s defined in with Q©) self-adjoint. Assume that F is C®-tame up to
order ¢ = ps + 2 and adjoint-tame. Fiz vy > 0 such that v ~ diamQqy and assume that G satisfies the smallness
conditions of Theorem . Then there exists an invariant torus for F' provided that £ belong to the set
O of Theorem|2.25 Finally Ous contains (), Cn where Cy, is the set of & such that wy, is (v, T)—diophantine
and the matrices (4.34)) are approximatively invertible with tame bounds like and .

As in the previous example one could also apply our KAM scheme with the decomposition (4.2)) but using
as changes of variables operators £,, which block diagonalize (4.12]) into (4.34]).

4.4 Example 4: KAM with reducibility.

Up to now we have just reduced our problem to the inversion of (4.25)) or (4.34]). Inverting such operators is
not trivial and requires some subtle multiscale arguments as discussed in Example 2, subsection (see also
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fs]).

Clearly a major simplification would appear if we were able to diagonalize -. This is indeed the
classical KAM approach (see [4], [15]) but it requires much stronger non resonance conditions, i.e. the second
Mel'nikov conditions. How to use reducibility in order to prove bounds of the form — for nonlinear
PDEs on a circle has been discussed in various papers, see [40], [39], [41]. Here we briefly recall the main point
in the simplest possible context. We consider a Hamiltonian case and assume to work with the decomposition

(4.16]). Let suppose that in Definition we have
hap = Djenhy, lap=®jents, L =hjxh;, w;=(z,2)

with h; finite dimensional subspaces, for simplicity suppose them one-dimensional. Then one may introduce
finite dimensional monomial subspace V5 | with o = £1.

For a linear operator A(#) € L({ap,%ap) one considers its block decomposition {A%}; jez- and the off-
diagonal decay norm

(A5 ,)? = > (h)?Ppe2elmltslial sup | AT ) (ho)|? (4.35)
h=(h1,ha)ENXZ4 JEN

where |A}] is the operator norm on L(¢;,£;) . Then we consider the corresponding weighted Lipschitz norm

which we denote | - ge;):. This gives a special role to diagonal #-independent vector fields, so we define

No = (WO EHEET=) nylow)

J,o
Then one can choose £ as

gl =(reel) . d,F(0,y,u) =D+ M} (4.36)

Ham

with D diagonal and M a bounded operator with finite | - %e; norm. We are in the framework of [15] or [48§],

but we are not requiring analiticity, therefore we need some tameness properties, which we ensure by choosing
the norm | - |ge;. Let us briefly recall the notations. We consider the Hamiltonian vector field

Foy=wy- 0y + iz Q;O)zj-'az; — 1295.0’2;82; + Go(&,y,0,w)

J J

with the following assumptions.

A. Non-degeneracy. We require that for all j # k, £ € T¢

He€eOpiwp-1+Q0 0" =0} =0, QPx0P#0 Ve, (4.37)

B. Frequency Asymptotics. We assume that & — w(©) () is a lipeomorphism and
@1 w(©P, 127 (€) = 5|1V OI"P < M, Jg@)["P <L, Ve

for some v > 1.

C. Regularity. We require Gy € & ) with D = 0, more precisely G is C* tame bounded Hamiltonian vector

Ham

field with IIy;, G = 0 well defined and Lipschitz for £ € Oy a compact set of positive measure.

100f course if £q,p is infinite dimensional then it is not true that for instance P, J ywiw;) = plww)
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D. Smaliness. In Constraint 2.21] fix

a=0, x=3/2, kK1 =2ko+1,k3=3ko+1, kKoa=4drko+1,

d+2
77:/144‘2/{24-3, Angli(]+37 p1:?+1/+1
this leaves as only parameter p. Suppose that Gog ~ Ry ~ 1, fix €9 small and set Ky = 661/5’% so that
the smallness conditions (2.43)),(2.44a)—(2.44c) are satisfied.

We assume finally that

Py = Tn Fy — Tp, Fo = TGy — Ta, Go = PO (0)wd, + %Jw Y~ 09, PO (0w,

is small i.e.
—1 p(0)|d
Yo |P( )|17(?7CP1 < ¢o

We are in the context of Subsection [£.2] so we have Proposition [£.10] with b = 3,t = 1, and for convenience
let us set
w=4(u +v)+5, p1=27+2. (4.38)

Theorem 4.17. Fiz 7 > d+ 1+ % and eo(LM)™™ < 1. Let Fy be a C* tame vector field up to order
q = p2 + 2 satisfying assumptions A. to D. Then for vo small enough there exists positive measure Cantor like
set Oso(v0) C O of asymptotically full Lebesque measure as v — 0 and a symplectic close to identity change
of variables Hoo such that

HX(HOO)*FO = Oa (H./\/ - HNO)(HOO)*FO = 07 ) Vf € 000(70)
so that Fy has a reducible KAM torus.

We apply Theorem [2.25] to Fy and we aim to show that we can produce a non-empty set On by choosing
the £, appropriately. By definition, at each step n, set

T, Fo =Dy =t Op+1 QW 2r0 —1y 0270, -, (4.39)
J J
Iy Fy — Tp, Fyy = Po = P™(0)wdy, + %Jw 3" 0, P (0)wd,,. (4.40)

Lemma 4.18 (KAM reduction step). Fiz ¥, = (Yn, On, Sny @nyTn); 09 = (Yo Oos Sny Gy ) and Ky, > 1 as
in (2.52). Given a Hamiltonian vector field Dy, + Py as in (4.39) with

(M) T KT PO <
there exists a symplectic change of variables L, 1, which conjugates
(here ﬁn is the projection of the conjugate vector field onto Ny ) so that

1. Ly, 41 is the time one flow of the Hamiltonian vector field

dec
Un,P"

n

Spi1 = STV (O)wd,, + %Jw Y06, ST (0w, with [STEV[dsC < My PR PO
i
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2. Set
~ M My,

For all € € @n, Snt1 solves the Homological equation

Py ifli—j <K

Spi1:Dp] + g, P =0, (MgP)y =
[Sn1 I+ T, (ke P)i { 0 otherwise

3. Setting U, := (Yn, @n, Sns n,Tn) we have the bounds
|P(")‘%i?p1 < |5(n+1)|g?§1|p(n)|ge§1 +K7:(P2—P1)|P(")‘%:?p2’
|Pm|dec < [PM]dee, | + const| ST [dee | Pl dee

Un,p2 — Un,P2 ?

Now we may apply this reduction step at each step in our iteration in Theorem provided that we
show that the £, are compatible changes of variables. This we prove by induction. In fact we recursively
obtain that

PO < KSeoKy™, [P, < 26Ky
so that the £, are compatible since k3 > K1 + 27 4+ 1. Now we can choose a set 0,41 which satisfies the
Melnikov conditions at step n for E, = (£,)+F,. Since Iy E, = (L) HNFn, this amounts to finding
an approx1mate inverse for ad(D + Py ) which satisfies with pir | fixed in . Now, finding a partial
inverse of | is equivalent to finding an inverse to ad Dn, since ad 7D can be put 1n51de the remainder, see
formula (2 . In turn the invertibility of ad Dn on X, is ensured by requiring lower bounds on the eigenvalues,
ie. choosing at each step

A ~ Aln nM
Oniri={6€ 0, B, -1+0V] 77 0| < K,} (4.42)

n

in Theorem One can easily check that, troughout the algorithm & — w(™(¢) and & — @™ (€) are
lipeomorphisms and

0™ — wol +70lw™ = wol P, 05 — Q| + 70| — AP < yoe0,  [a(w)MP < 2L, Oy,
the same for the corresponding ~ quantities.

Lemma 4.19.

(LM)™! < 1 we have that |Og \ N, Oy| — 0 as yo — 0.
Proof. This is proved in [I5] Corollary C. O

The main point in this approach is that at each step, while constructing our approximate solutions by
inverting , we apply a change of variables which approximately diagonalizes the linearized operator up to
a negligible remainder. Condition , ensures that the sequence of linear changes of variables converges. In
fact this last approach could be made slightly more flexible, indeed in our construction we have used the norm
on the component V(%) @ Y®:w:w) in order to perform the reduction. This imposes some unnecessary
conditions on the changes of variables, since the only unavoidable request on the L, is that they preserve £
and do not disrupt the bounds. A typical example is a change of variables of the form Lw(x) = w(zx+a(6,x)).
One does not expect such change of variables to have finite norm but, if a is chosen appropriately, it
can be a compatible change of variables.
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4.5 Application to the NLS.

Let us specify to a PDE context; typical examples are £, , = HP(T%) or ¢, = £,—0, = HP(G) with G a compact
Lie group or homogeneous manifold. Then we may suppose that Q(©) in is diagonal w.r.t. the Fourier
basis (and self-adjoint) while G is a composition operator w.r.t. the w variable. For simplicity of the exposition,
let us restrict ourself to semi-linear PDEs with no derivative in the nonlinearity, so that G(w(x)) = f(w(x))
with f a C* map C? — C2. More precisely we choose

Ham Ham *

g=el) = {F ce® . 4, F@ @y u)=D+M+R, ue Da,p(r)} (4.43)
where D is a diagonal operator M is a multiplication operator while R is finite rank. Since we apply symplectic
changes of variables which are the identity plus a traslation plus a finite rank operator, EHlam is preserved
throughout our algorithm.

As an example consider the NLS equation on a simple compact Lie group G:
i0;u + Au + Meu = eg(ul*)u, (4.44)
here g(y) € C4(R,R) with ¢ large, while M¢ is a Fourier multiplier
Megi(z) = &igi(z), i=1,---.d

where ¢, (z) are distinct eigenfunctions of the Laplace-Beltrami operator. We introduce the variables 0, y, w =
(2, %) by writing (for I,, > 0)

d
u(x) = Z VI + €% (x) + 2(x), (4.45)

where z(z) belongs to the orthogonal complement of Span(¢;(x))?_; which by definition is ¢, = fo,. As
norm we choose the one induced on ¢, by HP(G). This change of variables is symplectic and one obtains a

Hamiltonian vector field F' = Ny + G of the form , where wl(o) (&) = A\i +&;, with \; being the eigenvalue
of the Laplace-Beltrami operator associated to ¢;. Correspondingly A is the Laplace-Beltrami operator
restricted to the complement of Span(¢,(z))?_,. Since the non-linearity is a composition operator on HP,
then classical results ensure the C* tameness of the vector field for all k. Moreover the restriction of a
multiplication operator to ¢, is a multiplication operator up to a finite rank operator (¢, is the complement of
a finite dimensional subspace), then F' € EI({la)m. Now we fix 79 > 1/2 and take Go,Rg, &0 ~ € in . In this
way the NLS equations satisfies all the hypotheses of Theorem and hence we deduce the existence of an
invariant torus in the set Ox.

Let us now discuss the measure estimates for the sets C,, in this setting. It is easily seen that wj(»“) =
Aj + & + O(e) so imposing the diophantine conditions on such sequence is simple. As one could expect the
key point is the inversion of the operator in . In turn, since the operator is triangular, this amounts to
inverting the diagonal, i.e. the operator

L, = (WM . 85) 1 — E[")(0). (4.46)

acting on V(9 We first remark that F,(Lw’w)(ﬁ) is the linearized of F(*) at an approximate solution up to a
finite rank term. This follows from the fact that our changes of variables are traslations plus finite rank. From
this we deduce that F,(Lw’w)(ﬂ) is a multiplication operator plus a finite rank one. Now in order to prove that
the estimates and hold for for a large set of £ one can use a multiscale theorem, such as the
one in [19],[24] or [28]. Indeed one may verify that £, in fits all the hypotheses of Proposition 5.8 in
[28] so that the tame estimates on the inverse follow by conditions on the eigenvalues. The measure estimates
follow by eigenvalue variation (again just as in [28]).
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If G = T*, this general strategy is carried on in full details in [45], in the more complicated case of a
multiplication potential; see also the application to the wave equation [50]. Since the authors follow the Nash-
Moser approach they never apply the symplectic change of variables which block-diagonalize, but only deduce
its existence by the Hamiltonian structure.

If G = T and we look for odd solutions, then the hypoteses A. to D. of subsection are satisfied and
using the same change of variables as in and reasoning as above, one can see that F € 51({2a)m, see ([4.36)),
and therefore one can apply Theorem [£.17] and obtain that the invariant torus is also reducible; note that in
this case the procedure is complete in the sense that the set O has positive measure.

Theorem. The NLS equation (4.44) admits reducible and linearly stable quasi-periodic solutions for all €
small enough and for all & in a positive measure set.

Note that one could avoid adding the Fourier multiplier in and obtain the parameters by using
Birkhoff Normal form (this is done for instance in [51]).
In our application, we have not considered a reversible case: this is due to the fact that the natural structure for
the semilinear NLS is the Hamiltonian one. On the other hand, if one considers DNLS (Derivative NLS) there
are interesting examples which are not Hamiltonian but instead they are reversible; see for instance [32] [41].
We believe (see [52] 46]) that our result can be fruitfully applied also to the fully nonlinear autonomous case.

4.6 Some comments

The examples 1-4 show that our KAM approach interpolates from the Nash-Moser scheme to the KAM. Each
different choice of decomposition depends on the specific application one is studying. Note that we could always
choose the simplest decomposition (or in the Hamiltonian setting) and achieve the block-decoupling
of the linearized operators through the compatible change of variables £,,.

A final remark is in order. In the PDEs setting of subsection applying the changes of variables of
Lemma implies some loss of information. Indeed it is easily to see that changes of variables do not

preserve 51({1;3111 unless we can show that the matrices in S are Téplitz (up to finite rank).

Unfortunately in most applications this is not the case: indeed in classic KAM scheme the PDEs structure
is essentially ignored and one works in El(fa)m. This has been an obstacle in extending the KAM theory to higher
spatial dimensions. In the latter case it is convenient to choose as £ a slightly more involved class of vector field,
the so called quasi-Toplitz or Toplitz-Lipschitz vector fields. The idea is to retain some information on the
original PDE structure by showing that the linearized operator in the w—component can be “approximated”
by piecewise multiplication operators.

A very good idea is to follow the approach of [39],[40] where the Authors take advantage of the Second
Mel’nikov conditions but do not apply the changes of variables which diagonalize the linearized operator.
In this way at each step they preserve the PDE structure. The key observation is that, in a Sobolev regularity
setting, the bounds and follow from corresponding bounds in some special coordinate system (i.e.
the one in which the operator is diagonal) provided that the change of variables to the new coordinates is
well-defined as an operator from the phase space to itself. Then there is no need to actually apply the change
of variables. In the analytic context however this approach presents some difficulties, as one can see easily
already in the case of the torus diffeomorphism, i.e. in studying the conjugate of a vector field F' under the
map

T¢ 50— 0+ g(0), (4.47)

for some s > 0, and g(#) small. Note that this change of variables is necessary in order to pass from (4.12)) to
(4.15). The map induces an operator on the functions f € HP(TY) defined as (T £)(0) = f(0 + g(0)).
It is easy to check that in the Sobolev context, i.e. s = 0, the map is a diffeomorphism of T¢ into
itself and hence 7 is well-defined from HP(T?) into itself. On the contrary, if s > 0 one has that the map
maps T? into ’]Tgl, with s’ < s, in other words there is a loss of analyticity tied to the size of g. In
this case one cannot follow the strategy used in [40]. By following directly such strategy one loses all the

37



analyticity after a finite number of steps. This is due to the fact that, even if the iterative Nash-Moser scheme
is coordinate independent, some of the estimates we perform actually depend on the system of coordinates.
The basic idea of our approach is in fact to use at each step the system of coordinates which is more adapted
to the problem one is studying. This point explains also the role of the compatible transformations £,,. Indeed
such transformation are not fundamental in proving the convergence of the scheme, but are introduced as a
degree of freedom in order to study the set of good parameters in In particular such transformations are
the key point in order to study problems in the analytic setting.

Up to now we have only considered degree decompositions, however one can certainly consider cases in
which M, X, R are not triangular. For instance we may consider £ as in Example [£.2] with the same X as
in (i.e. it contains only terms of degree < 0 w.r.t. the decomposition with deg(y) = 2) but where
R contains only (and all) functions of degree > 3. Now this choice respects Definitions and but
clearly the decomposition is not triangular since IIyadN is not block diagonal. However it is easily seen that
Hyad(R) = 0 for any R € R so that Hyad(Il3 F) = Ilyad(Iy F). In fact if one divides

N =N,

2
Jj=0

in terms of increasing degree then ITyad(ITy, F) is block diagonal on X = @X; while ITyad(Ily, F) is upper
triangular, so that solving the homological equation only depends on inverting ITyad(ITx;, F) as in the previous
example. This means that we can apply Theorem2:25 having a pretty explicit description of the set Ox.

On the smallness condition Let us comment smallness conditions in Constraint 221l First of all one
can note that conditions (2.42) are trivially non empty. Indeed given any u,v, k3, q, p1,X, (which typically
are fixed by the problem) then (2.42a)),(2.42b) and give lower bounds one k1, k2,7, while and
(2.42¢€) constrain ps in a non-empty interval.

The conditions on &g, Gg, Rg are more subtle. Indeed gives a lower bound on the size of Ky, but then
it is not trivial to show that can be fulfilled. Clearly if Gg ~ Ry ~ &g all the conditions reduce to a
smallness condition on gy in terms of K. If Gy or Ry are large the problem gets more complicated, see also
Remark [2:22] Unfortunately this situation appears in many applications, for this reason we have not made
any simplifying assumption on the relative sizes.

As one sees in , the parameters Go, Ro, €¢9 give upper bounds on the size of Gy, [y Gy, Iy Gy w.r.t.
the parameter 7p. In applications G,y are essentially given so that the only hope of modulating the bounds
comes from modifying the domain T¢ x D, (1) x Op. To this purpose we first make the trivial remark that if
one shrinks to a suitably small neighborhood of zero then polynomials of high degree become very small. In
order to formalize this fact we define a scaling degree as follows.

s(0)=0, s(y)=s, s(w)=L
Then given a monomial vector field this fixes the scaling as
s(yl el w®d,) = sj + |a| — s(v).

By construction the scaling is additive w.r.t. commutators and behaves just as the degree in Remark [3.2] We
have the following result.

Lemma 4.20. Consider a tame vector field F as in Definition [2.13 of minimal scaling 5. Consider the
rescaling ro ~> drg, 7 ~ 0r. Then one has

Ciy p(F) < 0°C,(F), (4.48)

with 7= (v,0, s,a,7) and v7 = (7,0, s,a, dr).
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This definition of scaling induces a natural scaling decomposition of a vector field. In particular we remark
that by construction A contains necessarily some terms of scaling zero, while X contains terms of negative
scaling. However one can fix the scaling so that R contains only terms of positive scaling. Hence by Lemma
terms of positive scaling can be made small. In conclusion given the constants Gg, &g, Rg in a ball 7y, one
can try to fulfill by rescaling ry = 7. in this way Rg becomes smaller, Gy at best does not grow, while
€o necessarily grows. This procedure produces upper and lower bounds on 9.

Consider the decomposition in where the degree is equal to the scaling. Then N contains only terms
of degree zero and hence Gy is scaling invariant. R contains only terms of positive degree so that rescaling
Rg ~» ORg at least. X has negative degree > —2, hence g9 ~» §25;. As explained in Remark constants
Go, &0, Ro are expected to depend only on «. Using the rescaling we have introduced the extra parameter ¢,
which should be chosen in terms of 7 in order to fulfill the conditions . Actually it can be useful to
make a finer analysis for ;. Indeed one can bound separately the terms of degree —2,—1,0 in &;. Let us

denote them by 5(()1), 1 =—2,—1,0. Then gy ~» 2?2_2 §i§éi), and hence the smallness conditions can be taken
asymetrically. The same holds for Rg. This has been discussed with slightly different notation in [48].

5 Proof of the result

We divide the proof of Theorem into two pieces: we first show one step in full details (this is the same
in both cases) and then we prove that it is indeed possible to perform infinitely many steps and that the
procedure converges.

5.1 The KAM step

Proposition 5.1. Let vy, ao, 70, So, €0 and Kq be the constants appearing in Theorem[2.25 Fix v,a,r,s >0
so that

%S’YS’WM%SGSGO,%SSSSO,%STSTO (5.1)
and 0 < p <1 such that
To . 50 . ao
r —8prg > 5 if sg # 0 then s — 8psy > 5 if ag # 0 then a — 8pag > 5 (5.2)
Consider a vector field:
F:T? % Dy pin(r) x Op = Vi, (5.3)

which is C*2-tame up to order ¢ = py +2. Let Ny be the diagonal vector field appearing in Theorem and
write F = Ng + (F — Ng) = No+ G. Set ¥ = (v,0,s,a,r), denote by O C Oy some set of parameters & for
which F(€) € € and NxGsp,-1 < CCyp, (ING) and define also

T, :=7"1Cs,(G), ©,:=7'Cs,(TI5G), &:=~"IxGlgp,- (5.4)

Fiz K > Kg and assume that
p LKHTYTRT, 5 < e (5.5)

with € = €(p1,d) small enough. Consider a map L compatible with (F, K, ¥, p) (see Definition and set
F=Ny+G:=(L).F.

Consider any O4 C O solving the homological equation for (F, K, 95, p) and set

w; = (7,04, 8 —ipso,a —ipag, ™ — ipro),

o . . .
Ui = (77 007 § —1pSo, @ — 1pGo, T — @PTO)’
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fori=1,...,8. The following holds:
(i) there exists an invertible (see Def. @) change of variables

O =1+ fy T, X Da—tpag,p(r —4pro) x Og — T 5 X Da_2pay »(r — 2pr0), (5.7)

with 1 a reqular vector field (see Def. such that ®, is £ preserving for all £ € O and is generated by a
vector field g4 which satisfies the bound

‘g-‘r'lﬁmpl < CFmK#é

. (pa—p1) (5.8)
|9+ 2,0 < CKHT(Op, + €0 K™ 0y, + K¥WP27PV5(Dy, + 0 K™ Ty,)) 5
(”) _ﬁCE $4+,04,T+ aS
sy =s—8psy, air =a—8pag, ri=r1r—_8pry (5.9)
then .
F+ = (@+)*F = NO + G+ : Tgl+ X Da+7p+’/(r+) X OO — Va,p; (510)

(#ii) setting v0/2 < v4 <7, Uy = (4,04, ay,84) = Ws, Fy is tame and denoting the tameness constants as
Tip =730 p(Gh), Oy =770 p(INGy), 64 =7y TMaGyle, p,

one can fix

Ly = l(l + 0K ")y, + CK Ty, (K" H'Ty, +e0K™"),
T (5.11)
iy, = C(FPZ + Ty, K™ 4 Ty, KFTT2(0,, + 20 K™ 0y, + K*P~PI§(T,, + EOK*%FPI))) ,

O p = %(1 + 20K )0y, + CK Ty, 6(K"+'T,, + oK),

Ot py = C(Oy, + 20K 20, + KM TVH2L, (O, +£0K™0,, + KoF2P§(D,, + £0K™T,,))), (12
’747»1|HX(G+)|17+,P2—1 < ®+7P2

and

54 < CTy, (52F§1K2/L+2u+4 + 550Ku—n) 4+ KHv+2=(p2—p1) (@p2 + EOKHs@pl) (513
+ T, KHHv 22200 (9,, g K20, + KPPy, 4+ g9 K™ Ty, )) . '

Proof. First of all we note that by the definition of £ one has
F : T372p30 X Dafgpag’erl,(T' — 2p’f’0) X 00 — Vayp
and F € & for each ¢ in O. By (2.51) we have

MyG =y F =x (L) F =y (L) Jx F = My (£),IxG,
3G = T F = Tx (L), F = Tx (L) I F = T (L)1 G.

Now since G is C*-tame and NV, X have maximal degree < n we have that the tameness constants of Il G, [Ir G
as well as |IIx G| are controlled by the tameness constant of G .

By (2.50) we have the bounds

Cligpr (G) < Cip (G) (1 + 60K ™1) < ATy, (1 + 20K ),

N (5.14)
Cg (G) < Cﬂ,Pz (G) + EOKHSOﬁ,m (G) < V(FP2 + 6OI(NSFM) )

2,P2
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071727101 (Hj\_/’é) § C“,pl (Hj\_/’G)(l + ‘C:OKil) < 7®P1 (1 + EOKil) ; (5 15)
Oy s (ING) < Cip, (Y G) + €0 K" Cop, (I G) < 7(Op, + 0K "6y,) '

and
Ciipypy MxG) < Cpp, (MxG) (1 + 0K 1) <275,

0@2432 (HXG) Cﬁ,m (HXG) + 60Km3017,]31 (HXG) < 7(9132 + 50K'€36Pl) ; (516)
|HXGA|1327P2_1 S ’y(@pz + EOKRSGPI).

IN A

Our aim is to define for £ € Oy a vector field g as the “approximate” solution of the equation
Mg y[gy, I3 F) = Hglly F. (5.17)

By Definition, if £ € O, then we can find g, satisfying properties (a),(b),(c),(d) of Definition
By (2.46) one gets
|g+|u7271? §C771Ku(|HKHXG|U72,p + Ka(pipl) |HKHXG|IUQ7P177101527P(G)) (518)

and hence, using (5.14)),(5.16) and (2.32)) we have (5.8) Moreover, by condition (a) of Definition one has

g+ € Be for £ € Oy and |9+ [59,p, < Clg+|iws,py-

Now, if € in (5.5 is small enough, by Definition item 5, g, generates a change of variables &, =
1+ frand |f+|ﬁg’p < 2|5~7+‘68,p' Finally, for possibly smaller € one has (5.7)), by using Definition item 4.
Note that the smallness conditions on € come only from this two conditions.

First we note that, since Ny is diagonal (recall Definition [2.20)), one has
1
Go = (@) N+ (0.6 = No = [t (®4)! g, Mol + (82).6
0
1 1
— [ @) MTLelgy, No + RG]~ [ @ )iTeLelge GG + (@406 (519)
0 0

1 1
_ / dt(®.)! (TG + ) — / (@) T T g, 5G] + (04).C
0 0

where . R
u =TIy, No + 5G] — Tl G (5.20)
and w in (5.20) satisfies (2.47)), so by applying (5.14) and (5.16]), we get

|U}‘u72,p1 < CVEOFMK_T]—HL(S

1 - (5.21)
[hz ps < Y (O, + 20 K203, )Ty, + K P2 7PIG(T, + 60K Ty,) )
Regarding the first summand of (5.19)), using Lemma we have
! A 20,63
Cg,p (/ dt®! (M xG + u)) < YCS(1 + yelp, K~TH) (5.22)
0
Moreover
1 A A A~
Cﬂf&P'z (/ dt(I)i (HKHXG + u)) < (1 + p)(C7367P2 (HXG + u) + Cu_fs,m (HXG + u)|f+|1577p2+u+1)
0 (5.23)

i Mome Yo
S Oy (B, + 0K 0, )Ty, + KU TIG(Ty, 450K Ty,) ) -
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The second term of (5.19) can be estimated as follows. First we note that, since G is C*2-tame up to
orde q + 1, then the vector field HKHX[ng,H}(G] is C**!_tame up to order ¢q. This implies, due to the
presence of the projection onto X, that it is indeed C*-tame for all k. The tameness constant is given by

~ (2:34) N
Cﬁs,P(HKHX[g-HHQJ\?G]) < KC@87P—1(HX[9+7H.}J\?G])

< CKV+1(|9+‘U78,IJCU78,P0 (H}(G) + |g+‘1ﬂg,pociﬂg,p(ﬂﬂ_(é)) (524)

rmHMB.2 5 . o
< CK +1(|g+|ﬁ58,PO@'8,Po (G) + |g+|ﬁ87PoC@81P(G>)’

hence, by (5.14]) and (5.8]), we have

Cﬁ+,p1(HKHX[g+,HJA?G]) < WCF?MK“*”“& (5.25)
C, o (MkTly[gy, THG]) <CYK# 4T, ((@pz + oK 0y, + K*F27PI§(T,, + 50KH3Fp1)> : (5.26)
Therefore using Lemma we have
1
Conn ([ dt(®)\ i lg. TT5G) < 9013, K711 (5.27)
0
and )
Cu_fs,Pz (/ dt(q)+)iHKHX [g+> Hﬁ(é]) < ’VCKM+V+2FP1 (9132 + EOKm@m
0 (5.28)
+ KoP2mPO5(ry, 50K53Fp1))
by (5.5)).
Finally, again by Lemma we estimate the third summand in (5.19) as
y EID.E3)
Cirgpr (Ba(G)) = ATy, (14 COTy, K*)(1 4 oK) (5:29)
and
Coreps(@4):6) < (14 ¢ fihtrp,) (Ctps (B) + Coteps (G| f b i)
613,63 (5.30)
= e (sz +eoK™ Ty,
+ Ty KIT 2@y, + 2K ™0y, + K*0TPIS(Ty, + 20K ™Ty,)))
The bounds (5.11)) follow by collecting together (5.22)), (5.23)), (5.27),(5.29) and (5.30]).
Let us study ©, ,. First of all we see that
MGy = TPy = TG0 ), F = T (@4).No + (1), (T G) + (@) (I G)) (5.31)
In order to estimate the first term ITx (P, ). No, we first note that
1 1
I(B4). No = I{r(@4). N — No) =L [ dt (@), (g4, Nol = 1T |t (81). (ILicTLnlg . N))
0 0
(5.32)

1 1
= Hf/(/o dt(®4) Iy [gy, No + 1G] 7/0 dt(¢+)3HKﬂx[9+7H§2G]> ,

due to the truncation g

42



substituting ([5.20) and using Remark in order to remove the projection we have

E2.679 )
Cf/sﬂh (HJJ\_/(@-"-)*NO) < CFYKHFMCS(KVJAFM +eoK 77) y (5 33)
E29.670 :
CU787P2 (HJJ\_/((D+)*N0) < C’YKM+V+2FP1 (GPZ + ‘SOKHS @)Jl + Ka(pfpl)a(rm + EOKHBFP1)>
In order to bound the second summand we use Lemma [B.6l with &/ = A and obtain
B ~ ~  rmHB2 ~
Cig,pr T (24)« (LN G)) < Clf4|wsp1+0+1Ca6,0 TING) < Clf g1 +4+1C 6,91 (G) (5.34)
(5.14) '
< ACKHPTVHLSTS |
and
Clﬁs,m(nk/'(q)-&-)*(nf\/é)) < C<0132,P2(é)‘f+|u7671?1 +Cu_52,}31 (é)|f+|u76m2) ( )
5.35

E19)
< ACD,, KHFY(0,, + 60K 0,, + KYP=PI§(T,, + oK™ Ty,))

Regarding the third summand, using Remark Lemma and ([5.15) we obtain

~  (5.8)
Coon (T (@), (1150 (14 0ry, K98)(1 + e,
€

A . 5.36
Cony (T (B ) (I C) S Oy (@4, + 20 K5Oy, )+ (5.36)

+ CYKPT 20, (Op, + £0K"20,, + K*PTPIG(Ty, + oK™ Ty, )).

By collecting together (5.33), (5.34)), (5.35) and (5.36) we obtain the first two lines of ((5.12)). In order to
prove the last of (5.12) we use item (d) of Definition Indeed we substitute (5.8]) ,(5.14]) and (5.15) in

(2.48]) and we obtain the desired bound.

In order to prove the bound for § we first write

MGy =Tx(F+[F,g.]+Q),  Q:=(24).F —(F+[F,g4)) (5.37)
and hence
MGy = HaF + a3 F, gy ] + Mx [l F, gy ] + TxQ
= u+ 1l (HXG +Tx ([5G, g4] + M [MxG, 9+]) +TgTx [Tx G, 4] + T2 Q (5.38)
=u+ (HXG‘ + 1[G, g+]> + g Mx[MxG, g4 ] + MrQ
where u is defined in and bounded in .

The second summand in ([5.38) can be bounded as

E33)

‘HIL( (HXG + 1y [év g+]> |u_58,)31 < K_(p2_pl)+2|HXé + 1Ly [é’ g+])|u76432*2

(E-16). 2-40) 5.39
< CyR PPV RREED, (O, 4+ 60 K™ Oy, + K P2 PUG(Ty, + 20K T)y,)) (539

+ C,YK—(PQ—Pl)-‘rQ(@pz 4 EOKRBOpl)-

We can choose the tameness constant of the third summand in (5.38)) as follows
. (2.34) . (B-1) vl L
Cws’Pl(HKHX[HXFvg-F]) < KC?D‘S,Pl*l(HKHX[HXF’g-‘r]) < CK Cws,Pl(HXF)|g+|1DS7P1 (5 40)
E).ED ‘
< YCKHHY T, 62
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Finally we deal with the last summand in (5.38) as follows. Using Remark [B.5] and Definition one can
reason as in ([5.19) and write

1 t
M@ = Ty ( [t [ stz ([ges o G + oo Tala(F 4 mmian])) . (5.41)
0 0
Regarding the first summand in (5.41]) one uses (B.12b)) and obtains
1 t . A
Cav (10x [t [ as(@.2 ([2.191.1)) ) < Copisal@)slam o], 0
-8 R N
? CKV+2+2HF!23162 (Cﬂfa,m-‘r? (HKG) + Cﬁs,m-i-? (HJI?G)> (5.42)
.19 o .
o 07521“‘231](”*2‘”4(1“,31 + KGO, 4 g K 3Fp1)).

Again we are using the fact that G is C**2-tame to infer that the double commutator is C®-tame, and then
the projection onto X in order to recover the C*-tameness for all k. Regarding the second summand in (5.41)),

since each term is a polynomial in E) | using Lemmata (iii) and the bounds (5.22)), (5.25) we obtain

Cotopn / / ()3 194 TRTLw (F +u — g4, T G])]) <

. . (5.43)

< C‘g-i-|1D'5,P1+1CU767P1+V+1(HKHX(F +u— [g-i-a H}(G]))

2p+20+43 52
< CyK=# ryo%.
Therefore, collecting together (5.43)) and (5.42)) we obtain
Cs, o (T Q) < Cy0°T2, K20H20H (r,,l K-, 4 sOK“?’I‘pl)). (5.44)
In conclusion one has

017+7P1 (HXF+) S C’}/FlequUJrl (62F91KH+V+3 (Fm + Kﬁ(pgipl)(rpz + 6OI("CSFPJ)"’_

(5.45)

K—(pz—p1)(@p2 +e0K"0,, + Ka(pz—pl)(;(FpZ + EOKKSF]JI)) + Dy, e K11,
Recalling that the norm | - |5, ,, is the sharp tameness constant (see (2.31)), then (5.45) implies the bound
(5.13) since 0Ty, K# 3 <1 by (5.5). O
5.2 Proof of Theorem [2.25: iterative scheme.

We now prove Theorem by induction on n. The induction basis is trivial with go = 0. Assuming (2.56]
up to n we prove the inductive step using the “KAM step” of Proposition [5.1] First of all we ensure that

pr BT 0, < (5.46)
which, by the inductive hypothesis and (2.52)) reads
9 gl s TRX g c KB < (5.47)

this is true because by (2.42b)) and the fact that K is large enough depending on ¥, d, pg, the left hand side
(5.47) is decreasing in n so that (5.46]) follows form

K5+V+4G060 <1
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which is indeed implied by because Gg > Rg.

Hence we can apply the “KAM step” to F, := (¥, 0 L,)+Fn—1 € Wyo ,, which is a C™t2_tame up to
order ¢ = pa + 2. We fix (Knar}/nvanysnarnapnyon) ~ (Ka%aaS,T,P; O)a Lopp ~ Iy, @n,p ~ @pa Op ~ 0,
(Ynt1s @nt1s Sntbls Tt ls Prt1, Ont1) ~ (Vs a4y Sty 74, P4, O4). The KAM steps produces a bounded regular
vector field g1 and a left invertible change of variables ®,, 11 = 1+ f,41 such that F,11 := (®py10Ly).Fy €
Wio is C**2_tame up to order ¢ = po +2. We now verify that the bounds hold with I'y, 41 p ~ 'y p,

Un+17p2
Ont1,p ~ O4p, , Ong1 ~ 04
Let us prove (i). By substituting into (5.8) we immediately obtain the bounds for g, 1 of (2.56).

Now we recall that, by definition
Tn 1

S R
Yrt1 NPT
We use (5.11) together with the inductive hypotheses to obtain

1
Fn+17p1 S (1 —|— m)cn + 250[(7:1(;0 + CK#_K2GOEOK€2 (K,:;+1GO + €0K,;n) S Gn-‘rl 5

which follow by requiring

max (2" K, teo, 2" KA TV TR K2 Goeo, 2" K, T TR K ?e) < ¢

and as before this follows by (2.42c)) and ([2.44a)).
Regarding O,,41,p,, using (5.12) we get

@n+1,p1 < (1 + )Rn + 2€0K;1R.0 + CK7'L:+V+1_K2G3&‘0K§2 + K;n_KQ+MG0€(2JKg2 < Rp+1-

an+3 _ 1

which again follows from (2.42d|) and (2.44al).
For 6,41 ~ 04, we apply (5.13) and get

dnt1 <CGo (Egng (G3K52K2“+2V+4*252 KRR g

(G + 2B (B RKL 178 e G IH1m0m080 70 ) (IS 2 I R K 9 < e K7

which follows by (2.42b)), (2.42d)), (2.42d)), (2.44al) and (2.44D).
Regarding 'y 41,,, by (B-11) we get

Fn+17p2 < CG()(KZI + EoKﬁS)(l + Kﬁ+y+2(RO + KSAP_FQEQKSQG())) < Gr()f(?f”1

which follows by (2.424)), (2.42¢) and (2.44c]).
Finally, by (5.12)

Ont1,ps < CRO(KJ* +e0K[3) + CKET T2 (Kt + 20 K3*)Go (Ro + Ko 2P 260 K2 Go) < RoK )™

which follows again by (2.42al), (2.42¢) and (2.44c]).

We now prove (ii). Setting @i, n = (Yn, On+1, Sn — 4PnS0, an — 4pnao, 1 — 4pnro), we prove inductively

n+1

1
1M = D))l 0 < 20D 55 (5.48)
k=0

Note that the choice of Wy, (5.48) is consistent with the fact that F), := (#,).Fy is defined on the domain

T¢ x D,, »(r).

Sn
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For n = —1 this is obvious. Then by induction we have

[(Hngr = D)W llaspr < N(Ho = D)W@)l pr + o1 (Lngr © Ho(u)llws pn + 1(Lnr = DHn ()]s 000

B8 1 "
< ey, ot 209n+1]di4, 00 101 © Hun (W) |y 0+ Co0 B [ Hn (@) 4

k=0
E3) "1
=Y o K2e0Go K 4 20e K
k=0
2352) "1 1
< 60(227 + 2n+1>

k=0
(5.49)
for Ky large enough. Moreover as before

1(Hnsr = H)ull g < N(Lnst = DHa (s pr + 11 (Laer © Ha) (@)l < 20270 (5.50)

which implies that the sequence H,, is Cauchy and therefore there exists a limit map Heo = limy,— o0 Hn-
Moreover

1o = D0 2 20y < 12 = D@ o 2020 g1+ S0 1 = Hoe ) @)l o0 2020
n>2 (5.51)

< 2¢p,

so that for g9 small enough also (2.57) holds. We are left with the proof of (2.58)). By definition the limit
vector field is
Fyo:= lim F,, F,:=(®,0Ly)Fr_1. (5.52)

n—oo
On the other hand we have
foo = (Hoo)*FO

We want to prove that F, = Fi; setting F,, := (H,)«Fo we show inductively that F,, = F,, for any n > 1.
For n =1 one has H; = ®; o £; and hence F} = F;. Now assume that F,,_1 = F,,_1. By definition one has

Hn = ICn OHn—l = ((I)n Oﬁn) OHn—la H;I = H;il O]C;I.

Hence we have
Fn - fn - (’Cn)*anl - (Hn)*FO = d’Cnanl o ]C;I - dHnFO OH;I

=dK,F_1 0K, —dKpdH, 1 Foo Mt oKt (5.53)
=dKp(Fr1 —dHp, 1 FooH, L)) oK =0.
This concludes the proof of Theorem [2:25] [ |

A Smooth functions and vector fields on the torus

Here we provide some technical results.

The following one is a general result about smooth maps on the torus. First of all, for any p > 0 and ¢ > 0
we denote as usual

HP(T%0) = {u= > we: ul?, =" )% u|?e*" < o}, (A1)

lezb lezb

the space of functions which are analytic on the strip T%, Sobolev on its boundary, and have Fourier coefficients
u;. By Cauchy formula for analytic complex functions we have that this v is uniquely determined by the values
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that assume on the edge of the domain i.e z =  +ios where o € {£1}*. We can define a natural norm using
the Sobolev norm of the function on the boundary

i,p:: Z /Tb<v>2p|u($+ias)|2 (A.2)

oce{£1}®

|u

Using the Fourier basis it reads

u 2 — l 2p U 26—23<7~l .
s,p l

oce{£1}b lezb

Lemma A.1. The norm |-|s, and

lull2,, = D (D |V (A3)

lezb
are equivalent.

The following Lemma lists some important properties of Sobolev spaces H* := H*(T?; C) with norm

lall2 =Y (0% .

lezb
The same results holds also for our analytic norm in (A.1l). The proof of the Lemma is classical.
Lemma A.2. Let so > d/2. Then

(i) Embedding. ||u||r=~ < C(so)||u|ls,, ¥ © € H®.
(i) Algebra. ||uv|s, < C(so)||ullsellvllsg, ¥V u,v € H®.

(i) Interpolation. For 0 < s; < s <3, s = As; + (1 — A)sa,
lulls < llall3, lulls; ¥ u e H™. (A.4)
(iv) Asymmetric tame product. For s > sg one has
[uv]ls < Clso)llullsl[vllsy + C(s)llullsollvlls, ¥V u,v e H*. (A.5)

(vi) Mixed norms asymmetric tame product. For s >0, s € IN setting |u[3® := 3, <, ||[D%u[L~ the
norm in W*° one has -

3 5,00 S
luvlls < 5 llullzellvlls + Cs)luls,collvllo, ¥ u € W™, v € HE. (A.6)

If u = u(\) and v :=v(\) depend in a Lipschitz way on X\ € A C R®, all the previous statements hold if
one replace the norms || - ||, | [0 with || - [|s,x, [ - 135 defined as in (2.21)).

We now introduce the space

p
WPo(T2) i= {B: T = T2 : |Blpco0 i= Z ||dkﬂ|\Loo(Tg) < oo}, (A.7)
k=0

and note that one has H¢P*¥o (']Té’) C Wp’oo('ll“é’.).
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Lemma A.3 (Diffeo). Let S5 € Wp’oo(’]I‘g) for some p, ¢ > 0 such that

1) 1
1Bllews < s 1Bl € s 0<6< 2, C1Cy >0, (A8)
204 2C, 2

and let us consider ® : Tg — ']I‘gC of the form
x4+ B(x) = P(x). (A.9)
Then the following is true.

(i) There exists ¥ : T2_5 — ']I‘Z of the form W(y) =y + B(y) with § € Wp"x’(’]l“é’-_é) satisfying

_ 5 _
1Bllc-6p0 < 55 NBllc-6 < 2[1Bllc (A.10)

such that for all x € Tg_% one has ¥ o ®(x) = x.
(ii) For all u € HP(T?), the composition (uo ®)(x) = u(x + B(x)) satisfies
[uo@llc—sp < Cllullcp + [dBlp-1.¢.00lullc.p)- (A.11)

Proof. For ¢ = 0 the result is proved in [38] thus in the following we assume ¢ > 0.
(i) First of all recall that, if pg > b/2 then |[ul|~ < ||ul|¢,p,- We look for 5 such that

Bly) = =By + By))- (A.12)

The idea is to rewrite the problem as a fixed point equation. We define the operator G : H &GP HSP as
G(B) = —B(y + B). First of all we need to show that G maps the ball B;,, := {[Jull¢—s5, < §/2} into itself.

One has

~ 1 ~ 1 5
IG(B)c-s00 = || D_ —(0"B)B" < —lBllc-sp0tn 1150 (A.13)

=0 ¢-opo "0

where 953 denotes the derivative of 3 w.r.t. its argument. Note that for any v € H¢t%% and 7 > 0 one has

T\7 1
corr < (£) sllulless.s; (A14)

[[u

indeed
[ullZ pyr = D D2PFD XMy |2 <3 (1)2P 127 20U 2N 2
lezb lezb

and the function f(z) := 227e~2%% reach its maximum at z = 7/6 and f(7/6) = (7/8€)?7, so that (A.14))
follows. Then using (A.14) and the fact that n! = (1/v/27n)(n/e)™(1 + O(1/n)) as n — oo, we obtain

~ 1 n 1 - ~ - n
IG(B)lc—sp0 < Y (ﬂ) S llBlewo 112550 < 1Bllc.po S (Hlﬂl%ap)

n! \e
>0 n>0

(A.15)

@3 s
<200Blcrn < -
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Finally we show that G is a contraction. One has

~ - 1 - 1 -
1G(B1) = GB)lle-sp = || D_ —(@"B)FY = D —(0"B)5%
n>1 n>1 c—sp

=1 .(8"6 (B1 — (Zﬁl poie ’“)

n>1

(A.16)

¢—d,p

_ 1 /nyn 1 -

182 = Balle-s Y~ = (2) 5allBllcall 3 1A IE 5,
n>1 k=0

L E1 . .
< 181 = Bellc-spC2|Bllc—sp ? 2181 = Ballc—s-

Then we deduce that there exists a unique fixed point in Bj/,, hence a solution of the equation (A.11]).

(#) One can follow almost word by word the proof of Lemma 11.4 in [38] using the norm (A.2) instead of
(A.3) and the interpolation properties of the WP’OO(TZ)—norms. [ |

IN

5 n—1—k
|Balle =5

Remark A.4. Note that by Lemma[Ad], one has

1

(®) ~ L (6:) i05) | 10

IF 0y, w) 5,0 > - mmax, > I Re(0) +i05) o .
oe{*1}4

[s.0.0 & Z Y 1Y (Re(0) +ios) | o,

=1 ce{£1}d

w 1 ) )
Hf( )(97y,w)HS$a,p ~~ . Z (||fpo (Re(8) + 105)||Hp(qu) + ||£,(Re(0) + 1os)||Hpo(qrg))

ce{+1}d

10, y,w)

where £,(0) is defined as in (2.12). In particular this means that for all s > 0, a > 0 and p > p > n/2 one
has the standard algebra, interpolation and tame properties w.r.t. composition with functions in HP(T%); see
for instance [25, [10, [41) (28] just to mention a few.

From Lemma [A-3] and Remark [A~4] above we deduce the following result.

Lemma A.5. Given a tame vector field f € Vg, with scale of constants Cy(f) of the form (2.14) and given
a map ®(0) = 0+ B(0) : T4 — T? as in (A9) with b = d and { = s, then the composition f o ® is a tame

vector field with constant

Cp(f 0 ®) < Cp(f) + Cpo (HNIBlls.ptv+3- (A.17)
Moreover if f is a reqular vector field, i.e. it satisfies , then
[f o ®l5yp < |flop + | flopollBlls.prv+s- (A.18)

where U1 = (A, 0,8, a).

Proof. By Lemma one has that if ||3||s,p, is sufficiently small, then the vector field f o ® is defined on
T pso X Dap(r = pro). Lemma guarantees that for a function u(#) € C the estimate (A.11) holds. Hence

also the components f(*)(6,y, w) for v = 0,y satisfy the same bounds (recall that for the norm (2.7) y,w are
parameters). Let us study the composition of f(*)(8 + 5(6),y,w). By Remark one has

Now £, : T¢ — C and hence we can apply Lemma to obtain the result. The bounds on the derivatives
follow in the same way. O

1
sap = - (Epolls.p + [1plls.po)-

49



B Properties of Tame and regular vector fields

We now discuss the main properties of C*-tame and regular vector fields; in particular we need to control the
changes in the tameness constants when conjugating via changes of variables generated by regular bounded
vector fields.

Lemma B.1. Consider any two C*-tame vector fields F,G € Wy, then the following holds.

(i) For 1 =1,...,d one has that 95, F is a C*-tame vector field up to order ¢ — 1 with tameness constants
Cop1(F).

(it) For Il = 1,...,d one has that Oy, F,d,,F|w| are C*=1_tame vector fields up to order q with tameness
constants Cy p,(F). for any h > 0.

(iii) The commutator [G, F] is a C*~'-tame vector field up to order ¢ — 1 with scale of constants

Cup([G, F]) < C(Cprvg+1(F)Copotup+1(G) + Copotwg+1(F)Coprvp+1(G)), (B.1)

where vp, vg are the loss of reqularity of F, G respectively.

() If F is a polynomial of mazimal degree k in y,w then it is C°°-tame up to order q.

Proof. Let us check item (¢). We consider a map ® := 1+ f as in Definition Recall that || f]ls,a,p, < 1/2.
One has that

106 F) 0 ®ls.a,p < [106(F © ®)ls,0,p + (o) 0 - Dp f

5,a,p

< 100(F 0 ®) 0+ @F) 0 ls.apllOn oo + 1OF) 0 Bl 0o floce )
Now, for p = pg, by one gets
(T1)
(1= 2000 Flsape) [@0F) 0 Bllacpo < 106(F 0 ) apo < Crapir(FY(1 4 [@lpe)  (B3)
hence, for p > py one has
[0 F) 0 ®lasap < (Cormpsr(F) + Coraps (F)[®lesmps) (B.4)

for some ¢ independent of p. Equation (B.4) implies property (7'1) for the vector field (9o F)(0,y,w). Clearly
it holds for p < ¢—1. The other bounds follows similarly. Finally items (i), (ii%), (iv) follow by the definitions.

O

Remark B.2. For k > 0 and any v € V,vy,...,vi € U consider any monomial subspace V"V1-%) qs in
[2:23). Then for all C*-tame vector fields F one has that ;... F is C>®-tame (up to the same order as
F) and one can choose the constant as Cyp(IL},cvy....;n F) = Cyp(F'). The same holds for the direct sum U
of a finite number of monomial spaces and their orthogonal, namely one can chose

Oﬁ,p(HuF) = Cﬁ,p(F)a Cﬁ,p(HlJ/{_ ) = Cﬁ,p(F)~

Lemma B.3 (Conjugation). Consider a tame left invertible map ® = 1 4+ f with tame inverse ¥ =1+ h
as in Definition such that (2.18)) holds. Assume that py > po + v + 1 and the fields f,h are such that
Cip, (f) = Cyp, (h) < cp for p> 0 and c the same appearing in Remark |E| For any vector field

F:T?x Dypin(r) x O = Vo, (B.5)

2By Remark the smallness of the constants Cy ,, (f), Cy,p, (h) automatically implies that ®, ¥ satisfy (2.17).
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which is C*—tame up to order q, one has that the push—forward
Fy =0, F:T¢ , X Dapin(r—2pr0) X O = Va_2pagp (B.6)

is C*—tame up to order ¢ — v — 1, with scale of constants

Coy p(Fs) < (14 9) (Cop(F) + Crpy(F)Ci i (), (B.7)

where U := (X, O, s,a,r), U1 := (A, O, 8 — psg,a — pag,r — pro) and U2 := (A, O, s — 2psg, a — 2paq,r — 2pro).

Proof. By (2.19 - ) the vector field Fly is defined in Ts_9,5, X Dqp(r — 2pr9) x O. Then, given a change of
coordinates I : ’]Td X Dgr oy (11) X O = Ty_gp55 X Dgp(r —2prg) we can consider the composition of Fly with
I'; in particular

Vol : T X Dy py(r1) x O — Ty X Dy i (1),

namely the domain of F. Let us check the property (Ty) for the vector field F. In the following we will keep
track only of the index p. One has

My < Cp(f) + 1+ Copo (NI lp,

120 o0 < 1+ 2Cp, (). (B5)

so that we get
IF(T)lp < IF(2(D)) |l + lldf (2 () [F (@ (T,
2 (1 Gy DIFEEy + Coa()+ Copa (IEW) ) IF Ty, ©9)
204 Coo 1 (1)) [Co(F) + Coo (B W(T) 0]
+ (Cps1(f) + Cpo 1 (NN T) ) [Cpo (F) + Cpo (F) ¥ () [[po+]

and therefore

IFL (D) lp < Cp(F)(A + Cposvs1(f) + 5Cq (F) (1 + Cpos1 (£))Cotora (f) (B.10)

AT p4w [Coo ()L + 3Cp1041(f))*]

that is (Tp). The other properties are obtained with similar calculations using also the fact that the vector
field f is linear in the variables y,w. Hence F is tame with scale of constants in (B.7). O

Remark B.4. In Lemma-, if f,h € EU) | then the smoothing estimate 2) applied to |f|g ptv+1 tmplies
that Fy is C*~tame up to order q. The same holds if ® is generated by a vector field g € B,

Remark B.5. Consider a vector field g which generates a well defined flow ® fort < 1 and set ® := ®'.
Then, for all p > po for all vector fields F' such that the push-forward with ®* is well defined, one has

1
L=o,F—F= / g, F|dt,

Q:=9,F— //@Sg,g, |dsdt.

If moreover g € B satisfies Deﬁnition item 5, and F is as in formula (B.5) then L is C*~1 tame and Q
is C*=2 tame up to order ¢ — v — 1 with constants

(B.11)

Crap(L) < (Copir(F)lglapatusn + Copora (F)lglopiosn) (B.12a)
C@,p(Q) < C(Cﬁ>p+2(F)|g‘z2‘)‘,po+u+1 + Cﬁ,po+2(F)|9‘ﬁypo+u+2|g|ﬁ,p+u+2) (B.12b)

= (N0, s,a,1), Uy := (N, O,5 — 2psg, a,r — 2prg). Finally if g € E¥) then L,Q are tame up to order q.
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Lemma B.6. Consider any subspace U which is a finite direct sum of monomial subspaces as in formula
(2.23), having degree at most k, or their average in 6. Under the hypotheses of Lemma assume also thaﬂ
FelU and f € B. Then for all p > pg one has

Cr, p(II;; @, F) < C(Cﬁ,p(F)P +Cap, (F)|f|ﬁ17p+l/+1) (B.13)

where T := (X, O, s,a), Ty := (A, 0,5 — psg,a) and Uy := (\, O, s — 2psg,a). Moreover if f € EX) then (B.13)
holds up to order q.

Proof. One has
I, (<I>*F) — I} (Fo\IlfF+duf(‘1’)[Fo\Il]). (B.14)
The last summand clearly satisfies the estimates (B.13). Regarding the first terms we write
My (F oW —F) =T (do F[f )+ Y duF[f™]);
u=y,w

the second term satisfies (B.13) by property (7}), while we claim that dp F[f(?)] € U. Indeed if F' € Pvivn),
it has the form

F:oz(vl,.. (Hd ) )(0,0,0)[v1,. .., val,

N 7

so that deriving w.r.t.  on both sides and computing at ¢(¥) commutes with the derivation in v; € U (this
follows from the fact that if f € B then £ (0, y,w) = f(9)(6,0,0)). If U is only the average of some monomial
space, then clearly its #-derivative is zero. O

B.1 Proof of Lemma 4.8

Lemma B.7. All reqular vector fields f as in Definition[{.5 are C*>-tame up to order q with tameness constant
Cip(f) = Caqlflap (B.15)

Proof. In view of Lemma (iv), we only need to prove that a regular vector field is C'-tame. Consider a

regular vector field f (see Definition and a map ® = 1 + g as in Definition For simplicity we drop

the indices @, ¥, 7. Without loss of generality we can also assume that ¢(?) depends only on 6, since in (T,,)

we first perform the y, w-derivatives and then compute at & = 1 4 g. Let us check (Tg) for f. One has
(fo®) D .=n®0@),  (fod)™ .= p0 (),

(fo @)W := () + h¥¥) (9)2W) (0, y,w) + h¥)(9) - &) (0, y, w),

where ) )

B (0) = 0+ 900 ), v =0,0,y,w
We first give bounds on the norm of f o ® in terms of the norms of & and ®. The terms depending only on 6
are trivially bounded by the norm of h. In the y-component one has

di  di

||h(y’y)q)(y)||ga s Z ZZ| (RWiouk) g(Wi)) () 225141 (0)2P

e7d i=1 k=1

dy dy
ZZ”hy“yk) )@ (9)[2, (B.16)
1=1 k=1
m L& 1 Yi sl
< = ZZ (IR [ DW || oy + (IR | o @) )2,
o i=1 k=1

Bhence they are both C*-tame.
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hence one obtains

IR DR 0 < K (T8RS s p 9D o + T8I 00 12D ) (B17)
Finally one has
[ et2, , < O—Z A2, = c— Z > e M (hee) . ot p))?
=1 1ez4
s LSS S e Y - ) 60

=1 lezd kezd

o

< T@ Z Z <l _ k>2pe2s\l—k|<k>2p062$|k\|h(yi,ui)(l _ k‘) i (b(w)(k_)‘2

0 =1 keczd

C &

+ ﬁ Z Z <l o k>2poe2s\lfk|<k>2p625\k||h(yi,w)(l _ k‘) . (I)(w)(k')|2

0 =1 kezd

el C ¢ . »
S oy D (kPRI o A A (1 B2 19 (R
0 =11 kezd
dy

+ %Z Y (1= k)PPl gy 2 M pwe) (1 — |2, 19 ()2 g
0 =11 kezd
(B.18)
where in the third line we used the standard interpolation estimates and the fact that pg > d/2. By ,
since p < ¢, it follows that

||h(y’w)‘1>(w)||s,a,p <C (7’0||h(y’w)HHP(T;?;LQ,WO?U)||(I)(w)”s7a7po+v + TOHh(y’w)||HP0(T§;La,7p07V)H‘I)(w)”&a,p) )

Now each component R(*") is a function T¢ — Va,p_ composed with a diffeomorphism of the torus given by
0 — 0 + g9 (0). Hence we obtain, by using Lemma (m) and Lemma

1 0 Bllaap < Cld )| Flamp + | Flocpo|@lsnpsn), (B.19)
The property (T1) follows in the same way. O
Lemma B.8. Consider a vector field f € B such that
fiT4 % Dyp(r) x O =V, (B.20)
and
| flop: < cp, (B.21)

for some p > 0. If p is small enough, then for all £ € O the following holds.
(i) The map ® := 1+ f is such that

®: T¢ X Dop(r) x O — T, . % Dap(r + pro). (B.22)
(i1) There exists a vector field h € B such that
o |hlg p < 2|flzp, the map ¥ :=1 + h is such that

U T X Dyyp(r —pro) x O — T x D, (7). (B.23)

s—pso
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e for all (6,y,w) € T? 5, X Day, (r —2pro) one has

Vo d(d,y,w)=(0,y,w). (B.24)
Proof. (i) We want to bound the components of ® = 1 + f. First of all we see that for § € T¢ one has

(B.21)

0@|oe <5+ 1F DN s+ 1FD - ollsapy < s+ ps0, (B.25)

where we used the standard Sobolev embedding Theorem. The bound on [|®(“)||, ,, < 7+ pro follows directly
by hypothesis (B.21)). In order to obtain the estimates on the y—components we need to check that

FEOO < THFYOO) - Oyllsaper  1FYP Oyl < cTHILEP (O)y - Bylls.apos (B.26)
[f@ O O)w]y < ¢S (B)w - 8y lls.a.po
Since for a d-dimensional vector v one has |v|; < d|v|. we get
[f@0) - wh <di_max [[fC(0) - wlle < K (n,p0)||F4(8) - wlls g - (B.27)

V=YL, 5Ydy

The other bounds in ) follow in the same way. The extens1on of the bounds for the Lipschitz norm is
standard; see for 1nstance [41] Thus we obtain [®®)]; < (r + prg)? so that (B-22) follows.

(i) The first d components of the map (04, y4,wy) = (9 y,w) are f4 = 0—|—f ©)(6). If p is small enough we can
apply Lemmain order to define an inverse map h(¥) () € WP>(T4_ _ ) with ||AD||,_ s » < 2/ F @[5,
Hence we set

s—pso

vD0,) =0, +nD0,), 6, eT? (B.28)

S§—pPSo”
Regarding the other components we first solve y,w as functions of y;,wy,0 and then substitute (B.28). We
have

w=wy — [ 0,))

y= (1= fO@O00)) (e — FOO@O(0,) - FETO0,) - (wy = fOO(2(0,))))

which fixes the remaining components of . The estimates on the norm of A follow by Lemma (#) and by
Lemma [A5] O

Lemma B.9. Given any regular bounded vector field g € B, p > p1 with |g|s,, < cp then for 0 <t <1 there

exists fi € B such that the time—t map of the flow of g is of the form 1+ f; moreover we have |fi|z, < 2|gl#, p
where U7 = (A, O, s — psg,a,r).

Proof. The dynamical system associated with g is

g0 (0), (B.29a)
y—g“(@+g@”(m+gwwwywv (B.29Db)
i = g0 (g), (B.29¢)

We solve first (B.29al), then substitute into (B.29¢) and finally substitute both into (B.29b)) and hence the
result follows by proving that the solution of (B.29a)), with initial datum ¢, has the form

0(t) = ¢ + h(t, p),

with h € HP(T9_ psy) @ zero-average function. This latter statement follows by the standard theory of existence,

uniqueness and smoothness w.r.t. the initial data. O
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C Proof of Proposition

Proof. Given a tame vector field F' € V;,, such that F' € £ for all £ € O, let us define
A:=N+R:= HKnx([HNF, ]) + HKH_/y([HRF, ])

We note that M, R : EF) NBe - EFINXNE.
Then the “approximate invertibility” of 91 implies the “approximate invertibility” of 2. Indeed let 207 :
EF) nxné&— EF NBe be the “approximate right inverse” of N defined in (3.3) and denote
U:=RW: BB nane - EFnxne.
By (3.1) and (3.2) we have that 4 is strictly upper triangular so U® = 0. Now we set B = M2 — 1 which is
“small” in the sense of (3.4). Then we have

M+RWA+) =D +U+B) A+ =1 +BA+U)~, (T+4U)” Z 7w . (C.1)

j=0

,_.

Thus (1 + )1 is an approximate inverse for 2 in the sense that it is a true inverse for B = 0. Then for all
& € O let us set
G =1 + &) "My F. (C.2)

As for the bounds we first notice that by (3.3]) and (3.6]) one has
|ﬂX|U,p < Kty [@pl |X gp T (@p(l + Fpl) + elea(pipl)FpﬂXb,m]- (C~3)

Now we can prove inductively that
WX 5y < KIOT 6] K], + (By(1+Ty,) + Oy K0P, )50y, Ty )|Xsy |, (C4)
where P;(0,,,T,, ) is a polynomial of degree 2(j — 1) defined recursively as
Pi:=1,
P;j(0p,,p,) i= O}, " +20,, (1 + Ty, )Pj_1(Op,, Tpy).
Indeed for j = 1 this is exactly the bound ; then assuming to hold up to j we have
W X | = W X)) < KPP PO, |9 X |5, + (Op(1+ Ty, ) + O, K*PPIT ) W0 X 5, ]
< K#+u+1<@lej(#+u+1) [@%1|X|vﬁ’p+ (0p(1+Ty,) + ©p, KP=PIT)P(0,,, Ty, )| X

o)
F (01 +Ty,) + 0y, K0P KIS0 [0 16, (1420, 1750y, Ty,)| [ Xle ) (C.6)
— K(J'Jrl)(wrwrl)(@J’+1|X|m7
+ (B(1+Ty,) + Oy, K*P7PIT,) (6], + 20y, (1+ Ty, )P5(p,,Tp,)) [ Xsip, )

which is (C.4) for j + 1 taking into account (C.5)). Moreover, again by induction, the polynomials P; satisfy
the bound

Pil <3705 (14T, ), (c7)
uniformly in ©,,,T,,. Indeed for j = 1 this is trivial while assuming (C.7)) up to j we have
|Pa+1| @pl +26,, (1 + Ty, )[Py]
< O], +20,, (1+T,,)30) (1 +Ty, )L =0 (1+2-3(1+Ty,)7) (C.8)

< (1 +2- 3j)@{h(1 + Fpl)j < 3j+1®%1 (1 + Fpl)j ’
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where in the last inequality we used the fact that 1 4+ 2C7 < C7*! for C > 3. Summarizing we obtained
|qu|17,P S Kj(ul+u+1)@g1_1 {9131 |X|177P + (917(1 + FPI) + @PlKa(p_pl)Fp)gj(l + FPl)j_1|X|17,P1} ) (CQ)
so that (the second summand is zero for j = 0)

|Qm~1jX‘ﬁ,p < 49 I (matrv+1)+p [@{;1 |X|’L7,p + @p@%l—l(l + Fpl)j|X|5,P1 + @ﬁlKa(p_pl)(l + Fpl)jrp|X|'L7,p1:|
(C.IO)
and finally
(1 + )7 X gy < KH (14 4KMT10,,)° X 5
+ KM (14 Ty, ) (1 + 4K 0, (14 Tp,)) 710, X g p, (C.11)
+ Ku1+a(p—P1)(1 + 4K“1+V+1@P1 (1 + FPl))bFP|X|57P1

where again the second summand is in fact zero if b = 0. Therefore, since ©, < I'j, we obtain
(1L +1) 7 Xy < KO (14 0, (14 1)) (14 T, [ Xy + KX PIT, X5y | (C12)

this concludes the proof of . The proof of follows the same lines. Now we have defined a function
g on the set O. In order to conclude the proof we need to extend this function to the whole Oy. We know
that regular vector fields in £() have a structure of Hilbert space w.r.t. the norm |- |5, S0 we may apply
Kirtzbraun Theorem in order to extend § to a regular vector field in E() with the same Lipschitz norm, i.e.

‘g|lsi,131,p1 <~ gls,p . As for the sup norm one clearly has

N . 1
SUP 9ls.a.pr < SUD |Gls.ap, + diam(Oo)lglsta.p, -
£€0g £€0y

D Time analytic case

Theorem 2.25| does not make any assumptions on the analiticity parameters ag, so and relies on tame estimates
in order to control the high Sobolev norm ps > p1 + kg + xk2. However if one makes the Ansatz that sqg > 0
then we may take po = p; and consequently have a simplified scheme, since we do not have to control the
tameness constants in high norm but only the norm |- |5 ,,. In order to do so we need to modify Definition
[2.18| by substituting item 3. with the following:

3’. For K > 1 there exists smoothing projection operators IIx : Az, — Ay, such that 12 = Ik and
setting ¥1 = (7,0, s + s1,a,r), for p; > 0, one has

g Fl5, pip, < CKP e K|F|5, (D.13)
|F =g Flgp < CK e 5|l pip, (D.14)

finally if Cj,(F’) is any tameness constant for F' then we may choose a tameness constant such that

Cypip Mg F) < CKP e KOy (F) (D.15)

We denote by E() the subspace where I E(K) = BK),

Constraint D.1 (The exponents: analytic case). We fiz parameters eq, Ro, Go, tt, v, 1, X, k2 such that the
following holds.
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e 0 <eg <Rg <Gy with EQG%,E()G%REI < 1.
o We have p,v >0, 1 < x < 2, finally setting ko :=p+v +4
2K

"{2>ﬁ7 ,'7>/’L+(X_1)K2+1’ (D16)
e there exists Ky > 1 such that
1
log Kg > ——C, (D.17)
log x
with C' a given function of p,v,n, ke, o (which goes to oo as sg — 0) and moreover

G2R; "o K4° max (1, RoGo Kot X Dr2y 1 (D.18a)

Rt =050 6 ol o (1,30) <1, (D.18b)

Now in order to state our result we define the good parameters and the changes of variables as in the
general case but with po = p1, k3 = kK1 = a = 0. For clarity we restate our definition in this simpler case.

Definition D.2 (Homological equation). Let v > 0, K > Ky, consider a compact set O C Oy and set
U= (v,0,s,a,r) and 7° = (v, 0y, s,a,r). Consider a vector field F € Wgo ,, i.e.

F=Ny+G:00 %Dy pin(r)x T = V,,,

which is C*T2-tame up to order ¢ = py +2. We say O satisfies the homological equation, for (F, K,4°, p) if
the following holds.

1. For all £ € O one has F(§) € €.
2. there exist a bounded regular vector field g € Wgo , N E5) such that

(a) g € Bg for all € O,
(b) one has |g|go,p, < Clgls,p, < cp and
|9l5.p0 < 7T KM KL Gl (1+77 Cr,p(G)) (D.19)
(c) setting u = My (ad(IIx F)[g] — F), one has
[ulgp, <oy 'K TTHCy 0, (GGl p, (D.20)

Remark D.3. Note that if we take py = py then the second inequality in (2.46) as well as item 2(d) of
Definition [2.23 follow from (2.30) and (2.31)).

Definition D.4 (Compatible changes of variables: analytic case). Let the parameters in Constmmt
be fized. Fiz also V= (v,0,s,a,r), 9° = (7,00, s,a,r) with O C Oy a compact set, parameters K > Kg,p < 1.
Consider a vector field F = Ny + G € Wyo,, which is C*"%-tame up to order ¢ = py + 2 and such that
Fe& VEeO. We say that a left invertible E-preserving change of variables

La£71 : Tg X Da,Pl(r) x Op — Tg+pso X Dafpaoypl(r + pTO)
is compatible with (F, K, U, p) if the following holds:
(i) L is “close to identity”, i.e. denoting 0% := (v, Oy, s — pso,a — pag, ™ — pro) one has

1€~ Dhllagp, < CeoK [0, - (D.21)
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(ii) L. conjugates the C*T2-tame vector field F' to the vector field F =L, F = Ny + G which is C*2-tame;
moreover denoting Uy := (v, 0,8 — 2psg, a — 2pag, r — 2prg) one may choose the tameness constants Ofé
so that

Crypi (G) < Crp, (G) (1 + 20K, (D.22)

2,P1
(111) L. “preserves the (N, X, R)-decomposition”, namely one has

I (LTI F) =0, Iy (L O%F) =0. (D.23)

Then the result is the following.

Theorem D.5 (Abstract KAM: analytic case). Let Ny be a diagonal vector field as in Deﬁnition
and consider a vector field
Foy:=No+Goeén Wﬁoyp (D24)

which is C*2-tame up to order q¢ = py + 2. Fix parameters £q,Ro, Go, it, U, 1, X, K2 satisfying C’onstmint

and assume that

Py()_lcﬁ (GO) < Go, 70_101707!31 (HJJ\_/GO) <Ro, ’7(]_1|HXG0|770,P1 <é€o- (D25)

0,P1

For all n > 0 we define recursively changes of variables L,,, ®,, and compact sets O, as follows.

Set Ho1 = Ho = @9 = Lo =1, and for 0 < j < n — 1 set recursively H; = ®;0L; 0H;—1 and
F; == (H;)«Fo := No+ G;. Let L,, be any change of variables compatible with (Fy—1, Ky—1,Un—1,pn—1)
following Definition[D.]], and O,, be any compact set

0, COp_1, (D.26)

which satisfies the Homological equation for ((Ln)«Fn—1,Kn—1,9%_1,pn—1). For n > 0 let g, be the regular
vector field defined in item (2) of Deﬁm'tion and set @, the time-1 flow map generated by g,.

Then @, is left invertible and F,, := (®,0L,)«Fp_1 € Wio p 18 C*+2_tame up to order ¢ = py+2. Moreover
the following holds.

(i) Setting G,, = F,, — Ny then

Lrps =Y Oy (Gn) < Gy Onpr = T C s (T Gn) < o,
On = M Galg, py < KooK, "2, (9nln o < KG2e0Go R, (D20
where @p, = (Yn, On, Sn + 12pp50, an + 12ppag, mn + 12p,70).
(ii) The sequence H,, converges for all & € Oy to some change of variables
Hoo = Hoo(&) : Dagy p(s0/2,70/2) — D%o’p(so,ro). (D.28)
(iif) Defining Foo := (Hoo)+Fo one has
MxFoo =0 VEE O =)0, (D.29)

n>0

and
Yo O oy (M Fio — No) < 2Go, Y -Cippy (M Fro) < 2Rg

with Uso := (Y0/2, O, $0/2, a0/2).
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Proof. The proof of Theorem is essentially identical to the one of Theorem [2.25] We give a sketch for
completeness. The induction basis is trivial with gg = 0. Assuming (D.27)) up to n we prove the inductive step
using the “KAM step” of Proposition with p; = p2 and o = k3 = 0 and the bound (5.13]) substituted by
84 < CTy, (82T K2HH20 4 4 §eg ki) 4 e 20soK grntvil=(p2=p) (@ 4 9 K9 ©),,)
+ pleu+v+1—(p2—p1)e—2p50K(@pz +e0K"20,, + Ka(pz—pl)(g(ppz + 20K Ty, ) .
Bound (D.30) follows using the smoothing properties (D.13), (D.14) in item (3’), in the equation (5.39).

First of all we note that

(D.30)

pr KT 0 < e (D-31)
which, by the inductive hypothesis and (2.52) reads

9 gl S TR)X g KB < (D.32)

this is true since by (D.16]) and (D.17) the left hand side (D.32) is decreasing in n so that (D.31]) follows form

K6L+y+4G060 <1

which is indeed implied by because Gy > Rg.

Hence we can apply the “KAM step” to F, := (¥, 0 L,)+Fn—1 € Wy, which is a C™t2_tame up to
order ¢ = py + 2. We fix (Kp,Yn,an, SnyTny Pr, On) ~ (K,7,0,8,7,p,0), T'y p ~> Tp, Oppp ~» Oy, 6, ~> 6,
(Yn+15 @nt15 Snt15 Tt 1s Pt 1, Ong1) ~ (Y4, @4, 84,74, p4, O). The KAM steps produces a bounded regular
vector field g,+1 and a left invertible change of variables ®,,41 = 1+ f,,4+1 such that F,, 11 := (®p410L,)F €
Wio is C**2-tame up to order ¢ = p+2. We now verify that the bounds hold with I'y 1 p, ~ Ty p,

vn+17p2
@n+1,p1 ~ ®+,p17 ) 5n+1 ~ 5+-
Let us prove (i), the others follow exactly as in Theorem ([2.25]).
By substituting into (5.8)) we immediately obtain the bounds for g,+1 of (D.27]).

Now we recall that, by definition
Tn 1

=14+ —-.
Vrt1 + an+3 _ 1
We use (5.11) together with the inductive hypotheses to obtain

Tpitp < (1 + )Gn + 260K 4Gy + CKP " 2Goeo K2 (K Gy + 20K ™) < Gyt s

2n+3 — 1
which follow by requiring

max (2" K, "eo, 2" KA TV K2 Goeg, 2" K, T TR K ?eg) < ¢

and as before this follows by (D.16)) and (D.18al).
Regarding O,,41,p,, using (5.12) we get

Ontip, < (1 + )Rn + 260K, 'Ro + CKP VTR0 K52 4+ K, T 2T Goed K5 < Rpy1.

an+3 _ 1

which again follows from (D.16]) and (D.18a)).
For 6,41 ~ 4, we apply (D.30) with po = p1, @ = k3 = 0 and get

5n+1 <CGyp (EgKgQ (G3K32K2M+2u+472m2 + Kﬁininz)ﬂ—

e 2Pns0Kn (ROKﬁJrqul + 60K32G0K5+u+17n2)) + e*?anOKnROKn < EOK(’;Z K;an
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Now
1
CGo (E(Q)KSQ (GgKSQ K21L+2V+4—2H2 + Kﬁ—n—nz) < §€0Kg2 K;XK,Q

by (D.16)) and (D.18a)). As for the second term, since sy > 0 all the summands are decreasing in n provided
that Ky is large enough.

O
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