J Stat Phys (2013) 150:156-180
DOI 10.1007/s10955-012-0682-8

Lower-Dimensional Invariant Tori for Perturbations
of a Class of Non-convex Hamiltonian Functions

Livia Corsi - Roberto Feola - Guido Gentile

Received: 21 September 2012 / Accepted: 18 December 2012 / Published online: 4 January 2013
© Springer Science+Business Media New York 2013

Abstract We consider a class of quasi-integrable Hamiltonian systems obtained by adding
to a non-convex Hamiltonian function of an integrable system a perturbation depending
only on the angle variables. We focus on a resonant maximal torus of the unperturbed sys-
tem, foliated into a family of lower-dimensional tori of codimension 1, invariant under a
quasi-periodic flow with rotation vector satisfying some mild Diophantine condition. We
show that at least one lower-dimensional torus with that rotation vector always exists also
for the perturbed system. The proof is based on multiscale analysis and resummation proce-
dures of divergent series. A crucial role is played by suitable symmetries and cancellations,
ultimately due to the Hamiltonian structure of the system.

Keywords Quasi-periodic motions - Renormalisation group - Multiscale analysis - Trees -
Small divisors - Lower dimensional tori - KAM theory
1 Introduction

Consider the Hamiltonian dynamical system described, in action-angle variables, by the
Hamiltonian function

H(a,,B,A,B):-%A-A—i—%Bz—ksf(oc,ﬁ), (1.1
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where («, 8) € T¢ x T, (A, B) e R? x R, f: Tt 5 R is real-analytic, ¢ € R is a small
parameter (the perturbation parameter) and - is the standard scalar product in R¢. The cor-
responding Hamilton equations can be written as closed equations for the angle variables

(. ),

{&:saaf(oc,ﬂ), (1.2)

B=—edsf(e, ).

For ¢ = 0 all the solutions of (1.2) are trivially of the form (e (t), 8(t)) = (ato — Aot, Bo +
Bot) where (g, Bo) and (Ag, By) are the initial phases and actions, respectively. Fix the
initial actions as (Ao, By) = (—®, 0) with @ € R? such that @ - v # 0 for all v € Z;{ =
74\ {0}. Then the solutions of the unperturbed system lie on a (d 4 1)-dimensional invariant
torus foliated into d-dimensional invariant tori parametrised by S.

For ¢ # 0 we say that the system has an invariant d-dimensional torus with frequency @
if there is an invariant manifold for (1.2) where the motion is conjugated to a rotation with
frequency vector @ on T¢, more precisely if there exists 8y € T and two analytic functions
o, :T¢ — T¢ and B, : T¢ — T such that ao(¥) = 0 and By (¥) = 0, the submanifold 9t of
the form « = ¢ + . (¥) and S = By + B:(¥) is invariant for (1.2) and the flow on 9N is
given by ¥ — ¥ + wt.

For @ € RY define the Bryuno function as [1, 2]

B@ =Y — log — @@= inf o
w) .= — 10g —, Oy (W) = m W V|

We shall prove the following result.

Theorem 1.1 For any ® € R? such that B(w) < oo, there exists gy > 0 such that for any
le| < &g the system (1.2) admits at least one invariant d-dimensional torus with frequency ®.

Remark 1.2 It will turn out from the proof that it may happen that the system admits a
whole (d + 1)-dimensional torus foliated into d-dimensional invariant tori. In such a highly
non-generic case, the solution is analytic in both the initial data and in the perturbation
parameter.

Theorem 1.1 can be seen as a particular case of the result announced in [6], where the
problem of existence of d-dimensional tori is considered for Hamiltonian systems with
(d + 1)-degrees of freedom described by Hamiltonian functions H (e, 8,1) = Hy(I) +
eH\(a, B, I), where I = (A, B) € ©;, with D, a neighbourhood of zero in R¢*!, and the
functions Hy, H, are real-analytic in all their arguments and 2 -periodic in &, 8 and (mod-
ulo a canonical transformation) satisfy the following conditions:

1. 94 Hy(0,0) = , with  such that |@ - v| > ¢ |v| " forc >0, 7 > d — 1 and all v € Z¢;
2. detd? Hy(0) # 0 and 32 Hy(0) = 1;
3. the function Hy(A, B) — @ - A has a saddle point of signature 1 in zero, that is

n-Son < lto-nl> VpeR\ {0},
where Sy := 35 Ho(0) and o := 3,495 Hy(0).

Indeed the Hamiltonian function (1.1) satisfies the conditions above, with Sy = —1 and
ty = 0 (in fact the Bryuno condition B(w) < oo is weaker than the standard Diophantine
condition in item 1 above). Our method should apply to the more general case considered
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in [6]: we prefer to focus on a particular class of systems, to avoid technical complications
and put emphasis on the method, rather than the result itself—already stated in [6]. We
shall show that the result can be credited to the existence of remarkable symmetries of
suitable quantities, the so-called self-energies, that will be introduced in the proof. In turn
such symmetries are related to the Hamiltonian form of the equations of motion.

The construction envisaged below, as well as the method of [6], does not allow us to
obtain the existence of invariant d-dimensional tori in the case of convex Hy([I) treated by
Cheng [3]. At the end we shall try to briefly illustrate where problems arise when dealing
with convex Hamiltonians. In particular we shall see that the aforementioned symmetries
are not sufficient in that case, and other cancellation mechanisms should be looked for.

2 The Formal Expansion
Fix @ € R? such that B(w) < co. We look for a quasi-periodic solution to (1.2) of the form
(a(?), B(1)) = (a0 + wt + a(t), o + b(2)), with
at)y=y "a,  bt)=) b, @2.1)
verf VEZ{»{

and (a(t), b(t)) — (0,0) as € — 0, so that in the Fourier space (1.2) becomes

(@-v)’a,=—[edo f(a,B)],, v#0, (2.2a)
(@-v)’b, =[eds f(@. B)],. v#0, (2.2b)
(200 f (@, B)], =0, (2.2¢)
(95 f (. B)], =0, (2.2d)
where
P+q
[uf@. ], =Y > —(w )71 9] fug (eto, ﬂo)navl [T b,
p=0  wot-Fvpig=v pq i=1 j=p+1
=0 II()EZd
€74 i=1,...
v;€Zs i=1,...p+q oo (2.3)
1
[pf@B], =) Y, =" file, ﬁo)l_[au, ]'[ by,
p=0  vo+Avpig=v pq: =p+1
=0 voezZd
v;ieZd i=1,....p+q

and f,(ao, Bo) = e £,(By), where we denoted

f@.py=>" fi(Bre"".
vezd
Throughout the paper, the sums and the products over the empty set have to be considered
as 0 and 1, respectively. Equations (2.2a) and (2.2b) are called the range equations, while
(2.2¢) and (2.2d) are called the bifurcation equations.
We start by writing formally

a(t) =alte a0, fo) =g+ ot + Y &Y e al (e, fo). (2.4a)
k=1 vezd
B(1) =Bt 6,00, B0) = Po+ Y _ 6" D b (@, Bo). (2.4b)
k=l yezd
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If we define recursively for k > 1 and v # 0

1
af) ==l @] bi“=( slosr@p))

with [3 f (ot, B)1O = iv f, (cto, Bo)» [9.f (e, BII = 3 f; (eto, ﬂo) and, for k > 1,
[0 f (e, )]

1 pt+q (k)
. +14q4 k;
=Y D> 0P fy@o B Y ]—[a( "1 o)
p=0  votFVpig=v pPq: ky4tkprg=k i=1 Jj=p+1
q=0 voEZd ki>1
v;eZi=1,...p+q

(05 f (e, )]

=) X ﬁ(ivo)'fag“fw(ao,ﬂo 3 ]‘[a(“]‘[b(“

p=0 vt Fvgqpr=v ky+-tkprg=k i=1 Jj=p+1
>0 voezd ki>1
v;eZi=1,...,p+q
then the series (2.4a)—(2.4b) turn out to be a formal solution of the range equations for any
values of the parameters oo and fy.
Unfortunately in general we are not able to prove the convergence of the series (2.4a)—

(2.4b) and moreover we also have to solve the bifurcation equations. As we shall see the two
problems are somehow related.

3 Conditions of Convergence for the Formal Expansion

In this section we shall see how to represent graphically the formal solutions (2.4a)—(2.4b).
We shall see that under suitable (quite non-generic) hypotheses the two series converge.
However, in general, a resummation is needed to give the series a meaning: this will be
discussed in Sect. 4.

3.1 Diagrammatic Rules

Our aim is to represent the formal series as a “sum over trees”, so first of all we need some
definitions. (We closely follow [4, 5], with obvious adaptations.)

A graph is a set of points and lines connecting them. A rooted tree 6 is a graph with no
cycle, such that all the lines are oriented toward a single point (root) which has only one
incident line £y (root line); we will omit the adjective “rooted” in the following. All the
points in a tree except the root are called nodes. The orientation of the lines in a tree induces
a partial ordering relation (<) between the nodes and the lines: we can imagine that each
line carries an arrow pointing toward the root. Given two nodes v and w, we shall write
w < v every time v is along the path (of lines) which connects w to the root.

We denote by N(0) and L(0) the sets of nodes and lines in 0, respectively. Since a line
£ € L(0) is uniquely identified by the node v which it leaves, we may write £ = ¢,. We
write £, < €, if w < v, and w < £ = ¢, if w < v; if £ and £ are two comparable lines, i.e.
¢’ < £, we denote by P (¢, £) the (unique) path of lines connecting ¢’ to ¢, with £ and ¢’ not
included (in particular P (¢, £") = @ if £’ enters the node £ exits).

With each node v € N(0) we associate a mode label v, € Z¢ and a component label
h, € {ay, ..., a4, B}, and we denote by s, the number of lines entering v. With each line
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160 L. Corsi et al.

£ = £, we associate a component label h,, = h, and a momentum v, € Z‘j , except for the
root line which can have either zero momentum or not, i.e. v, € 74 For any node v € N (6)
we denote by p; ., g, the number of lines entering v with component «; and B, respectively,
and set p, = p1y + -+ + pa.y; of course s, = p, + ¢q,. Finally, we associate with each line
£ also a scale label such that n, = —1 if v, =0, while n, € Z, if v, # 0 (so far there is no
relation between non-zero momenta and scale labels: a constraint will appear shortly). Note
that one can have n, = —1 only if £ is the root line of 8. We force the following conservation
law

ve= ) va. 3.1

weN (6)
w<{

We shall call trees tout court the trees with labels, and we shall use the term unlabelled
tree for the trees without labels. We shall say that two trees are equivalent if they can be
transformed into each other by continuously deforming the lines in such a way that these do
not cross each other and also labels match. This provides an equivalence relation on the set
of the trees. From now on we shall call trees such equivalence classes.

Given a tree 6 we call order of 6 the number k(6) = |N(0)| = |L ()] (for any finite set S
we denote by |S] its cardinality), total momentum of 6 the momentum associated with £, and
total component of 6 the component associated with £4. We shall denote by ® , ;, the set of
trees with order k, total momentum v and total component 4. A subset T C 6 is a subgraph
of 6 if it is formed by set of nodes N(T) C N () and lines L(T) € L(#) connecting them
(possibly including the root line: in such a case we say that the root is included in 7T') in
such a way that N(T) U L(T) is connected. If T is a subgraph of 6 we call order of T the
number k(7)) = |N(T)|. We say that a line enters 7 if it connects anode v ¢ N(T) to a node
w € N(T), and we say that a line exits 7 if it connects anode v € N(T) toanode w ¢ N(T)
or to the root (which is not included in T in this case). Of course, if a line £ enters or exits
T,then £ ¢ L(T).If T is a subgraph of 6 with only one entering line £’ and one exiting line
£, we set Pr:="P(,1).

A cluster T on scale n is a maximal subgraph of a tree 6 such that all the lines have
scales n’ < n and there is at least a line with scale n. The lines entering the cluster 7 and the
line coming out from it (unique if existing at all) are called the external lines of T'.

A self-energy cluster is a cluster T such that (i) 7 has only one entering line £}
and one exiting line £, (ii) v, # vy for all £ € Pr, (iii) one has v,, = vy, and hence
2 venay Vv =0

We shall say that a self-energy cluster is on scale —1, if N(T) = {v}, with of course
v, =0 (so that Py = ).

Remark 3.1 Given a self-energy cluster 7', the momenta of the lines in Pr depend on v,/
because of the conservation law (3.1). More precisely, for all £ € Pr one has v, = v? + Ve
with v) = > weN(T).w<e Vw> While all the other labels in 7" do not depend on Ve,

We say that two self-energy clusters 77, T, have the same structure if setting vy =
1
vy =0 one has T} = T,. Of course this provides an equivalence relation on the set of all

2
self-energy clusters. From now on we shall call self-energy clusters tout court such equiva-
lence classes and we shall denote by & the set of self-energy clusters with order k, scale

n,u.e

n and such that h(/T =eand hy, =u, withe,u € {ay, ..., a4, B}.
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Lower-Dimensional Invariant Tori for Perturbations 161

Given any tree 6 € O, ;, we associate with each node v € N(0) a node factor
F pthtl(]vv)pﬁla‘hfh(ao ,30) hv:()lj,jzl,...,d,
et f (o, B0 by =P

which is a tensor of rank s, + 1. We associate with each line £ € L(8) a propagator de-
fined as follows. Let us introduce the sequences {m,, p,},>0, with my =0 and, forall n > 0,
Myy1 = my, + p, + 1, where p, :=max{q € Z; : a;,,(®) < 20, +4(®)}. Then the subse-
quence {a, (@)},>0 of {0, (@)},>0 is decreasing. Let x : R — R be a C* even function,
non-increasing for x > 0, such that

(3.2)

polgy!

(x) = { Lo kl=1/2 (3.3)

0, I[x]>1.
Set y_1(x) =1 and x,(x) = x (8x/ay,, (w)) for n > 0. Set also Y (x) =1 — x(x), ¥, (x) =
Y (8x/ay, (w)),and ¥, (x) = xu—1(x) ¥, (x), for n > 0; see Fig. 3.5 in [5]. Then we associate
with each line a propagator

‘I/n(;("""l)

>

ge = (w“,e)Z ) ng = 01 (3.4)
l, ny = —1.

Given any subgraph S of any tree 6 we define the value of S as

”I/(S)=< I J—'>< I1 gz>. (3.5)
veN(S) LeL(S)

Set Op v = Oy, X+ X Oy o, and forany 6 = (0, ..., 60,) € Oy, o define ¥ (9) :=
(¥ (0)), ..., Y (6,)), so that one has

a® = Z v (9), b® = Z vV (©), v#0, (3.6a)
0Oy o 0€Ok v g
[Fof@ply = Y. YO. [f@p]y= D, V®O. (.6b
0€Ok 1.0 0€Ok11,0,8

as is easy to check. In particular the quantities in (3.6a)—(3.6b) are well defined for any
(fixed) k > 1 (see Appendix H in [4]).

Remark 3.2 Given a subgraph S of any tree 6 such that #'(S) # 0, for any line £ € L(S)
(except possibly the root line of 8) one has ¥, (w - v;) # 0, so that

am”/é (w) amw—l ((z)) a”’nz—l+p11(—l ((0) Olm,,/Z —1 (w)

—— <lw-v < < = ,

16 8 4 4

where «,, | (w) has to be interpreted as +o0, and hence, by definition of «,,(®), one has
[ve| > 2™~ Moreover, by definition of {«,,, (®)},>0, the number of scales which can be
associated with a line £ in such way that the propagator does not vanish is at most 2.

3.2 Dimensional Bounds

For any subgraph S of any tree 6 call 21,,(S) the number of lines on scale > n in S, and set

K(S):= Z [v,l. (3.7)

veN(S)
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162 L. Corsi et al.

We shall say that a line £ is resonant if it exits a self-energy cluster, otherwise £ is non-
resonant. For any line £ € 6 define the minimum scale of £ as

¢or=min{n € Zy : W, (@ vy) #0}.

Given any subgraph S of any tree 6, we denote by 17 (S) the number of non-resonant lines
£ € L(S) such that ¢, > n. By definition, if #'(S) # 0, for each line € € L(S) either n, = ¢,
or ng = ¢, + 1. We have the following results.

Lemma 3.3 Forall h € {ay,...,aq, B}, v €Z4, k > 1 and for any 0 € Oy, j, with 'V (0) #
0, one has 3(0) < 2-0m=2 K () for all n > 0.

Lemma 3.4 For all e,u € {ay,...,aq,B}, n >0, k > 1 and for any T € &F with

n,u.e

Y (T)#0, one has K(T) > 2"~ and ‘JI;(T) <27 =DEK(T) forall 0 < p <n.

The proofs of the two results above can be easily adapted from the proofs of Lemmas 6.4
and 6.5 in [5], respectively (and the same notations have been used), notwithstanding the
different definition of resonant lines and the fact that here the lines different from the root
line can have only scale > 0.

Lemma 3.5 For any tree 6 € O, and any self-energy cluster T € Gﬁ,u’e denote by
Lyr(0) and Lyg(T) the sets of non-resonant lines in 6 and T, respectively, and set

"VNR(e):( 11 f)( I gg), mm::( I f)( I g(>.

veEN (0) teLyg(®) veN(T) teLyg(T)

Then
[ Hr(©)] < Cle 82, | Hyp(T)| < Che s D12, (3.8)

for some positive constants Cy and C,.

Proof We prove only the first bound in (3.8) since the proof of the second one proceeds in
the same way, with T playing the role of 6. For any ny > 0 one has

16\
l_[ |Gel < (amno (a)))

LeLnpg(9)

16 \2HO
() =200 epEmro),

n>ng+1 iy ((x))
with

16 1 16
D(ng) = ———, E(ng) =8 Z log )
Olmno ((l)) Mt 2mn (o7 ((x))

Then, since B(w) < 0o, one can choose nq such that £(ng) < £/2, so that, since

[T 17l < che s,

veN ()

for some positive constant Cy, the bound follows. O

If T is a self-energy cluster, we can (and shall) write ¥ (T) = 77 (w- v,yT) and Yyr(T) =
VrNr(® - Ve, ) to stress the dependence on vy, —see Remark 3.1.
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Remark 3.6 Since the proofs of Lemmas 3.3 and 3.4 work under the weaker condition

Uy, (@) Uy, (@)
<|w-vy| < ——
32 4

one can show that also B;Z Y7 nvr(tx) admits the same bound as #7 yg(x) in (3.8) for j =
0,1,2 and t € [0, 1], possibly with a different constant C,.

What emerges from Lemma 3.5 is that, if we could ignore the resonant lines, the con-
vergence of the series (2.4a)—(2.4b) would immediately follow (for ¢ small enough). On the
contrary, the presence of resonant lines may be a real obstruction for the convergence. Sup-
pose indeed that a resonant line ¢ exits a self-energy cluster 7 on scale n < n,. If n > 0,
then T must contain at least one line £’ on scale n such that 2|w - v3,| >|w-vy|>|w- v2,|/2
since n < n, (recall the definition of v?, in Remark 3.1) and hence |vg,| > 2™~1 (reason
as in Remark 3.2 to bound |v‘£,| in terms of the scale n,). Therefore we can extract a factor
e~£2""/8 from the product of the node factors of the nodes in T': however this is not enough
to control the propagator G, for which we only have the bound 28 /ozmw (w)?. Also the case
n = —1 gives the same problem. Moreover in principle a tree can contain a “chain” of self-
energy clusters and hence of resonant lines, which implies accumulation of small divisors.
Therefore one would need a “gain factor” proportional to (e - v,)? for each resonant line £
for the power series (2.4a)—(2.4b) to converge.

3.3 Symmetries

For all k > 1 define the self-energies

M;’fe)(x,n) = Z YV (x), M,(jfz,(x,n) = Z M;’fe),(x, D),
TEGﬁ.u,e p=-1 (39)

ME (x) == Jlim MP (x, n).
Here we shall exhibit the existence of suitable symmetries for the self-energy clusters, i.e.
some remarkable identities between the quantities ij‘)e (x,n) and /\/l,(lkl (x) introduced in
(3.9). In turn such symmetries will allow us to obtain a gain factor proportional to (@ - v;)?
for “some” resonant line £: under suitable assumptions (which we shall exploit later on) this
will imply the convergence of the power series (2.4a)—(2.4b).

Lemma 3.7 Forall k > 1 one has

(k) (k)
MB,0) = o [0, f @, B)]y s M 5(0) = o[ 0o, f e, B)]y
k (k) k (k)
Mgl (0) =g [0p f (@, By Migp(0) =g [9p.f (e, B)]y -
Proof First of all let us write, for e = a0 1, ..., 204, foand u =y, ..., aq, B,
aeo< > “//(9)) =y > am( [ f)( I1 gz>, (3.10)
0O 0.4 0€O;.0.4 vEN () v eNO)\{v} (eL®)

where we have used the fact that ¥ (0) depends on &y, By only through the node factors.
Each summand in the r.h.s. of (3.10) differs from #'(0) because a further derivative (with
respect to ap ; or By) acts on the node factor of a node v € N(6). This can be graphically
represented as the same tree 6, but with a further line ¢’ entering the node v; such a line
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carries 0-momentum and has component e = «y, ..., o4, f for eg = a1, ..., .4, Po. Te-
spectively, and hence it is a contribution to M) (0). On the other hand it is easy to realise
that each contribution to ./\/l,(fz (0) is of the form above. Therefore the assertion follows. [

Lemma 3.8 Forall k > 1 one has

Mg’;{aj (x,n) = M;?a,_(—x, n)= (ij_;’a,_ x,m)", i j=1,....d, (3.1la)

M, n) = Ml (—x,n) = (M (x, )", (3.11b)
MP y(x.n) = —My), (—x.,n)=—(M}), x,m)", i=1,....d, (3.l

where x denotes complex conjugation.

Proof Let us start from (3.11a)—in fact (3.11b) can be obtained reasoning in the same
way. Given any T € Gﬁ.aiﬂj let 7' e Gﬁ,aj,a,» be obtained from 7 by considering €7, £
as entering and exiting lines, respectively, and reversing the orientation of the lines in Pr.
Denote by N (Pr) the set of nodes in N(T') connected by the lines in Pr. The node factors
of the nodes in N(T') \ N(Pr) and the propagators of the lines outside Py do not change.

Given v € N(Pr) let £,, £, € Pr U {£r, £7} be the lines exiting and entering v, respectively.

If hy, = hy = B or hy,, he, € {ay, ..., aq) then F, does not change when considering v as
anode in T'. If hy, = B while hy € {ay, ..., a4} or vice versa, the node factor F, changes
its sign when considering v as a node in 7". Since both A, h@/T € {ay, ..., 0y}, then the

number of nodes in N (Pr) whose node factor changes sign must be even, so that the overall
product of such node factors does not change. Finally if £ € Pr one has v, = v? +ve, when
considering it as a line in L(T'), while v, = —v? + ve, when considering it as a line in
‘Prs, so that, computing at Ve, =Wy the propagators are equal since they are even in
their arguments. This proves the first equality in (3.11a). Now let 7" € Gﬁ,aj,ai be obtained
from T’ by replacing the mode labels v, of the nodes in N(T') with —v,. The node factors
are changed into their complex conjugated, while (reasoning as before), when computing at

Ve, ==V the propagators (which are real) do not change.

To prove (3.11c) we reason as above, the only difference being that, for 7' € Gﬁﬂjy g the
number of nodes in N (Pr) which change sing when considering them as nodes in 7" is odd,
and hence the overall product of the node factors change its sign. |
Remark 3.9 From Lemma 3.8 it follows that for all k > 1 and all n > 0 one has

3, My 5(0,n) =0,
. . . (3.12)
(MY 4 (0,n) = =0 M), O.m)", i=1,....d
Lemma 3.10 For all k > 1 one has ang?_af 0,n)=0fori,j=1,...,d.
Proof Given a cluster T € &}, . With i,j = 1,....d, contributing to Mg, (0,n)

through (3.9), set

3, 77(0) = Z( I ]—',,)(Bxg[ I g@/>, (3.13)

tePr “veN(T) U'eL(T)\{¢}
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where the propagators have to be computed at @ - v/ =0 and

¥ (@) 23, (@ v))
(w-v9)? (@-v9)3

3);9@ =

where ¥ denotes the derivative of ¥, with respect to its argument. Clearly 0, #7(0) is a
contrlbutlon to 0, M(k) (O n).

Now, the line £ d1V1des L(T) in two disjoint sets of nodes N; and N, such that £ exits
a node of N; and €7 enters a node in N,. In other words if £ exits a node v one has N, =
{fweNT):w=<v}and Ny =N(T)\ N,. Set

=E vy vy = E V,.

vEN] vEN)

Since T is a self-energy cluster one has vy 4+ v, = 0. Then consider the family 7 (7T') of
self-energy clusters obtained from 7' by detaching the exiting line £; and reattaching it to
all nodes w € N,, and by detaching the entering line ¢/, then reattaching it to all nodes
w € N,. Consider also a second family F,(T") of self-energy clusters obtained from 7 by
detaching the exiting line £7 then reattaching it to all nodes w € N, and by detaching the
entering line £’ then reattaching it to all nodes w € Nj.

It can happen that, detaching 7 from a node w; € N; and reattaching it to a node w; €
N(T), some node factors change their sign because some lines change their direction (see
the proof of Lemma 3.8). But, since /;, = o; and h o =, the number of changes of sign is
even, so that the overall product of the node factors does not change its sign. The shift of the
lines ¢7 and £ also changes the combinatorial factors of some node factors. However, if we
group together all the self-energy clusters in (') with the two lines £7 and ¢ attached to
the same nodes v € N; and w € N,, respectively, we see that the corresponding values differ
from each other because of a factor —v,v,,. Reasoning in the same way we find that there are
no changes of sign in the product of the node factors also in the construction of the family
F>(T). Moreover, for those lines that change their direction after such shift operation, the
momentum v, is replaced by —v, but no changes are produced in the propagators since they
are even, except for the differentiated propagator which can change sign: the sign changes
for the self-energy clusters in F;(7'), while it remains the same for those in (7). Then by
summing over all possible clusters in F;(7T) we obtain —v;v, times a common factor, while
summing over all possible clusters in F,(7") we obtain v, v, times the same common factor,
so that the overall sum gives zero. ]

Lemma 3.11 For all k > 1 one has

[~ 8 f (e ﬁ)](k) (3.14a)
MP0)=0, i=1,....d h=a... a.p (3.14b)

Proof We first prove (3.14a). Given 6 € @ gq;, denote by F(6) the set of all possible 6" €
@k,o,aj which can be obtained from 0 by detaching the root line ¢4 and reattaching it to
each node v € N(0). The values of such trees differ from each other because of a factor iv,,
where v is the node which the root line is attached to (again, as in the proof of Lemmas 3.8
and 3.10, there is an even number of nodes whose node factor changes sign, and hence the
overall product does not changes). But then, since ), Ny Vv = 0, the sum over all such
contributions is zero. Moreover this holds identically in &, B, therefore by Lemma 3.7 also
(3.14b) follows. O
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Remark 3.12 Identity (3.14a) is formally equal to (2.2c): therefore we proved that (2.2c)
formally holds. So, besides the convergence of the series, we are left with (2.2d) to be
solved.

We can summarise the results above as follows. Let us write
ME (x,n) =LY +xDE) + x> DX (x) + B (x,n), (3.15)

u,e

with
LW = mMB©0), DX =5 MY (0),

u,e

1
DE) (x) = / dr (1 = )M (Tx), (3.16)
0
R (x,n) := MP(x,n) = ME(x).

Then we have
MP ) =W, )+ AL, (), i j=1,....d,
My ye,n) =xDYy + D0, (0) + Ry y(x,m), i=1,....d,
M, (x,n) =—x(DY )" +x2 DY, (x) + R, (x.n), i=1,....d,
MG, n) = L)+ 2D (x) + B (x, ).

(3.17)

In other words, if we could ignore the “rest” %,ﬂkz (x,n), we would obtain a gain factor
proportional to x? for the self-energies with u, e € {«y, ..., oy}, a gain proportional to x for
u=uay,...,az and e = B (or vice versa) and no gain for u = ¢ = 8 (but in the latter case no
factor proportional to x would appear). This suggests us that if fék/; =0 and Dgf) g =0 for
alli=1,...,d and all k > 1, we would obtain a gain proportional to x? for any self-energy
(provided the “rest” is small) and this should imply the convergence of the power series.

Condition 1 For all k > 1 one has £,y =0 and DY, =0 forall i =1,....d.

Lemma 3.13 Assume Condition 1. Then for all h,h' € {ay,...,aq, B} and for any
(otg, Bo) € T one has IM;,,TL,(X, n)| < C*x2, for some positive constant C.

The proof of the result above essentially follows the lines of the proof of Lemma 6.6
in [4].

Remark 3.14 One can prove also that, setting D;kig = (Dg? PIRERY ngz), ﬁ), one has

© - DYy =2ik — Do f (@. B)], -

for all kK > 1. We shall not give the proof of the identity above since it will not be used here.

If Condition 1 is satisfied, Lemma 3.13 implies the convergence of the series (2.4a)—
(2.4b) for & small enough: the ar%ument is the same as after Lemma 6.6 in [4]. Moreover, by
Lemma 3.7, the assumption fﬂ( s =0 reads [9g f (e, ﬂ)](()k) = const. Due to the variational

nature of the Hamilton equation, [dg f (e, ﬁ)]g‘) is the By-derivative of the k-th order of
the time average of the Lagrangian y® (which is analytic and periodic) computed along a
solution of the range equation (one can reason as in [5]). This implies [9g f (e, ﬁ)]g‘) =0,
so that also (2.2d) holds for any B, € T?. Therefore, at least in the particular case that
Condition 1 holds, we provided a quasi-periodic solution to Eq. (1.2) as a convergent power
series in ¢. Note that in such a case the initial phase By remains arbitrary, so that the full
(d + 1)-resonant unperturbed torus persists.
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4 Resummation of the Formal Expansion

In Sect. 3 we have seen how to deal with the “completely degenerate case” of Condition 1,
which yields infinitely many identities. If these identities do not hold we are not able to
prove the convergence of the series (2.4a)—(2.4b). Now we shall see how to deal with such a
case.

4.1 Renormalised Trees

As seen in Sect. 3.2 all the obstruction to the convergence are due to the presence of self-
energy clusters. Now we shall perform a different tree expansion with respect to the one
performed in Sect. 3.1 in order to deal with this problem.

More precisely, we modify the tree expansion envisaged in Sect. 3.1 as follows. Given
a tree 0 we associate with each node v € N(0) a mode label and a component label as in
Sect. 3.1; with each line £ € L(0) we associate a momentum label as in Sect. 3.1 and a pair
of component labels (e, uy) € {ay, ..., ag} with the constraint that u,, = h,,. We shall call e,
and u, the e-component and the u-component of £, respectively. We denote by p, and g, the
number of lines with e-component «; for some j =1, ...,d and B entering v, respectively,
and set s, = p, + q,. We still impose the conservation law (3.1). We do not change the
definition of cluster, while from now on a self-energy cluster is a cluster 7 with only one
entering line £/, and one exiting line £7 such that v,, = s i.e. we drop the constraint (ii)
from the definition of self-energy cluster given in Sect. 3.1.

A renormalised tree is a tree in which no self-energy cluster appears. Analogously a
renormalised subgraph of a tree is a subgraph S of a tree 6 such that S does not contains
any self-energy cluster.

Given a renormalised tree we call total momentum and total component the momentum
and the e-component associated with the root line. We denote by &, , the set of all renor-
malised trees with order k total momentum v and total component /4, and by R, , . the set
of renormalised self-energy clusters on scale n such that uy, = u and ey =e.

Given 6 € OF, L. We associate with each v € N(¢) a node factor F, defined as in
(3.2) and with each ¢ € L(P) a propagator G, defined as follows. First of all, given a
(d+1) x (d+ 1) matrix A with entries Ay, for h, b’ € {ay, ..., a4, B}, we denote by
Aq o the d x d matrix with entries (Ay )i j i= Aai,a}., fori,j=1,...,d,by Ay p the vector
with components (A g); 1= Aq, g, fori =1,...,d,and by Ag, the vector with components
(Apa)j = Aﬂ,a/ (x), for j =1,...,d; with a slight abuse of notation we denote in the same
way both column and row vectors. Then we define recursively the propagator of the line £
as Gy :=Gu's, (@ - vy), with

G"(x) = <Q‘E,”},, (@ Gapo)

o) Gyl (x)
where ¥, is defined as in Sect. 3.1, 1 is the (d + 1) x (d + 1) identity matrix and

) = 0, () (271 — M 0) @.1)

n—1
M) =3 g, ()M (x), (4.2)
qg=—1

with x, defined as in Sect. 3.1 and

n [n]
M (x) = <M[ «() Ma,ﬁ(x)>

[n] — k(T) —
Mo Mo with M) := D DY), n=-1,

u,e
TeRn,u,e

(4.3)
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and

Vr(x) ::( I1 ]—')( I1 gz> (44)

veN(T) LeL(T)

is the renormalised value of T .
Set M := {M"™(x)},>_,. We call self-energies the matrices M (x).

Remark 4.1 By construction G (x) depends also on & and Sy, even though we are not mak-
ing explicit such a dependence; it does not depend on a because f,(eto, Bo) = elv o fv (Bo)
and ),y Vo = O for any self-energy cluster 7. The last comment applies also to the
quantities F™¥ (g, By) and G (g, By) introduced in (4.5) below.

Setting also G'~'1 = 1, for any renormalised subgraph S of any 6 € O, , we define the
renormalised value of S as in (3.5), but with the new definition for the propagators.

SetOF, , == @,Z?v!al X oo X @,Z?v!ad and forany 6 = (6, ...,6,) € OF, , denote ¥ (0) :=
(Y (01), ..., 7 (64)). Then define (formally)

a¥l(e, a0, B0):i= Y V@), b afo)i= Y VE), v#0,

00k, 4 00, 4 @5)
F¥G o)=Y ¥®). GYep)i= Y, 7O '
00,5 1 0. €01 0
Finally set (again formally)
a®(t; 6,00, o) =y 6" Y e al (e, o, o), (4.62)
k=l yezd
bRt 6, a0, fo) =) & Y e bll(e, o, o), (4.6b)
k=1 yezd
FR(e, po) =) " FY(e, Bo), (4.6¢)
k>0
GR(e, po) =y _ " GM(e, By), (4.6d)
k=0
and define
a®(t: e, ay, Bo) =g + wt +a™(t; ¢, a9, Bo),
( 0, Bo) = ag ( 0> Bo) @)

BR(t; &, a9, o) = Po + bR (t; &, &0, Bo)-

The series (4.6a)—(4.6d) will be called resummed series, the term “resummed” coming from
the fact that if we formally expand (4.6a)—(4.6d) in powers of ¢ then we get (2.4a)—(2.4b),
as is easy to check.

For any renormalised subgraph S of any tree 6 we denote by 91, (S) the number of lines
on scale > n in S and define K (S) as in (3.7). Then we have the following results which are
the counterparts of Lemmas 3.3 and 3.4, respectively, for renormalised trees.

Lemma 4.2 For any h € {«y,...,aq, 8}, v € Z%, k > 1 and for any 0 € G),Zi,.h such that
YV (0) #0, one has N, (0) <2~ K () forall n > 0.

Lemma4.3 Foranye,u €{oy,...,aq, B}, n>0andforany T € R, . such that ¥7(x) #
0, one has K(T) > 2"~ and N, (T) < 27 =DK(T) for 0 < p <n.
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The two results above can be proved as Lemmas 4.1 and 4.2 in [4], respectively.
4.2 A Suitable Assumption: Bounds

Here we shall see that, under the assumption that the propagators ge[’f,l (@ - v) are bounded
proportionally to 1/|e@ - v|° for some constant c, the series (4.6a)—(4.6d) converge and solve
the range equations (2.2a) and (2.2b): the key point is that now self-energy clusters (and
hence resonant lines) are not allowed and hence a result of that kind is expected. Then, in
what follows, we shall see that the assumption is justified at least along a curve f(¢) where
also the bifurcation equations (2.2c) and (2.2d) are satisfied.

Define || - || as an algebraic matrix norm (i.e. a norm which verifies |AB| < ||A|/|| B|| for
all matrices A and B); for instance || - || can be the uniform norm.

Definition 4.4 We shall say that M satisfies Property 1 if there are positive constants ¢; and
¢, such that

< €1
x|

forall n > 0. Call S :={(¢, Bo) € R x T : Property 1 holds}.

[6" ]

4.8)

Definition 4.5 We shall say that M satisfies Property 1-p if there are positive constants c;
and ¢, such that

lg" o] < ——, (4.9)
|x]e2

for0 <n < p.Call S, :={(e, Bo) € R x T : Property 1-p holds}.

Lemma 4.6 Assume (e, By) € S,. Then, for 0 < n < p and € small enough, the self-energies
are well defined and one has

/Ml )| <&’ Kje K™, j=0,1,2,

for some positive constants K, Ko, K1, K1, K> and K ».

The proof is essentially the same as the proof of Lemma 4.8 in [4] and Lemma 4.3 in [5].
In particular we need a property analogous to Remark 3.6 when bounding the derivatives.

Remark 4.7 If M satisfies Property 1-p the matrices M"!(x) and G™(x) are well defined
for all —1 <n < p. In particular there exists 3 > 0 such that |Q’£’fg )| < yoot, (@)=2 for

all 0 <n < p. If M satisfies Property 1, the same considerations apply for all n > 0.

Lemma 4.8 Assume (¢, Bo) € S,,. Then, for 0 < n < p and & small enough, one has
| M) — MULO) — x 0, MULO)] < & Kae K™

for some positive constants K3 and K 5.
The proof is essentially the same as the proof of Lemma 4.6 in [5].

Lemma 4.9 Assume (¢, fo) € S. Then the series (4.6a)—(4.6d), with the coefficients given
by (4.5), converge for & small enough.
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The proof is essentially the same as the proof of Lemma 4.5 in [4] and Lemma 4.9 in [5].

Lemma 4.10 Assume (g, By) € S. Then for & small enough the function (4.6a) and (4.6b)
solve the range equations (2.2a) and (2.2b), respectively.

The proof is essentially the same as the proof of Lemma 4.6 in [4] and Lemma 4.10
in [5].

4.3 A Suitable Assumption: Symmetries

Here we shall prove that, under the assumptions that M satisfies Property 1-p, there are
suitable symmetries for the self-energy clusters: such symmetries are the counterpart of
those founded in Sect. 3.3 for the formal expansion. Property 1-p is assumed only because,
under such assumption, all the quantities are well defined.
Lemma 4.11 Let B, the set of B : R — GL(n, C) such that
Bi,j(_x):Bj.i(-x)’ i,j:1,...,n—1, Bn,n(_x):Bn,n(x)
B,i(—x)=—B;,(x), i=1,...,n—1.

Then if B € B, also B~ € B,,.

Proof If B € ‘B, define the matrix A by setting
Biqj(x)=Ai<,j(x)’ i,j=1,...,n—1, Bn.n(x)=An,n(x)v
Bn,i(x)=XAn,i(x) and Bi,n(x)=XAi,n(x)a i=17-'~an_17

so that AT (—x) = A(x). Denote also by C; j(x) the cofactor of the entry A; ;(x) fori, j =
1,...,n. By construction C; j(—x) =C;;(x) fori, j =1, ..., n: then

det B(x) = (—=1)" ' x*[Ap 1 (X) Cot (x) = -+ + Ap o1 (%) Cone1 (0) ] 4 A () Con (%)
=x2detA(x) + (1- xz)An,n(x) Cpn(x),
so that det B(—x) = det B(x). By noting that
xzci,j(x) + (1 —xz)D,-,j(x), i,j=1,...,n—1,

(B'()) 1 x C; j(x), i=nandj=1,...,n—1,

X)), =

M detB(x) | x G j(x), i=1,...,n—land j=n,
Ci (%), i,j=n,

where D; ;(x) is the cofactor of A; ;(x) seen as entry of the (n — 1) x (n — 1) matrix obtained
from A(x) by deleting its n-th row and n-th column, the assertion follows. ]

Lemma 4.12 Assume (g, By) € S,. Then for all —1 < n < p one has

My (0)" = My (=) = (MY, ), it
M) = Mg (=) = (Mg () (4100
M) = =M (=) = =(MfL )", (4.100)

where x denotes complex conjugation.
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Proof We shall proceed by induction on »n. First of all note that for n = —1 (4.10a)—(4.10c)

trivially holds, since
1) 0
MI*”(x)=< < ) (4.11)
0 &35/

where 0y is the d x d null matrix. Assume than that (4.10a)—(4.10c) hold forall —1 <n’ <n
and let us start from the first equality in (4.10a). Given any T € %n,ai,aj let T’ be obtained
from T by reversing the orientation of the lines along Pr U {£r, £7}. Denote by N (Pr)
the set of nodes in N(T) connected by the lines in Pr. The node factors of the nodes in
N(T)\ N (Pr) and the propagators on the lines outside Py do not change when considering
them as nodes and lines in 7”. Given v € N(Pr) let £,, £, € Pr U {{r, £}} be the lines
exiting and entering v, respectively. If ug, = ey = B orue,, e € {ay, ..., oy} then F, does
not change when considering v as a node in 7'. If u,, = 8 while ey € {ay, ..., a4} or
vice versa, the node factor F, changes its sign when considering v as a node in 7’. Now,
given ¢ € Pr we compute the propagator associated with £ at x; := @ - v, = @ - ) + x
and we obtain G, = ¥, (x¢)(x1 — M"~U(xy)) !, ; when considering ¢ as a line in 7",

ep,ug’

if we set @ - vy, ==X, then the momentum of ¢ changes sign and hence the propagator
becomes W, (—x¢) ((—x¢)*1 — M["f*”(—n));l‘,q: thanks to the inductive hypothesis and
Lemma4.11,if e, =uy = B or ey = uy € {1, ..., oy} the propagator does not change when
considering ¢ as a line in 7", otherwise it changes its sign. Let hy, ..., hyp,+1 be such
that ho = ug,, {h1, ..., hap, ) is the ordered set of the components of the lines in Py and
hoyprie1 = ey, Note that there is a change of sign (in the node factor or in the propagator)
corresponding to each ordered pair 4,, h,,; such that either h, = «; forsomei =1,...,d
and A, = B or vice versa. Since hy = «; and hyp, |41 = «; the number of changes of sign
is even and therefore the overall product does not change. This proves the first equality in
(4.10a). The first equality in (4.10b) can be proved in the same way.

Now let T"” be the self-energy cluster obtained from T’ by replacing the mode labels v,
of the nodes in N(7T’) with —v,. The node factors are changed into their complex conju-
gated and, thanks to the inductive hypothesis, when computing at Ve, =V, also the
propagators are changed into their complex conjugated. Hence also the second equality in
(4.10a) is proved. Again analogous considerations lead to the second equality in (4.10b).

To prove (4.10c) one can reason in the same way, the only difference being that for
T € R, o, the number of changes of sign of the propagators of the lines in Pr and of
the node factors of the nodes in N (Pr) is odd. This implies the change of sing in the first
equality in (4.10c). O

Lemma 4.13 Assume (e, Bo) € S,. Then one has for —1 <n < p

ML (x) = 0(e7x?), (4.12a)
ML) = 0(e%x). (4.12b)
ML (x) = 0(e%x), (4.12¢)
ML () = MY, (0) + 0(2x7), (4.12d)

where Mjj,(0) = O(e).

Proof Let us start from the proof of (4.12a). First of all we shall show that
Zrem,,_u_f ¥7(0) =0 where (u, e) € {a), ..., aq}*. Given a self-energy cluster T € %n,ai,aj
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fori, j=1,...,d consider all the self-energy cluster which can be obtained from T by de-
taching the entering line ¢4 and reattaching it to each node v € N(T'). After such operation
#7(0) changes by a factor (iv,) if v is the node which the entering line is attached to, while
the other node factors and propagators do not change (the combinatorial factors can be dis-
cussed as along the proof of Lemma 3.10). The sum of all clusters values is zero because
ZveNm v, = 0. This implies M([X”L (0) =04 (see the beginning of the proof of Lemma 4.12
for notation).

Now let us write d, #7(0) as in (3.13), where again the propagators have to be computed
atw- vy = 0, but now

d ..
0,Gy 1= ag[ ¢l (w-v?—t—x)

e,y

x=0

The line ¢ divides L(T') in two disjoint set of nodes N and N, such that £ exits anode in N;
and ¢/ enters a node in N,. In other words N, = {w € N(T) : w < £} and Ny = N(T) \ N.

Set
v = Zvv; v, = Zvv. 4.13)

veN veN,

Since T is a self-energy cluster one has v; 4+ v, = 0. Now consider the family F;(7T") of
self-energy cluster obtained from 7 by detaching the exiting line £7 and reattaching it to
all nodes w € Nj, and by detaching the entering line ¢/ and reattaching it to all nodes
w € N,. Consider also the family F,(7T) obtained from 7 by detaching the exiting line £7
and reattaching it to all nodes w € N,, and by detaching the entering line ¢7 then reat-
taching it to all nodes w € N;. One can note that the product of the node factors of a
cluster T’ € F(T) differs from that of T only because of an extra factor —v,v,,, where
v € N, is the node which £ is attached to and w € N, is the node which ¢/ enters (again
we are considering together all self-energy clusters with the entering and exiting lines at-
tached to the same nodes, respectively). Indeed, detaching ¢; from a node w; € N; and
then reattaching it to w, € Ny, some node factors of the nodes in N(P(w;, w;)) (we are
denoting by P(w;, w,) the path connecting w;, w, and by N (P(w;, w;)) the set of nodes
connected by lines in P(w;, w,)) can change their sign since some lines can change their
direction (see Lemma 4.12). Of course if the components of a line ¢ € P(w;, w,) are
inverted, the corresponding propagator G, = ¥, (x;) (x}1 — M"e=1(x)) !, is replaced

eq.ig
by llfne(—xz)((—xg)zjl - M[”Z_I](—xg));[{gl; thanks to Lemma 4.12, if ¢, = u; = 8 or
ep = uy € {ay, ..., aq} the propagator does not change when considering ¢ as a line in 77,
otherwise it changes its sign. But since one has u,,, ey € {a, ..., ay}, then the number of
changes of sign (both in the node factors or in the propagators along P(w;, w,)) is even, so
that the overall product does not change sign.

Reasoning as above, we can conclude that the value of a cluster T” € F,(T') differs from
that of 7 only because of a factor —v,v,,, where v € N; is the node which £} enters and
w € N, is the node which £7 exits.

No other changes are produced, except for the differentiated propagator which can
change sign: the sign changes for the clusters in F;(7") while it remains the same for those
in F,(T). Then by summing over all possible clusters in F;(7) we obtain —v;v, times a
common factor, while by summing over all possible clusters in F,(7T) we obtain v;v, times
the same common factor, so that the overall sum gives zero. Hence (4.12a) is proved.

Now pass to (4.12b). Given a cluster T’ € R, , . wWith e € {ay, ..., a4} and u = B consider
all the self-energy clusters which can be obtained from 7' by detaching the entering line ¢,
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(note that e;, = e) and reattaching it to all the nodes v € N(T). Note that again some mo-
menta can change sign, but the corresponding propagators does not change (again reasoning
as done for the proof of Lemma 4.12 above). Hence we obtain a common factor times iv,,
where v is the node which the exiting line is attached to, so that ) ", #7(0) =0.

To prove (4.12c) one simply notes that it follows from (4.12b) and (4.10c).

Finally, given a cluster T € R, g g, consider a contribution to 9, #7(0) in which a line £ is
differentiated (see (3.13)). The line € divides N (T') into two disjoint sets of nodes N, and N,
such that £7 exits anode v; € N, and £ enters anode v, € Ny i.e. Ny ={w € N(T) : w < £}
and N; = N(T)\ N,. Again, with the same notations as in (4.13), one has v; + v, = 0. Then
consider the cluster obtained by detaching the exiting line £7 from v; and reattaching it to
the node v, and, at the same time, by detaching the entering line £/, from v, and reattaching
to the node v;: note that this new cluster again belongs to R, g . Due to this operation,
the directions of the line along the path connecting v, to v, are reversed, so that for such
lines the momentum v, is replaced with —v, but the product of the propagators times the
node factors does not change. This means that no overall change is produced, except for
the differentiated propagator which changes its sign. By summing over the two considered
clusters we obtain zero because of the change of sign of the differentiated propagator. Hence
the assertion follows. O

Remark 4.14 Lemma 4.13 is the counterpart of (3.17) for the renormalised self-energies.

Set @,sz"h ={0 ¢ @,Z_zv.h :ng <nforall £ € L(f)} and define
FRMe B =) 5 Y 7).

GR(e, fo) =) & Y V).

k20 veolt, B

(4.14)

Lemma 4.15 Assume (e,po) € S,. Then one has SBﬁOGR’”(e,ﬂO) = M[ﬂ'f]t,(O) +

O (g2e—C2"*! ), for some positive constant C, for all n < p.

The proof of the result above essentially follows the lines of the proof of Lemma 4.12
in [4] and Lemma 4.8 in [5]. In particular it does not depend on the Hamiltonian structure
of the equations of motion.

Remark 4.16 From Lemma 4.15 it follows that, if (g, By) € S, one can define
M¥(x) == lim M™(x), G™ (e, Bo) == lim G™" (e, By),
n—oQ n—00

with GR" (g, By) := (F*" (¢, o), G*" (¢, By)) and one has
M (0) = £0,G™ (e, o). (4.15)

Note that (4.15) is pretty much the same equality provided by Lemma 4.8 in [4], adapted to
the present case.

4.4 A Suitable Assumption: Bifurcation Equations

Here we shall see how to solve the bifurcation equations (2.2¢) and (2.2d) under the assump-
tion that Property 1 is satisfied; again Property 1 assures that all quantities are well defined.
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We shall see that (2.2¢) is automatically satisfied, while (2.2d) requires for 8 to be properly
chosen as a function of €.

Lemma 4.17 For any (¢, By) € S one has F™ (s, By) = 0.

Proof Consider a tree 0 € @,fo,ai (that is a contribution to Fi[k_l](s, B)) with root line
£y such that uy, = o; (of course e;, = «;), so that the propagator of the root line is 1.
Now consider all trees 6’ obtained 6 by detaching the root line £, and reattaching it to
all nodes v € N(9). By detaching ¢, from v € N(6) and reattaching it to another node
w € N(0), the lines £ € P(v, w) (we are using the same notation as in the proof of
Lemma 4.13) change their direction. In this case, given a node v; € N(P(v, w))\{v, w},
call £,,, ¢, € P(v,w) the lines exiting and entering v; respectively. The node factor 7,
does not change its sign if Up, =ey, = B or Ug, e, € {1, ..., a4} when considering vy
as a node in ¢, otherwise the sign of F,, changes. The node factor F,, does not change its
sign only if ¢y, € {ay,..., oz}, while the node factor F,, does not change its sign only if
ug, € f{og, ..., 0q}. Moreover, given a line £ € P(v, w), thanks to Lemma 4.12 the corre-
sponding propagator does not change its sign when one considers £ as a line of 6’ only if
eg=ug = oreyu €{ay,...,oq}. Since one has u,, = «; then the number of changes
of sign, of both the propagators and of the node factors, is even, so that the overall product
does not change. But in this case, the value of 8’ differs from the value of 6 by a factor iv,,
if v is the node which the root line is attached to. The sum of all such values is zero because
2 ven "v =0

Let us now consider a tree 6 € @Z,zo,a,» with uy, = aj with j #i or uy, = B. In this case
the value of the tree is zero because the propagator of the root line is (1), 1ottty = 0. Of course
we can reason in the same way for any i =1, ..., d, therefore the assertion follows. |

Now consider the equation
G™ (e, Bo) =0. (4.16)

One cannot reason as in Lemma 4.17 above, because in principle there can be nonzero
terms since the first order: in such a case, we have to consider (4.16) as an implicit function
problem and fix 8y = By(¢) in a suitable way.

Lemma 4.18 Assume that there exists & > 0 such that S = [—¢, ] X T. Then there exist at
least two values By = Bo(e) such that (4.16) is satisfied for € small enough.

Proof Thanks to the variational nature of the Hamilton equations, the function G™ is the
Bo-derivative of the average of the Lagrangian y computed along the solution of the range
equations (see the comments at the end of Sect. 3). Under the assumption that Property 1
holds for all By € T, y is C* for any By € T and hence it has at least two critical points. [

If Property 1 does not hold for all 8y € T—or simply if this is not known—, we have to
reason in a different way. First of all, let us formally expand G™ in power series in &, by
writing GR(Bo) = Y40 £*GR® (By). Note that GR® (8y) equals [9; f (e, B)] and hence
can be written as a sum over non-renormalised trees as in (3.6b).

If one has GR® (a, By) = O for all k > 0, then (4.16) is formally satisfied. Otherwise
the following condition makes sense.

Condition 2 Either GO (By) is not identically vanishing or there exists ko € N such that
GR® (By) =0 for 0 < k < ko, while GR*0(By) is not identically vanishing.
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Remark 4.19 We know that G™%0) is the derivative with respect to 8, of the time average of
the ko-th order Lagrangian y *0) computed along the formal solution. Since y %0 is analytic
and periodic in B, and it is not identically constant, then it admits at least one maximum
and one minimum. In particular, for o = =, there exist 53,0 € T and n, € N, with n, odd,
such that (o 1)ko+! 8;(;’ GR%o (Bg.,) <O.

Remark 4.20 Under Condition 2 we can write
GR (e, Bo) = " (GRU) (By) + GRM (g, By)),

where ko > 0 and GR%0) (g, By) = O(e); hence we can solve the equation of motion up to
order ko without fixing the parameter fj.

With the notations in (3.16), the condition that G (g, o) identically vanishes to all or-
ders is equivalent to the condition that fgké =0 for all £k > 1 (see comments at the end
of Sect. 3). Therefore the only condition left when neither Condition 1 nor Condition 2 are
satisfied is the following.

Condition 3 One has gfgkg =0 forall k> 1 and there existsi =1, ...,d and k; € N such

that Dgf) g =0jor k <k while Dgf';; does not vanishes identically.

Remark 4.21 If we take the formal expansion of the functions F™ (e, By), G* (s, By) and
MI2N0), u, e € {a, ..., aq, B}, we obtain the tree expansions of Sect. 3, where the self-
energy clusters are allowed. Then, as we have seen in Lemma 3.5, the identity (4.15) holds
to any perturbation order. If we assume Condition 2 we obtain

ko— ko—1

Y e mz0]”

k=1

M M]Y =0 = <A e @417

1

~
Il

for some positive constants A; (depending on ky) and A,. If Condition 3 is satisfied, then
(4.17) is satisfied for any (finite) k¢, so that /\/lllgofsJ (0) — O faster than any power as ¢ — 0;

<l0)]® =0 forallk=1,...,k — 1 and

moreover in such a case [8)(/\/1‘[,6 V)

k=1

> e oMy, ] "

k=1

< B e B2, (4.18)

for some positive constants B; (depending on k) and B;.

Assume Condition 2 and fix ¢ € {£1}. Suppose for the time being S to be an open set
containing (0, B; ). Then, by reasoning as for Lemma 4.15 of [4], one can show that (i)
there exists a neighbourhood U of ¢ = 0 such that the implicit function equation (4.16)
admits in S a solution By = By, (¢), with ¢ € U and fy,(0) = B ,; (ii) for signe = o1
one has £35,G™ (g, Bos(¢)) < 0. Then for ¢ € U, with signe = o1, and Sy = By, (¢), the
functions &, B7 in (4.7) are well defined and one has

FR (e, Bo) = [—8af (% (1: £, 0, fo). BT (15 €. 00, B0)) |-
G® (e, Bo) = [9p.f (™ (1: &, a0, Bo), B* (1 &, @, o)) -

and hence by Lemma 4.10 the functions a™ (¢; €, &g, Bo., (¢)) and BR(t; &, atg, Bo.s (€)) solve
the equation of motion (1.2). However, the argument above is not sufficient to prove the
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existence of a quasi-periodic solution with frequency @, because we have assumed—without
proving—that Property 1 is satisfied on a non-empty open set. In Sect. 4.5 we shall show
that, thanks to the symmetry property of Lemma 4.13 and the identity of Lemma 4.15,
Property 1 is satisfied along a suitable curve By = B,(g) such that G (g, By(¢)) = 0 and
Bo(e) is continuous for & # 0. More precisely, we shall proceed by induction as follows.
Under Condition 3, assuming that Property 1-n holds for all n < p will imply, thanks to the
bounds and symmetry properties seen in the previous sections, that also Property 1-p holds.
The discussion of Condition 2 is more delicate: we shall need to introduce some auxiliary
quantities for which an analogous result is obtained and then show that this yields the same
result for the self-energies.

4.5 Convergence of the Resummed Series

First of all we recall that if we formally expand the resummed series, we obtain the same
formal expansion as in Sect. 3. In particular, either Condition 1 is satisfied—and hence we
can reason as in Sect. 3—or at least one among £ (k) and D(k) fori=1,...,d is not
identically vanishing. Let us start from the case in Wthh Condltlon 3 holds.

Lemma 4.22 Assume Condition 3. Then M satisfies Property 1 for all By € T and & small
enough.

Proof We shall prove that M satisfies Property 1-p for all p > 0, by induction on p. Prop-
erty 1-0 is trivially satisfied for & small enough. Indeed the matrix M!=!(x) defined in
(4.11) is the null matrix, so that G1% (x) = 1¥,(x)/x2, and hence |G (x)|| < co/x2“*D, for
some constant ¢y > 0. Assume that M satisfies Property 1-p. By Lemmas 4.8 and 4.13

0 M[P] O
0q 0 ) ( d # )>+0(82x2).

MPl(x) = (
“={o Mo ! 0) 0
We have to bound from below the determinant of the matrix x21 — M?!(x): we have

det(x*1 — M (x)) = ¥ (x2 — (MYL©0) — [0, ML) + 0(£252)),  4.19)

so that we have to show that

2
ML) <= + o MPLO,  with x® > a’””*z#
Since
k1
|8x./\/lm (O)| Z [ Ip] (O)](k) (8k1+1) < 82316—322'"11 + 0(8k1+1)’
k=1

and (use Remark 4.21 with ko = 2k; + 2)

2ky+2
‘M[P] (0)| Z [ [P] (0)](k) ( 2k1+3) < 82A1 e*Azsz + 0(82k1+3),
k=1
the assertion follows by the condition B(w) < co. O

By Lemma 4.22 we can apply Lemma 4.18 and deduce, in the case of Condition 3, the
existence of at least two d-dimensional invariant tori. Therefore we are left with Condition 2.
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First of all, for all n > 0, we define the C*° non-decreasing functions &, such that

I, x<a,, (@227,

4.20
0, x>a,,, (@?2/2", *:20

Sn(x) =

and set £_;(x) = 1. Define recursively, for all n > 0, the regularised propagators
—[n] —n—1] -1
G () =) (L= M (@& (An-)
with ﬂ[fn(x) = M[=(x) as given by (4.11) and, for all n > 0,

1 ——n]
M" @) =M + o 0M " (),
where we have set for all u, e € {ay, ..., a4, B},
M@= Y &7 ),
TeRnue
with
-~ [ng]
Vr(x) :=( I1 )( [] 9. @ w)>
veN(T) LeL(T)
and
ko—1
—|[n—1] [n—1] k
Api = Agi(e fo)i= My, (Ore, fo) — 3 e[ My, Ore. )]
k=0

Set also M := (M (x)}u=_1 and M = (M ()&, (Ap_1) 1.

Lemma 4.23 ME satisfies Property 1 for ¢ small enough and any By € T.

Proof We shall prove that Mé satisfies Property 1-p for all p > 0, by induction on p.
Property 1-0 is trivially satisfied for ¢ small enough. Indeed the matrix m[_”(x) is self-
adjoint, so that also 5[0] (x) is self-adjoint and we can estimate its eigenvalues and conclude

1”7 o)l < Go/x2@+D for some & > 0. Assume then that M satisfies Property 1-p. Then
we can repeat almost word by word the proof of Lemmas 4.8 and 4.13, as done in [4, 5] so
as to obtain

——1r]

_ 0 0 0 9 M, 5(0)

M7 = ((;1 i (o)) (a Ms’] ) o’ﬁ ) o). @b
B.B B.a

We have to bound from below the determinant of the matrix x21 — ﬂ[m (x)&,(Ap). From
(4.21) it is easy to check that such determinant is

2 (6% = (M 50) = [0 ML 5 0))&,(4,) + 0(£2x%)). (4.22)

Thanks to the definition of the functions &, since

ko—1 ko—1
S [ My 0] =3 e mlrho)]”
k=0 k=0

by Remark 4.21, one has

2 (M0 — |0, My 5 O))8,(4,) = 2% — (M 5(0)E,(A,) = =
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Then ||Q[1UJr ](x)|| < &1/x*@+D for some positive constant ¢, that is Property 1-(p + 1)
with ¢; = 2(d 4 1) in Definition 4.4. O
Set
_ — —{k] —
al(e;ao, o)=Y VO, b, (a0, Bo):i= Y V), v#0, (423)
0eOf 0e0F, 4

where, for 8 = (0, ...,0,) € OF, , we denoted ¥ (8) := (¥ (0)). ..., ¥ (6,)), and define

— wt—Ik - iv-wr K]
atse oo fo) =) &> @, bltie o, fo) =) Y &b,

k=1 yezd k=1 yepd
_ —® _ (4.24)
G(e, po) =) &G (&,p):=) & Y T
= 20 0080,

A result analogous to Lemma 4.9 holds and can be proved in the same way (see [4, 5]), so we
conclude that the series (4.24) converge. However, because of the presence of the functions
&,, in principle no equivalent of Lemma 4.10 applies in this case. In other words, in general
the functions (4.24) are no longer solutions of the equations of motions, unless &,(A,) = 1.
Therefore we would like to show that, for any & small enough, it is possible to fix suitably
Bo= Eo(e) in such a way that £, (A,) be identically one.

Lemma 4.24 One has [G (e, Bo)1® = [GR (e, Bo)1® forallk =0, ..., k.

Proof Set O, :={0 € O[3, : 3 € L(9) such that n, = n} and write

kv, p
G(e,ﬁo)=2 SN T

k>0 n>0 960’!%(11% 5

Note that if 6 € @,Zao("; one has [,y [Fol < Efe=E22"" for some constants E,, E,. More-
over one can write formally

Gl =, 0 <11+Z< M )aﬂmnﬂ)) )

m>1

and &,,_1(4,,-) =1+ S;g_l(A*)Ané,,l for some A*, where A,,_| = 0 (&) and

Es
A* —
r-1a0)] = W, (co)2 U, (@)?
for some positive constant £3 independent of n. Hence the assertion follows. |
Define
locJ
(x):= hm ./\/l (x) (4.25)

and note that, by Lemma 4.23, the limit in (4.25) is well defined, and it is C* in both ¢
and By.

For o = % let us introduce the C* functions R(e, By) such that ﬂg’? (0) = €0g, R (g, Po).
Note that R(g, Bo) = " I (¢, Bo), with I (e, Bo) = GR* 0 (By) + O(e), so that I"(0, B; ) =
0and 8;0” I, (0, B3 ,) # 0, with B and n, defined in Remark 4.19. For any of such function
consider the implicit function equation

R(e, Bo) =0. (4.26)
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Lemma 4.25 Assume Condition 2. There exist a neighbourhood U of € =0 and, for e € U,
a solution By = By(¢) to the implicit function equation (4.26), such that

513515 Bo(e)=Bs,. o ==, edgR(e, Byle)) <0.

Moreover 30(8) is continuous in U for ko odd and in U \ {0} for k¢ even.

Proof By construction, all the functions I'(e, Bp) are smooth for Sy € T and & small
enough. Then there exist two half-neighbourhoods V,, _ and V, ;. of By = 7, such that
I'(0, By) > 0 for By € V, 4+ and I'(0, By) < 0 for By € V,_. By continuity, there exist a
neighbourhood U, = (—#&,, &) and a continuous curve By, (¢) such that By, (0) = B,
and I' (g, fo., (£)) = 0 for & € U,. Moreover if 357 GR* (85 ) > 0, then V;, 4 and V, _ are
of the form (B, vo.+) and (vo,—, B ), respectively, and therefore 94, 1" (e, Bo. (€)) = O
for all & € U,. If on the contrary 9,7 GRM(B5 ) <0, one has V, | = (vi, B;,) and
Vo.— = (B5 4, v-), and then 94, I" (¢, Bo,s(¢)) <O forall & € U,.

If ko is odd, then 8§ . = B; _ and hence one can take Bo(&) = Po.+(€) = Bo._(e) in such
a way that it is a continuous function of & € U, = U_. If k is even, then one has f,(&) =
Bo.+(e) for e > 0 and Eo(e) = Po.—(¢) for e <0, so that Eo(a) has a discontinuity at e = 0. [

Lemma 4.26 Assume Condition 2. Let U and B (e) be the neighbourhood and the solution
referred to in Lemma 4.25, respectively. Then whenever ¢ € U and By = Bo(¢), one has
£,(A,)=1foralln>0.

Proof By Lemma 4.25, for ¢ € U and ) = Bo(e), one has M 5 (0) = £, R(e, Bo(e)).

Hence, since the matrices M (x) satisfy bounds analogous to those in Lemma 4.6, possibly
renaming the constants, one has for 8 = B,(¢)

ko—1
——nl ——1nl (k) _ ——Inl ——loc] —A,2™Mn
My p(0) = 3 e [MpO)] ™ = My (0) — My (0) + & Ae 22
k=1
< 3 [0 +e2ae
p=n+l
< 2Kpe2e Ko | g2 4 om0
2
amn-H ((z))
STHn
so the assertion follows by the definition of &,. O

The following result concludes the proof of the existence of an invariant d-dimensional
torus under Condition 2.

Lemma 4.27 Assume Condition 2 and let Bo(®) be as in Lemma 4.25. One can choose the
function R (g, o) such that R (g, By(e)) = GR(g, By(e)) =0, where

G (e, Bote)) 1= Jim G, By (2)

and_the functions G™" are defined in (4.1@. In particular (a(t,¢), B(t,¢€)) = (g +
wt, By(e)) + (@ (t; &, a0, By(e)), bT(2; €, g, By(€))) defined in (4.7) solves the equation
of motion (1.2).
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Proof Tt follows from the results above. Indeed, for any primitive R there is a curve B, (¢)
along which M = M = ﬂg (hence M satisfies Property 1) and R(e; B,(¢)) = 0. By
Lemma 4.15 and the fact that M satisfies Property 1, also G* is among the primitives
of M}SO%J and hence the assertion follows. ]

Remark 4.28 1f one considers a convex unperturbed Hamiltonian, e.g. with a plus sign in-
stead of the minus sign in (1.1), one can try to proceed in the same way. Some parts of the
construction simplify: for instance, the self-energies M® (x, n) turn out to be self-adjoint
and (M® (x,n))T = M®(—x,n). On the other hand, when dealing with Conditions 2
and 3, one has to bound from below determinants which have the form (4.22) or (4.19),
respectively, with the major difference that a sign plus appears in front of the squared term;
for instance (4.19) becomes
4~ (MPLO + [ MILO) + 0 (%))

Then information on the sign of MESP /JS (0) is not enough to control the corrections to x> and
hence no lower bound follows for the determinant. Therefore in order to recover Cheng’s
result further cancellations seem to be necessary. In turn this means that one should expect
other symmetries to hold for the self-energies.

Acknowledgements We are indebted to Pavel Plotnikov for useful discussions.
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