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Abstract

We prove the existence of almost-periodic solutions for quasi-linear perturbations of the
Airy equation. This is the first result about the existence of this type of solutions for a quasi-
linear PDE. The solutions turn out to be analytic in time and space. To prove our result
we use a Craig-Wayne approach combined with a KAM reducibility scheme and pseudo-
differential calculus on T°.
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1 Introduction

In this paper we study response solutions for almost-periodically forced quasilinear PDEs close
to an elliptic fixed point.

The problem of response solutions for PDEs has been widely studied in many contexts,
starting from the papers [24] 25], where the Author considers a periodically forced PDE with
dissipation. In the presence of dissipation, of course there is no small divisors problem. However
as soon as the dissipation is removed, small divisors appear even in the easiest possible case of
a periodic forcing when the spacial variable is one dimensional.

The first results of this type in absence of dissipation were obtained by means of a KAM
approach [16, (17, [I8], 28, 22 19]. However, a more functional approach, via a combination of
a Ljapunov-Schmidt reduction and a Newton scheme, in the spirit of [24, 25], was proposed by
Craig-Wayne [I4], and then generalized in many ways by Bourgain; see for instance [5] [6, [7] to
mention a few. All the results mentioned above concern semi-linear PDEs and the forcing is
quasi-periodic.

In more recent times, the Craig-Wayne-Bourgain approach has been fruitfully used and
generalized in order to cover quasi-linear and fully nonlinear PDEs, again in the quasi-periodic
case; see for instance [1I, [15] 12], 2].

Regarding the almost-periodic case, most of the classical results are obtained via a KAM-
like approach; see for instance [10, 23 [9]. A notable exception is [§], where the Craig-Wayne-
Bourgain method is used. More recently there have been results such as [26], 27, 20], which use
a KAM approach. We mention also [29, [11} 3 [4] which however are tailored for an autonomous
PDE.

All the aforementioned results, concern semi-linear PDEs, with no derivative in the nonlin-
earity. Moreover they require a very strong analyticity condition on the forcing term. Indeed
the difficulty of proving the existence of almost-periodic response solution is strongly related to
the regularity of the forcing, since one can see an almost periodic function as the limit of quasi-
periodic ones with an increasing number of frequencies. If such limit is reached sufficiently fast,
the most direct strategy would be to iteratively find approximate quasi-periodic response solu-
tions and then take the limit. This is the overall strategy of [23] and [26, 27, 20]. However this
procedure works if one considers a sufficiently regular forcing term and a bounded nonlinearity,
but becomes very delicate in the case of unbounded nonlinearities.

In the present paper we study the existence of almost-periodic response solutions, for a
quasi-linear PDE on T. To the best of our knowledge this is the first result of this type.



Specifically we consider a quasi-linear Airy equation
Oyt + Ozaatt + QU Us, Ung, Uzwa) +§(t,2) =0,  x €T :=(R/(272)) (1.1)

where @ is a Hamiltonian, quadratic nonlinearity and f is an analytic forcing term with zero
average w.r.t. . We assume f to be “almost-periodic” with frequency w € £*°, in the sense of

Definition [L.11

We mention that in the context of reducibility of linear PDEs a problem of this kind has
been solved in [2I]. Our aim is to provide a link between the linear techniques of [2I] and the
nonlinear Craig-Wayne-Bourgain method. Note that such a link is nontrivial, and requires a
delicate handling; see below.

The overall setting we use is the one of [I]. However their strategy is taylored for Sobolev
regularity; the quasi-periodic analytic case has been covered in [13]. Unfortunately the ideas of
[13] cannot be directly applied in the almost-periodic case. Roughly, it is well known that the
regularity and the small-divisor problem conflict. Thus, in the almost-periodic case one expect
this issue to be even more dramatic. Specifically, we were not able to define a “Sobolev” norm
for almost-periodic functions, satisfying the interpolation estimates needed in the Nash-Moser
scheme; this is why we cannot use the theorem of [13].

Let us now present our main result in a more detailed way.
First of all we note that (1.1)) is an Hamiltonian PDE whose Hamiltonian is given by

H(u) := ;/Tu?vdm — é/TG(u, Uy) da — /TF(t,a:)ud:z:, f(t,x) = 0. F(t,x) (1.2)

where G(u,u;) is a cubic Hamiltonian density of the form
G(u,uy) = 03ui + CQUU:% + crulug + cou®, cg,...,c3 €R (1.3)

and the symplectic structure is given by J = 0,. The Hamiltonian nonlinearity Q(u, ..., Ugzy)
is therefore given by

Q(Uy Uy Ugzy Uzgrr) = O (O, G(u,ug)) — 0r(0uG(u, uy)) (1.4)

and the Hamilton equations are
Ou = 0,V H(u) .

We look for an almost-periodic solution to (|1.1)) with frequency w in the sense below.

For 1 > 0, define the set of infinite integer vectors with finite support as

7> = {e e ZN . |0), = %:me < oo}. (1.5)

Note that ¢; # 0 only for finitely many indices ¢ € IN. In particular Z3° does not depend on 7.



Definition 1.1. Given w € [1, 2]]N with rationally independent componentéﬂ and a Banach space
(X,||x), we say that F(t) : R — X is almost-periodic in time with frequency w and analytic
in the strip o > 0 if we may write it in totally convergent Fourier series

F(t)=Y_ F()e“" such that F({)€ X, Ve € ZF
Le7>
and |Flo =Y [F(f)|xe”l" < oo,
L7

We shall be particularly interested in almost-periodic functions where X = Ho(T,)

HO(T { Z u] ) — u—] S C ‘U|H(Tg) = Z ‘u]|60|]| < OO}
jeZ\{0} jezn {0}

is the space of analytic, real on real functions Ty — C with zero-average, where T := {p € C:
Re(p) € T, |Im(p)| < s} is the thickened torus. We recall that a function u : Ty — C is real on
real if for any z € T, u(x) € R.

Of course we need some kind of Diophantine condition on w. We give the following, taken
from [9} 21].

Definition 1.2. Given v € (0,1), we denote by D, the set of Diophantine frequencies

szz{w 1,2N ¢ jw- e|>7]‘[1+|£|22 veeZ§°\{0}}. (1.6)

We are now ready to state our main result.

Theorem 1.3 (Main Theorem). Fiz 7. Assume that f in (1.1) is almost-periodic in time and
analytic in a strip S (both in time and space). Fix's < S. If f has an appropriately small norm
depending on S —s, namely

fls = Y Ol ™ <e(S—35) <1, €(0)=0, (1.7)

LeZX

then there is a Cantor-like set O(>) C Dy with positive Lebesgue measure, and for all w € O(>)
a solution to (1.1)) which is almost-periodic in time with frequency w and analytic in a strip s
(both in time and space).

Remark 1.4. Of course the same result holds verbatim if we replace the quadratic polynomial
Q by a polinomial of arbitrary degree. We could also assume that the coefficients c; appearing in
depend on x and wt. In that case Theorem holds provided we further require a condition
of the type sup; |02¢cj|s < C. Actually one could also take Q to be an analytic function with
a zero of order two. However this leads to a number of long and non particularly enlightening
calculations.

1We say that w has rationally independent components if for any N > 0 and any k € Z" one has Zfil wik; # 0.
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To prove Theorem we proceed as follows. First of all we regard as a functional Im-
plicit Function Problem on some appropriate space of functions defined on an infinite dimensional
torus; see Definition below. Then in Section [3| we prove an iterative “Nash-Moser-KAM”
scheme to produce the solution of such Implicit Function Problem. It is well known that an
iterative rapidly converging scheme heavily relies on a careful control on the invertibility of the
linearized operator at any approximate solution. Of course, in the case of a quasi-linear PDE this
amounts to study an unbounded non-constant coefficients operator. To deal with this problem,
at each step we introduce a change of variables T;, which diagonalizes the highest order terms
of the linearized operator. An interesting feature is that T}, preserves the PDE structure. As in
[13] and differently from the classical papers, at each step we apply the change of variables T,
to the whole nonlinear operator. This is not a merely technical issue. Indeed, the norms we use
are strongly coordinate-depending, and the change of variable T}, that we need to apply are not
close-to-identity, in the sense that 7;, — Id is not a bounded operator small in size.

In Section [4] we show how to construct the change of variables T,, satisfying the properties
above. Then in order to prove the invertibility of the linearized operator after the change of
variables T, is applied, one needs to perform a reducibility scheme: this is done in Section
For a more detailed description of the technical aspects see Remark

ACKNOWLEDGEMENTS. Riccardo Montalto is supported by INDAM-GNEFM.

2 Functional setting

As it is habitual in the theory of quasi-periodic functions we shall study almost periodic functions
in the context of analytic functions on an infinite dimensional torus. To this purpose, for n,s > 0,
we define the thickened infinite dimensional torus T as

o= (pi)ien, @i €C: Re(p;) €T, [Im(p;)| < s(i)".

Given a Banach space (X, |- |x) we consider the space F of pointwise absolutely convergent
formal Fourier series T3 — X

ulp) = > u()e?, u(l)e X (2.1)

tez°
and define the analytic functions as follows.

Definition 2.1. Given a Banach space (X,|-|x) and s > 0, we define the space of analytic
functions T° — X as the subspace

H(T®, X) := {u(cp) =S w0 eF i quli= Y elnue)x < oo}.

LeZ.e LeZx

We denote by Hs the subspace of H(T%°, Ho(Ts)) of the functions which are real on real.
Moreover, we denote by H (T2 x Ty), the space of analytic functions TS x Ty — C which



are real on real. The space H, can be identified with the subspace of zero-average functions of
H(TS® x Ty). Indeed if u € Hs, then

w= 3 ulta)eC = 3T (e,
LeZ® (£,§)€Z> xZ\{0}
with  u;(¢) = u_j(—¥)

For any u € H(T$® x Ts) let us denote

(mou) (@, x) := (u(p, )z := % Tu(gp,x) dz, e =1—mg. (2.2)

Throughout the algorithm we shall need to control the Lipschitz variation w.r.t. w of func-
tions in some H(T°, X), which are defined for w in some Cantor set. Thus, for O ¢ O©) we
introduce the following norm.

Parameter dependence. Let Y be a Banach space and v € (0,1). If f: Q =Y, Q C [1,2]N
is a Lipschitz function we define

li f(wi) = flw2)ly
JR = sup | f@)ly, ISP = sup SRl
weN w1,w2EN ’wl - w2|oo (2 3)
w1 Fw2 :
.
FI3 = £ + 1717 -
If Y = H, we simply write |- |57, | - ‘Li_p’ |-, If Y is a finite dimensional space, we write | - [P,

REAR

Linear operators. For any o > 0, m € R we define the class of linear operators of order m
(densely defined on L?(T)) Bo™ as

Bom = {R L LA(T) — L*(T) : ||R||gem < oo} where

IR[gom = sup > TRy (2.4)
j’eZ\{o}jEZ\{o}
and for 7 € H(T, BS™) we set
1Tl = Y~ e MIT @57 (2.5)

ez

In particular we shall denote by || - ||§2m the corresponding Lipshitz norm. Moreover if m = 0

we shall drop it, and write simply || - ||, or || - ||$2.



3 The iterative scheme

Let us rewrite (|1.1)) as
Fy(u) =0 (3.1)

where
F()(u) = (w . a@ + axwx)u + Q(“? Uz, Ugz, U:mx) + f(%oa :IZ) (32)
where we f(t,z) = f(wt,z) and , as custumary the unknown u is a function of (¢, z) € T* x T.

We introduce the (Taylor) notation

Ly := (w'8¢+8w:m):F6(0)7 fOZFO(O) :f(30>x)7
QO(U) = Q(U, Ugy Uge uzmx) amv (303113, + 2couuy + Clu2> (33)

— Op(cou? + 2ciuu, + 3cou?)

so that (3.1) reads
fo+ Lou + Qo(u) = 0.

Note that (g is of the form

0) ) i .
Q)= > 4 @) 0w (3.4)
0<i<2,0<;<3
0<itj<4
with the coefficients qgg-) satisfying

S % <c, (3.5)

3154, U575

0<i+j<4

where the constant C' depends clearly on |cgl,...,|c3|. In particular, this implies that for all
u € Hg one has the following.

QL. |Qo(u)|s—0 S o4 ul?

Q2. ’QE)(U)[h”s—U S ‘7_4|U‘S‘h‘s
We now fix the constants

1
> max{l,—},
n

1 _
Y < 57, Yo = (1=2"") 1, n2>1

2
1 6o_
o_1:= gmin{(S —5), 1}, Opn—1 = %7 n>1, (3-6)
sop=8—0-1, Sp = Sp—1 — 60p—1, n>1,
3

_n
Ep 1= o€ X, Xzi’



where ¢g is such that

7L | flg = €971 | fo| s < ep. (3.7)
Introduce
a(0) = [+ 16P@)®), veeze. (3.8)
€N
We also set Q1) .= D5 and
00 .= {w €Dy: |w-L+ 53> %), WeZ>X, jeNN, ({5 # (0,0)}. (3.9)

Proposition 3.1. There exists 7,71, T2, 73,C, €9 (pure numbers) such that for
g0 < Uge_c%_“eo, (3.10)
for allm > 1 the following hold.
1. There exist a sequence of Cantor sets O™ C OV n > 1 such that

PO\ 0™ < % (3.11)

2. Forn > 1, there exists a sequence of linear, invertible, bounded and symplectic changes of
variables defined for w € O™~V of the form

Tov(p, ) = (1 +EM)o(p + wB™ (), 2 + €M (o, 2) + p™ (p)) (3.12)
satisfying
n (n—1) n (n—1) n (n—1) —r o M
e B L ™I, S o Ten—1eCTn (3.13)

for some constant C > 0.

3. For n > 0, there exists a sequence of functionals F,(u) = F,(w,u(w)), defined for w €
O=1 " of the form
Fo(u) = fo + Lpu + Qn(u), (3.14)

such that
(a) Ly, is invertible for w € O™ and setting
By i= =L, fn, (3.15)

there exists rp, = rp(p) € H(TSY | 3, ) such that

On—1

F,(u) = rnTn_an,l(hn,l + Tru), n>1,
O(n—l) -7y eco_—u (316)
1

’rn - 1|3n—1*30n—1 S Un n—1€n_1

8



(b) fn = fule, ) is a given function satisfying

O Y S ot e n>1 (3.17)

Sn_1—20n—1 ~ Ipn—1€n—1>

(¢) Ly, is a linear operator of the form

Lp=w-0,+ (14 Ap)Opaz + Bn(p, )0z + Cp(p, x) (3.18)
such that .
27 |, Bole.@)dz =B, (3.19)

and forn > 1
(n—1) _ —K
|An - An—l’O <o Tﬁecgn_lgn—la

n—

©n-1) — Co™H

|Bn — Bn-1ls, 1 30, 1 S0p € “n=len_1 (3.20)
©n-1) _ Co™H

‘Cn - Cn—l‘sn_l—fian_l 5 Jni—21€ 0”71571—1 .

(d) Q is of the form ' '
Q)= > (e, 2)(0u) (Ohu) (3.21)

154, US)S

0<i+j<4

with the coefficients q(n)(go,x) satisfying (3.5)) for n =0, while forn > 1

i,J
(n—1) .
§ : on= § : -l
‘ql(,nj)lsn_l—iian_l S C 2 Y
=1

0<ic2 055<3 (3.22)
-1 (n—1) _ o H
|qz(z) - Qz(z )|5077.71_3U'n71 5 o-nzslec nlen-1.
4. Finally one has
1O < e (3.23)
Moreover, setting
o) = () o™, (3.24)
n>0
and
n
un =ho+ Y Tio...0Tsh;. (3.25)
j=1
then
Uoo 1= lim u,
n—oo

is well defined for w € O belongs to Hs, and solves F(uso) = 0. Finally the O has positive
measure; precisely
P(O)) =1—0(). (3.26)



From Proposition our main result Theorem follows immediately by noting that (3.7
and (3.10)) follow from ([1.7]) for an appropriate choice £(S — 3).

Remark 3.2. Let us spend few words on the strategy of the algorithm. At each step we apply
an affine change of variables translating the approzimate solution to zero; the translation is not
particularly relevant and we perform it only to simplify the notation. On the other hand the
linear change of variables is crucial.

In (3.14) we denote by f, the “constant term”, by Ly, is the “linearized” term and by Q,, the
“quadratic” part. In this way the approzimate solution at the n-th step is hy, = — L, f,.

In a classical KAM algorithm, in order to invert L, one typically applies a linear change of
variables that diagonalizes L, ; this, together with the translation by h, is the affine change of
variables mentioned above, at least in the classical KAM scheme.

Unfortunately, in the case of unbounded nonlinearities this cannot be done. Indeed in order
to diagonalize L,, in the unbounded case, one needs it to be a pseudo-differential operator. On
the other hand, after the diagonalization is performed, one loses the pseudo-differential structure
for the subsequent step. Thus we chose the operators Ty, in i such a way that we preserve
the PDE structure and at the same time we diagonalize the highest order terms.

In the [1]-like algorithm the Authors do not apply any change of variables, but they use
the reducibility of L, only in order to deduce the estimates. However such a procedure works
only in Sobolev class. Indeed in the analytic case, at each iterative step one needs to lose some
analyticity, due to the small divisors. Since we are studying almost-periodic solutions, we need
the analytic setting to deal with the small divisors. As usual, the problem is that the loss of the
analyticity is related to the size of the perturbation; in the present case, at each step L, is a
diagonal term plus a perturbation O(eg) with the same gy for all n.

A more refined approach is to consider L,, as a small variation of L,,_1; however the problem
is that such small variation is unbounded. As a consequence, the operators T, are not “close-to-
identity”. However, since F, is a differential operator, then the effect of applying T;, is simply a
slight modification of the coefficients; see and . Hence there is a strong motivation
for applying the operators T,,. In principle we could have also diagonalized the terms up to order
—k for any k > 0; however the latter change of variables are close to the identity and they
introduce pseudo-differential terms.

3.1 The zero-th step

Item 1.,2. are trivial for n = 0 while item 3.(b), (¢), (d) amount to the definition of Fy, see
(3-2),(3.3),(3-4). Regarding item 3.(a) the invertibility of Ly follows from the definition of 00,
Indeed, consider the equation
Loho = —fo (3.27)
with
(fol@,))a =0

we have the following result.

10



Lemma 3.3 (Homological equation). Lets > 0,0 < 0 < 1, fo € Hero, w € OO (see (1.6)).
Then there exists a unique solution hg € Hs of (3.27) . Moreover one has

(0) _
holS < leXp<7 In (J)) | fls+o -

on
for some constant T = 7(n) > 0.

Remark 3.4. Note that from Lemma|3.5 above it follows that there is Co such that a solution

ho of (3.27] - ) actually satisfies ® - )
’hU‘O COU #|f’s+a . (328)

where we recall that by (3.6), p > max{1, %} Of course the constant Cq is correlated with the
correction to the exponent %

From Lemma and (| it follows that hg is analytic in a strip so (where S = so+ 01
is the analyticity of f, to be chosen). Moreover, by Lemma |3.3] E 3| the size of hg is

© o
hol” ~ 71| fols (3.29)

proving item 4. for |fy|s small enough, which is true by (3.7).

3.2 The n+ 1-th step

Assume now that we iterated the procedure above up to n > 0 times. This means that we
arrived at a quadratic equation

Fo(u) =0, Fo(u) = fo + Lyu + Qp(u). (3.30)

Defined on O~V (recall that O(-1) = D).
By the inductive hypothesis (3.22)) we deduce that for all 0 < s — o < 85,1 — 30,1 one has

1Qn ()20 < o4 (julO" )2 (3.31a)
Q. (u)[h 1?“; V<o )9 0 (3.31b)

Moreover, again by the inductive hypothesis, we can invert L,, and define h,, by (3.15)). Now
we set

Fn+1(v) = rn+1Tn+1F (hn + Tn+1U) (332)

where
Tr10(p,2) = (1 4+ (e + wB™ ) (p), 2 + €™ (o, 2) + p™ T () (3.33)

and rp41 are to be chosen in order to ensure that L, := F,_;(0) has the form (3.18) with

n~n-+ 1.

11



Of course by Taylor expansion we can identify

fn+1 = I'nt1 n+1<fn +L ( ) + Qn(hn)) = rn—l—lT,—L_.&lQn(hn) 5
Lpi1 = rn+1Tn+1( +Q (h n)) n+1
Qni1(v) = roya( n+1(Qn(h + Tht1v) — Qu(hy) — Q;L(hn)Tn-i-lv))

= rn+1 +1Qn( n—i—lv)

(3.34)

Remark 3.5. Note that the last equality in (3.34) follows from the fact that the nonlinearity Q
in (1.1) is quadratic. In the general case, the last term is controlled by the second derivative,
and thus one has to assume a bound of the type (3.31]) for Q".

In section [4 we prove the following

Proposition 3.6. Assuming that
en < gl TleCon’ (3.35)

for some C' > 0, there exist £+ g0+ p(+D) gndr, 1 € H(TX x Ts, 5, ), defined for
all w € O and satisfying

Sn—0n

on)

(n) (n) (n) — e
€m0, BN, IO, s — 19, S o el (3.36)

o> N

such that (3.33)) is well defined and symplectic as well as its inverse, and moreover
rn+1Tn+1( + Q (hn)Th1 = w - (9 + (1 + Apy1)0zaz + Bryi1(0, )0z + Cpy1(p, ) (3.37)

and (3.19) and (3.20) hold with n ~> n + 1.

The assumption (3.35)) follows from ([3.10]), provided that we choose the constants 7,C and
€o appropriately.

We now prove (3.21) and (3.22) for n ~» n + 1, namely the following result.

Lemma 3.7. One has

Quin () = Turt 1 Qu(Tarv) = vun Y a0, 2) (0h0) (9h) (3.38)

154,V

0<i+5<4

with the coefficients qz(ZL-H)(cp,x) satisfying

n+1

(n+1) o<n) l
Z ‘ z sn 3on < Cz 2"
0<i<2,0<5<3 (3.39)
0<i+5<4
(n+1) ) o) —73_Cop*
‘qz ‘Sn—30'n ~ 36 " 8”'

12



Proof. By construction

Quir(w)=zn > T[4 (0, 0) (0 Tn10) 4T ni10)] (3.40)

3154, US)>

0<i+5<4

Now we first note that

Ou(Tr1v) = €0 V0(0,y) + (1 + &) 0, (0, 1)

where
(0,9) = (¢ + wB™ (), 2 + £ (o, 2) + p™HD ().

Hence the terms O;TRHU are of the form

)
; ; (n) (n)
a;;Tn-l-lv = a;”(& y) + Zgl,i((pa x)agl;v(ea y)7 |gl ’L|?n 20, S Un (i+2) |§ (nt1) ’?nfon (341)
=0

Inserting (3.41)) into (3.40) we get

4
(n+1
ql?n )= Tn+1 n+1qlm Z +1 ql] gm,j Z ql mgu
(3.42)
+ Y T guigm.)
0<4<2,0<5<3
0<i+5<4
so that 1) _ . » o0 o o ok

q; i, - Tn+1(q13 + O(§n+1))’ ‘Tn+10(€n+1)|sn—30n ~ Op “En€ (343)

In order to obtain the bound (3.43)) we used the first line of (3.22)) to control the sums appearing

in (13,

Finally , since
Tn_-‘:l(q) (1 +§ (n+1) ) (QO, x) - q(67 y)
the bound follows. ]

Now, by (3.31a) and (3.34) fnt1 = fot+1(p, z) satisfies

(n) _
| fat1lSh o0, S 00 ten. (3.44)

Sp—20pn ~ “n

In Section |5 we prove the existence of a Cantor set O+ where item 3.(a) of the iterative
lemma holds with n ~» n + 1.

13



Proposition 3.8. Assume that

20Tl e, < 1, (3.45)
with T > 1. Setting )\énﬂ) ;=14 Any1, there exist Lipschitz functions
QD () = ATV 3 4 AT 4 (3.46)
satisfying
|/\gn+1) _ )\gn)|(9(n)7 sup ‘T§n+1) _ Tén)|0(") ,S U;T&Tneca;“ (347)
JeZ\{0}

such that setting

9 3 13
g+l {w e O™ |w- ¢+ Q) (j) — QD (b)) > 2miali” = 71 (¢, h, §) # (0, h, h)}

B d(f)
(3.48)
for w € EMTY) there exists an invertible and bounded linear operator M™+1)
IO — 14575, < 0 Te%0 e (3.49)
such that
MO =L M) — p = g ( 04 QD ) 3.50
( ) +1 +1 = diag(w - £+ (J) (05)eZ2 xZ\ (0} (3.50)

The assumption (3.45)) follows from ([3.10]), provided that we choose the constants 7,C and
€9 appropriately.

Remark 3.9. Note that in the context of [15] Pmposition 18 much simpler to prove, because
in order to diagonalize the linearized operator one uses tame estimates coming from the Sobolev
regularity on the boundary of the domain. Then the smallness conditions are much simpler to
handle. Here we have to strongly rely on the fact that Lyy1 is a “small” unbounded perturbation
of Ly, in order to show that the operators M™ and M"Y are close to each other. This is a
very delicate issue; see Lemmal[5.9 and Section which are probably the more technical parts
of this paper.

Lemma 3.10 (Homological equation). Set

13
U {w EOMW w0+ ()| > %Hf(’g) L) £ (0, o>} (3.51)
For w e Ot .— (1) 0 g(n+1) pne has
Pt o= =Lt far1 € Hepss (3.52)

and one has )

(n+1) 0y
|hn+1|s(/)nr1 < exp (TO'n " n (

o)
>> ’fnJrl |sn+1+crn :

-
On
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Proof. The result follows simply by using the definition of O"*1) and applying Lemma ]
Of course from Lemma it follows that,

| 00T S o teCon’ 2 (3.53)
Now we want to show inductively that
05460"’75” < gpe X", X = g (3.54)
for g9 small enough.
By the definition of &, in , is equivalent to
g0 S odn8eX" (20" (3.55)

Since the r.h.s. of @ admits a positive minimum, we can regard it as a smallness condition
on £g, which is precisely @

We now prove with n ~» n + 1. We only prove the bound for the set £ \8(”+1).
The other one can be proved by similar arguments (it is actually even easier). Let us start by
writing

g\ gntl) — U R, 5,5,
(€.3:3")7#(0.5,9)
2 i3 — 43 3.56
R, j,5) = {w c&gm . |w - £+ Q(n+1)(j) _ Q(n+1)(j/)| < ’Yn+1£€) J ’}’ ( )

V(£,5,5') € 22 x (Z\{0}) x (Z\{0}), (£,5.5") # (0.5,4) -

Lemma 3.11. Denote |{|1 as in (1.5) withn ~ 1. For any (¢, j, ') # (0,7,7) such that |{|; < n?,
one has that R(¢,j,7") = 0.

Proof. Let (£,,5') € 2 x (Z\{0}) x (Z\ {0}), (£,4,5") # (0,5,5), [¢[s <n® If j = 7', clearly
¢ # 0 and R(£,0,0) = 0 because w € Dy with 7 > 27,41; recall (3.6). Hence we are left to
analyze the case j # 7.

By (3.47), for any j,j' € Z\ {0}, j # J

(2 G) — 0 (7)) — (A G) - Q) [S onTene ™ P - 5. (357)

15



Therefore, for any w € £
jw- £+ Q0D () — QI > Jw - £+ 20 () — (7))
= | (20 - 2 - (2G) - ()

29%l5° = 3%l et
> 2’Yn+1’j3 _j,3‘
- d(£)
(3.58)
where in the last inequality we used (3.6 and the fact that, by (A.4]) one has
07 TeneC7m " dA(0) < 0 TeneCm " (14 n?)CIn < 27
The estimate (3.58) clearly implies that R(¢,7,5") = 0 for |[{|; < n?. n

Lemma 3.12. Let R(£,5,§') £ 0. Then £ 0, |% — 72| < |l€]l1 and P(R(z,j,j')) <

Proof. The proof is identical to the one for Lemma 6.2 in [21], simply replacing j? with j3. =
By (3.56]) and collecting Lemmata one obtains that

P(g(n) \5(n+1)) S Z Z-n(z)l S Yntl Z HiH < n? Z Wl) ~ 7n+1n

|€|1Zn2 |Z|1Zn2 LeZX
ll,13" 1<Clell

~—

(3.59)
where in the last inequality we used Lemma [A.§] m Thus (3.11)) follows.

We now the convergence of the scheme. Precisely we show that the series (3.25) converges
totally in Hz . Note that

(00) i (c0) (o0)
Tl < 1+ 279l <2l . (3.60)

Thuse, using (3.60)) into (3.25) we get

n
(o0) (o0) ; (o0)

’Un|g < ‘h0|%9 + Z 2/ |hj|g+(al+..l+aj) (3-61)

j=1

Now since
_ 60 1 1
s—i—Zan: >1$:soo < s (3.62)
n>

we deduce that us, € Hs. Finally by continuity

F(ux) = lim F(u,) = h_>m T, 1T L TR, (k) = 0.

n
n—o0

16



so the assertion follows since (recall 5:= s — >, 51 0 and (3.62))

T T T (7)) 19 < 27042

S — n n-:

We finally conclude the proof of Proposition by showing that (3.26) holds.
First of all, reasoning as in Lemma [3.12 and using Lemma we see that

P(O) =1~ 0()

Then
P(O)) = p(O©) — Z PO\ 1))y
n>0
so that (3.26)) follows by (3.11)). |

4 Proof of Proposition |3.6

In order to prove Proposition we start by dropping the index n, i.e. we set L = L, (see
B18)) and Q = Q) (hy) (sce (3:34)).

More generally, we consider a Hamiltonian operator of the form
LO=r4+9
L:=w-0,+ X302 + a1(p, )0, + ao(p, T) (4.1)
Q := d3(p, 2)0; + da(p, 2)03 + di (0, )8y + do(p, 7)

defined for all w €  C D, and A3, ag,a1,dp .. ., ds satisfy the following properties.

1. There is §y small enough such that
s — 1% < g (4.2)

2. There is p > 0 such that a; € H(T)° x T)) and
lailyy < 6o, i=0,1 (4.3)

and moreover )
Al = p Tal(go,a:) dx (4.4)

i.e. it does not depend on .

3. dp...,d3 € H(T)® x T,) (note that by the Hamiltonian structure dz = 9,d3) and they
satisfy the estimate
ldilly S0, (4.5)

for some § < min{dy, p}.

17



Let us now choose ¢ such that 0 < {( < p and
¢ <« 1. (4.6)

for some 7/ > 0. We shall conjugate £() to a new operator %£+ with r = r(p) an explicit
function with

Ly =w-0p+ A0, +af (p,2)0: + a5 (¢, ) (4.7)
with the coefficients satisfying
PYPWEPS) (48)
and .
o) — @iy < (7T X", M=o Tal(%x) da. (4.9)

This will allow us to conclude the proof of Proposition [3.6)

4.1 Elimination of the z-dependence from the highest order term
Consider an analytic function a(p,z) (to be determined) and let
ﬂu(907 I‘) = (1 + Oéx(QO, JJ))(AU)(QO, LIZ‘), AU(QO, x) = U(QD, T+ 04(907 .73‘)) :

We choose a(p, ) and mz(p) in such a way that

(A3 + d3(0,2)) (1 + aulp,2))° = ma(e) (4.10)

which implies

1

alp,x) = ;" ma(p)? - — 1], ms(p) = L dz 73. (4.11)
()\3+d3(907x))§ } ’ (QWA ()\3—|—d3(4p,l‘)) )

By (4.2)), (4.5) and Lemma one has

Ims — sl |alf 6 (4.12)

ol

Note that for any 0 < ¢ < p such that §(”' < 1, by Lemma x = x+ alp,x) is
invertible and the inverse is given by y — y + a(p, y) with

~

a € H(']T;"_C X ’]Tp,c), |a]p_<, |a|p <4. (4.13)
A direct calculations shows that

A u(p,y) = ulp,y+ale,y), Tt =(1+a,)A™" (4.14)

18



and the following conjugation rules hold:
T talp,2) Ti = A a(p,2) A= (A 1a) (9, 0)
T19, 71 = (1 + Afl(ax))ay +(1+a,) A (ag) (4.15)
T tw - 0,Ti =w -0y + A7 H(w - 0p0)0y + (1 + @y) A Hw - Dpay) .

Clearly one can get similar conjugation formulae for higher order derivatives, having expres-

sion similar to (3.41)). In conclusion
LW =77+ QT
=w- 9, + A7 [(Ag +q3)(1+ am)g] 05 + ba(p,1)02 + bi(, )0y + bo(, ) (4.16)
= w0y +m3()0; + b1, 2)0a + bo(p, )

for some (explicitly computable) coefficients b;, where in the last equality we used (4.10)) and
the fact that 7; is symplectic, so that ba(p, x) = 20,m3(¢) = 0.

Furthermore, the estimates (4.2), (4.3)), (4.12)), (4.13), Corollary and Lemmata

imply that for 0 < { < p

|bi|§}_2< 5 (5[), |bZ — ai|§_2< 5 C_T(S, for some 7 >0. (417)

4.2 Elimination of the y-dependence from the highest order term

We now consider a quasi periodic reparametrization of time of the form

Tau(p, @) := u(p + wh(p), v) (4.18)

where §: T2 . — R is an analytic function to be determined. Precisely we choose Af € R and
B(¢) in such a way that

g (1 tw: Qa/)’(@)) =m3(¢), (4.19)

obtaining thus
—1[ms3
o= [ male)de, Ble) = (w0, [T 1]
oo 3
where we recall the definition By the estimates (4.12)) and by Lemma one obtains that
for0<{<<p

(4.20)

A= AsPS8 1BI) S %S (4.21)

By Lemma [A 1] and ([4.6) we see that ¢ — ¢ + wf(¢p) is invertible and the inverse is given by
¥ = U+ wB(Y) with
BEH(TY o), |Bl5 or Se® 5. (4.22)

The inverse of the operator 75 is then given by

Ty (@, z) = u(d + wB(¥), z). (4.23)
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so that
Ty LT =Ty (1w 0pB)w - 0y + Ty (ma)} +T; 7 (01)0s + Ty (bo)

4.24
_. 10 (4.24)
r
where
LY = w09+ M\ + c1(9,2)0, + o9, 2),
+
r = ! EE R S (4.25)

T, (1 +w-0,8) To t(m3)
ci =Ty (b)), i=1,0.

Therefore by the estimates (4.12)), (4.21)), (4.22]) and by applying Corollary Lemma
and (4.6)), one gets

Q
\r—1|p_C <4

lei — il S¢S, i=0,1.

(4.26)

4.3 Time dependent traslation of the space variable
Let p: 'IF;CLQC — R be an analytic function to be determined and let
Tsu(p, x) i= u(p, x + p(p)), with inverse T3 "u(p,y) = u(p,y — p(9)) - (4.27)
Computing explicitly

L£6) .= 7?{1£(2)7§, =w- 0, + )\;f@i + af(«p, x)0y + aar(gp, x),
af ==w-Opp+ Ty c1), af :==T; "(co),

- /T mpa)dr+ - /T (c1—a)(p.a)de  (4.20)

(4.28)

1
=\ + 27T/T(cl —a1)(p,x)dx.

We want to choose p(¢) in such a way that the z-average of dy is constant. To this purpose

we define )

p(e) =@ 0) 7 [{(er ) = 5 |

where for any a : T3° x T, — C, (a),, is defined by

() o = (2;)/T/ooa(<p, x)dedx

20

(c1 —a1)(p,x)dx (4.30)



(recall the definition [A.3)). By (4.26) and Lemma [3.3| one gets

_, (@9
Pl o S ¢TSS 2 ¢. (4.31)
Moreover )
)\ir = - di(p,z)de =X + ((c1 —a1)) g - (4.32)
T JT

Finally using (4.26), (A-2) (with ®, = 7 1), (4.31), one gets
y g 3 g
laf — ail )} ge ST XS, (4.33)

for some 7 > 0.

4.4 Conclusion of the proof

We start by noting that 7 := 73 0 T3 o 71 has the form (3.33) with p(**t1) = p, g(*+1) = 3 and
§(n+1)(%x) = a(p + wB(p),z + p(p)). Hence, setting r := rpi1, p i= sp — 0p, 0 1= 0'1;45717
6o := 2¢¢ and ( := o,, we denote

1+ An+1 = )‘;,rv ’Bn-i-l(@a 1:) = af(@a I)u Cn+1 = aar(gp,.’l/’),

and thus Proposition [3.6] follows. [

5 Proof of Proposition (3.8

In order to prove Proposition [3.8] we start by considering a linear Hamiltonian operator defined
for w € O C D, of the form

L= L(A3,a1,a0) :=w -0y + /\365 + a1(p, )0z + ao(p, ) . (5.1)

We want to show that, for any choice of the coefficients A3, a1, ag satisfying some hypotheses
(see below), it is possible to reduce £ to constant coefficients. Moreover we want to show that
such reduction is “Lipshitz” w.r.t. the parameters A3, a1,ag, in a sense that will be clarified
below.

Regarding the coefficients, we need to require that

AN

a; ::Zal(-k), ]agk)|o <., Vk=0,....,m, 1=0,1,
k=0
s =119 < b, (5.2)

AL = AMi(ar) = Z)\gk), )\gk) = 217T/Ta§k)(% x) dr = const .
k=0
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forsome 0 < ... < pp <...<ppand 0 < ... K 0y K ... K 0y < 1 so that there is a third
sequence (; such that 0 < (; < p; and

S G 5 S b, (5.3)

i>0

for some 7,C > 0.

5.1 Reduction of the first order term

We consider an operator £ of the form (5.1) satisfying the hypotheses above. We start by
showing that it is possible to reduce it to constant coefficients up to a bounded reminder, and
that such reduction is “Lipshitz” w.r.t. the parameters A3, a1, ag.

Lemma 5.1. There exists a symplectic invertible operator M = exp(G), with G = G(\3,a1) and
an operator Ro = Ro(As,a1,ap) satisfying

g Zg ) Hg(i)le,—l ~ 517
= (5.4)
ZRS RN . S ¢ Te s

for some C, 7> 1, such that
Lo:=MTLM=w-0,+ 302 + M0+ Ro. (5.5)

Proof. We look for G of the form
G = my g(p,2)0; "

and we choose the function g(p,x) where g = g(A3, a1) in order to solve

3)\36359((,0, ."L‘) + al(go, l’) =)\ (5.6)
By , one obtains that
Loy
and therefore
(3) (@)
g= Ji s gl.——a A —ay |,
Z { ! } (5.8)

]gz N6i7 i:O,...,m.

Of course we can also write the operator G := myg(p,2)0; = > G; where G; :=
75 gi(, )0y ! and one has
||g1||pl —1N ‘7 1=0,...,m. (59)
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Again by (5.2)), defining P := a0, + ag, one has that P = > P;, where P; := agi)(?x + a(()i)
satisfies

1Pl 1 < 6. (5.10)
Therefore
Lo=M1LM= e 9w - @,eg + Age_ga,ieg + e 9PeY
=w - 0p + A0 + (3>\39z+a1>ax+7€0 (5.11)
w-a¢+Aga§+A1aﬂ+Ro
where

Ro := (e*gw . 8¢eg —w- 8¢> + A3 (e*gageg — (9;3 — 395,;895) + (engeg — P) +ap. (5.12)

Then (5.3), (5.9), (5.10) guarantee that the hypotheses of Lemmata [A.10}{A.11] are verified.

Hence, we apply Lemma (ii) to expand the operator e 9PeY — P, Lemma M(zz) to
expand e7992e9 — 92 — 39,0, and Lemma (zzz) to expand e 9w - Qaeg —w- 0, The
expansion of the multiplication operator ag is already provided by . Hence, one obtains
that there exist C, 7 > 1 such that is satisfied. [ |

We now consider a “small modification” of the operator £ in the following sense. We consider
an operator
Lt =L\, af,af) =w-0p + ATO2 + af (¢, 2)0, + af (¢, x) (5.13)
with
1

o Taf(gp,x) dr =: \[ = const, |aj —ailp.r, AT — 3| S Omgr - (5.14)

Of course we can apply Lemma and conjugate LT to
Ly =w 0, + A2+ N0, +R§ (5.15)

with Rar a bounded operator. We want to show that ﬁg is “close” to Ly, namely the following
result.

Lemma 5.2. One has
_ -
AT =A1] S Ot RS = Rollppsr—Cmss S Cm1160<m+15m+1 . (5.16)

Proof. The first bound follows trivially from (5.14]). Regarding the second bound one can reason
as follows. As in Lemma er can define G := 7w g7 (p,2)0; ! with

x

1
+ . —1(\+ _ +
g = AT 0, {)\1 al] (5.17)

so that
167 = Gllpmir—1 S O - (5.18)
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Defining P* := a0, + af and recalling that P := a10; + ag, by (5.14), one gets
HP+ - PHPerlzl S Omtt - (5.19)

The estimate on R(')F — Rg follows by applying Lemmata and by the estimates
(5.14), (5.19), (5.18). ]

5.2 Reducibility
We now consider an operator Ly of the form
Lo = Lo(A1,A3,Po) :=w -0, + Do + Py (5.20)
with Py a bounded operator and
Do = Do(A1, A3) = idiagjezm 03 (7), Q) :=—X3i® +Aj, je€Z\{0}, (521)

and we show that, under some smallness conditions specified below it is possible to reduce it to
constant coefficients, and that the reduction is “Lipschitz” w.r.t. the parameters Ay, A3, Po.

In order to do so, we introduce three sequences 0 < ... < p < ... < po, 0 < ... K 6, K
.. K dgand 1 € Ny <« N; < --- and we assume that setting A; = p; — p;+1 one has

> AT S S . (5.22)
i>0
e NeBkg + OO 52 < 2R (5.23)
1
B < (14 Ny "N (5.24)

and
Az — 19, M| < b,
- i i 5.25
Po=> P8, IPIS <6 i=0,...,m, (5.25)
=0

for some 7,C > 0.

We have the following result.

Lemma 5.3. Fix vy € [y0/2,270]. For k=0,...,m there is a sequence of sets & C Ex_1 and a
sequence of symplectic maps Py defined for w € Exy1 such that setting Lo as in (5.20) and for
k>1,

Ly = q)lzilﬁk_ﬁbk_l, (5.26)

one has the following.
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1. Ly is of the form
Ly, ::w-8¢,+Dk + Pk (5.27)

where
e The operator Dy, is of the form
Dy, = diagjezy (0} % (7),  Q(j) = Qo(d) + 7)) (5.28)

with ro(7) = 0 and for k > 1, ri(j) is defined for w € & = O and satisfies

sup  |ru(4) — re—1 ()| < Gp_ 122 ‘ (5.29)
JEZ\{0}

e The operator Py, is such that

k
for 0<k<m, Pk—ZPk L IPP)E < 6 Z ky...,m. (5.30)
i=k j=1
2. One has ®p_1 := exp(¥,_1), such that
I3 k—
o [l [ P (5.31)

3. The sets & are defined as

B 5 = 5"
5k: — {OJ ng;—l |w E—FQk 1( ) Qk 1( )| > W’ (532)

V(65,5 # (0.5.5)s 1y < Nica }.

Proof. The statement is trivial for kK = 0 so we assume it to hold up to & < m and let us prove
it for k + 1. For any @y := exp(V¥}) one has

L = O L1 = w- 0y + Dy + w - 0, Ug + [Di, Ui + Ty, PY + Py (5.33)

where the operator Py is defined by

(w0, + D) & Adb, ( ““))
Prr o= 11, P + Z : + 3 e epiete ST Ttk ‘P’f . (5.34)
p>2 P i=k+1 p>1
Then we choose Wy in such a way that
k
w0,V + [Di, Vi) + HNkP( ) = z,, (5.35)

Zy = dlagjeZ\{O}(P]g ))j( )
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namely for w € 11 we set

k)5’
: (P () W5 7) £ 0.0), 18y < Ny
(UR)} (0) = < i(w - £+ () — W()) " Do d )l = Sk (5.36)
0 otherwise.
Therefore, ‘ ‘
()7 O S ADIPT O, Vo € €. (5.37)
and by applying Lemma using the induction estimate ([5.30]), one obtains
_
(R e [ (5.38)

for any ¢ < pg.

We now define the diagonal part Dy .

For any j € Z\{0} and any w € & one has \(Pk )J( ) S HPk 5 < 5k The Hamiltonian

(k)

structure guarantees that P, (0 ) ] is purely imaginary and by the Kiszbraun Theorem there
exists a Lipschitz extension w € O — izk(j) (with zi(j) real) of this function satisfying the
bound |21(j)|° < 6. Then, we define

Dy.y1 = diagjez 10y Uer1(4)
Qr1(7) == Qx(4) + 21(5) = Q) + re+1(4), V5 € Z\ {0}, (5.39)
ri1(J) =1 (J) + 21(5)

and one has
©-30)

1) — m(D)[C = |21(5)|C < [|PLF)|k €2 @sz (5.40)

which is the estimate (5.29)) at the step k + 1.
We now estimate the remainder Pyy1 in (5.34). Using (5.35]) we see that
ANz -y ) A, (P
k 4 k Ni 7k, — i
P = g, P+ 37— e Vep{ete +27. (5.41)

p>2 ' i=k+1 p>1

Denote

Pry1 = Z Pk+1 where

i=k+1
Ad( HN P®) . A& (PP (5.42)
P = P+ Y D) | uppan g 5 AL,
o2 p>1 p
7’;521 = eV PWeVe = k42, m
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ESTIMATE OF P,gz)rl, i =k+2,...,m. By the induction estimate, one has

- W, (€ ) 1IE i —xp W, €
le~VePHebx| '““<||7>;>u,,f+u7>,£” el | S

k
G23) k! (5.43)
&
5@22 RN Y R P (A < 622ﬂ

ESTIMATE OF Plgkﬁl). We estimate separately the four terms in the definition of P,(clrzl) i
(5.42). By Lemma[A.9}(i7), one has
(k — N, A k)& —NiA
e e e [ (5.44)
By applying (A.7) and the estimate of Lemma (zm), one obtains
—1
Ad HNkP,g )) k11 < cr—1 v Eesrp1 1ok &
> <> Ul P Nk
p>2 Pk+1 o2 b: (5,45)
& k AL
SH\IkaIp,’Zi}IIP;E kS @807
and similarly
m
& _
m>1 . Pk+1
In conclusion we obtained
k
L ,
Hpkk—‘rl Hi:j: < C'e NkAk(sk + CISCAk 5]% +6k+1 ZQ‘J (547)

J=1

where C’ is an appropriate constant and the last summand is a bound for the term
e“I”fP,ng)e‘I’k, which can be obtained reasoning as in (5.43). Thus we obtain

k+1
k+1),/&
”Pliﬂ lpris < Okt Z 277 (5.48)
provided
k k+1
—u . ,
C/e—NkAk(sk + O'eCA 5}% + St Z 279 < 1 Z 277,
j=1 j=1
which is of course follows from ([5.23)). [ |

Now that we reduced Ly to the form L,, = w -0, + D,, + Py, we can apply a “standard”
KAM scheme to complete the diagonalization. This is a super-exponentially convergent iterative
scheme based on iterating the following KAM step.
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Lemma 5.4 (The (m + 1)-th step). Following the notation of Lemma [5.5 we define

- -/ ’7|]3 - j/3’ .. ..
Eut = {0 € & o +0200) = 0] = B V(G # (000), My < V)
and fix any ¢ such that
e Nmes,, +eCC 02 < S (5.49)
Then there exists a change of variables ®,, := exp(V,,), such that
|54, < €O (5.50)

which conjugates L, to the operator

L1 =w-0p + Dypy1 + Pyt -

The operator Dy,1 is of the form (5.28) and satisfies (5.29), with k ~~ m + 1, while the
operator Pmy1 is such that

Em
H,PerIHPmtlc S 5m+1 . (551)
Proof. We reason similarly to Lemma i.e. we fix ¥,, in such a way that

w - &p\ljm + [Dm7 \Ilm] + HNum == Zm

: j (5.52)
2, 1= diagjez 10} (Pm);(0)
so that we obtains .
" —p - -
1Ol S e PmlSm < e o, (5.53)

for any ¢ < pm,.

Now, for any j € Z\ {0} and any w € &, one has ](Pm);(0)| S H77m||§$ <26,,. The Hamilto-
nian structure guarantees that Pm(O)g- is purely imaginary and by the Kiszbraun Theorem there
exists a Lipschitz extension w € O — izp,(j) (with z,,(j) real) of this function satisfying the

bound |2, (5)|° < 6m. Then, we define
Dy = diagjez 10y dmt1(4) »
Qn41() = Qn(9) + 2m(G) = Q) + rm41(7), V5 € Z\ {0}, (5.54)
rm+1(7) 7= Tm(J) + 2m(7)

and ((5.29), with k& ~» m + 1.
In order to obtain the bound we start by recalling that

AdE N Z,, — TN, Pn) Ad? (Pn)
P =105, P + Y —2 Iy T (5.55)
p=>2 P p>1 P
so that reasoning as in (5.47)) we obtain
[P [54h < CemNmls,, 4 OO 2, (5.56)
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and by (5.49) the assertion follows. [ |

We now iterate the step of Lemma/[5.4], using at each step a smaller loss of analyticity, namely
at the p-th step we take (, with
> G=¢

p>m—+1
so that we obtain the following standard reducibility result; for a complete proof see [21].

Proposition 5.5. For any j € Z \ {0}, the sequence Qi(j) = Qo(j) + 7£(j), k > 1 provided

in Lemmata and defined for any w € O converges to Qoo(j) = Qo(j) + 700(j) with
1700(7) = 71())|© < 6. Defining the Cantor set

. . 2v|5% — 57 . .
o= {w € O o 04 0uli) — %o = 2T i) £ 0500} (557)
a)
and
Loo =W - QD + Dc>07 Doo = 1dlagJeZ\{0}Qoo(j) 5 (558)

one has Ex C N>k
Defining also

Py = Dpo...0d, with inverse 5;1 = <I>];1 0...0 @51 ) (5.59)

the sequence E)k converges for any w € Ex to a symplectic, invertible map Poo w.r.t. the norm
| - ||§fn°72€ and ||} — IdHiszzg < 60. Moreover for any w € Ex, one has that @ LoPoo = Loo-

5.3 Variations

We now consider an operator
L5 = Lo\ AP =w- 9,4+ Df + P
Dy := A§ 02 + A 0, = idiagjez ()% (7)) » (5.60)
OF (7)) = —A37° + {4, jeZ\{0}.
such that
AT =M1 I = %07 PG = Pollg sy < B (5.61)

Pmy1 =
where £, A1, A3, Py are given in and O C O. In other words, E(')F is a small variation of
Lo in with also m ~ m + 1.
Of course we can apply Proposition to £0+; our aim is to compare the “final frequencies”
of LI with those of L.

To this aim, we first apply Lemma with Lo ~ Ear and v ~» vy < 7. In this way we
obtain a sequence of sets Elj C 5,:71 and a sequence of symplectic maps @z defined for w € 5,: 1

such that setting £J as in (5.60) and
Ly = q)lzilﬁk_lq)k_l, (5.62)
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one has
Ly =w-0,+D +Py, k<m+1, (5.63)

where

D = diagjez 3 (1), QF () = Q5 () + () (5.64)
The sets Slj are defined as £ := OF and for k > 1

-3 /3
. . Y+177 —J
g = {west, « w490, () -9, ()] = 2T

a(f) (5.65)
V(5.7) # (0.5:5), gl € Nica )
Moreover one has ®; | := exp(¥} ), with
(s 1”pk < eCBhigy . (5.66)
The following lemma holds.
Lemma 5.6. Forallk=1,...,m+ 1 one has
1PE — Pullet”™ < G, (5.67a)
7 @) = ()OO < i (5.67b)
and
& 5
15— Tl < b, (5.68)

Proof. We procede differently for k =1,...,m and k =m + 1.

For the first case we argue by induction. Assume the statement to hold up to some k < m.

We want to prove
5k+1ﬂg
Pk+1

[T — W]
By Lemma one has for w € 5,;:1

4+ (k)5
k)j = 1(w-€+Qk (4) — (j’)) (5.70)

0 otherwise,

< G (5.69)

and direct calculation shows that for w € E,41 N &, one has

k+1°
(2 () = () = () = WG| < Smali® = 57 (5.71)

and hence
(W) (0) = (U7 (51785 S 80 1d (03P (0 E10E

5.72
AP O - (O O
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Therefore, reasoning as in (5.37)—(5.38)), one uses Lemma [A.6] the smallness condition (5.23))
and the induction estimate (5.67a)) so that (5.69) follows.
Now, from the definition of ri41 in (5.39) it follows

. . +
71 () = rre ()[04 < G, (5.73)

and by Kiszbraun Theorem applied to T,;:l(j) —1,41(J), (5.67b|) holds.
The estimate of Plj +1 — Pi+1 follows by explicit computation the difference by using the

expressions provided in , using the induction estimates , , the estimate ((5.69)
and by applying Lemma

For k = m + 1 the proof can be repeated word by word, the only difference being that ¥,
is defined in while ¥}t is defined in with & = m. |

5.4 Conclusion of the proof

To conclude the proof of Proposition we star by noting that, setting O appearing in (5.2) as
O™ appearing in (3.11)), the operator L, | appearing in ([3.18) with of course n ~» n + 1 is of

the form (5.1)) with
)\3 =1 + An+1 5

o™ (g, ) = Bri(p,2) — Bi(p, ),

k
ay” (¢.2) = Craa(p.7) — Cilp. ).
Moreover from ([3.20) we have

—T9

—p
(5k=O'k ek €k, Pk = Sk — 30k

where si, o and ¢j, are defined in (3.6)), so that L, satisfies (5.2)) with m = n. Thus, fixing
Ck = Ok, 2C = Ok,

the smallness conditions ([5.3) follows by definition. Hence we can apply Lemma to Lpy1
obtaining an operator of the form ({5.5). In particular the conjugating operator M satisfies

M — 14| S og e g .

—30n

We are now in the setting of Section [5.2] with

_1
_ n
T3 eQCO'k

Pk = S — 4ok, ok = oy, Ek

for some 73 > 0. A direct calculation shows that the smallness conditions ([5.22)), (5.23)), (5.24)),
(5.49)) are satisfied provided we choose N appropriately, so that we can apply Proposition

In conclusion we obtain an operator M1 = M o &, (recall that M is constructed in

Lemma satisfying (3.49), (3.50)), where Q1 (5) := Q. (j) and £M+1) = £, Note that in

particular the functions Q1) j) turn out to be of the form ([3.46]).

Finally (3.47) follows from Lemmata and where £ has the role of L, ; while £ has
the role of L,,. This means that here we are taking m ~~n — 1.
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A Technical Lemmata

We start by recalling few results proved in [2I]. Of course, as already noted in [2I]-Remark 2.2,

all the properties holding for H(Tg°+p, £°) hold verbatim for H(’]I‘go+p X Tg4p,€>°). In particular,

all the estimates below hold also for the Lipschitz norms |- | and || - ||. Given two Banach
spaces X, Y we denote by B(X,Y) the space of bounded linear operators from X to Y.

Proposition A.1 (Torus diffeomorphism). Let o € H(T2, ,, (°°) be real on real. Then there

exists a constant § € (0,1) such that if p~|a|g1, < &, then the map ¢ — o+a(p) is an invertible
diffeomorphism of T (w.r.t. the {*°-topology) and its inverse is of the form 9 — ¥ + a(?),
where o € H(T3S, ,,£%°) is real on real and satisfies the estimate ]&\(H% S |o4p-

2

Corollary A.2. Given a € H(T52,, (>°) as in P’roposition the operators

Po : H(TG5 ) X) = H(TS, X), - ulp) = ulp + alp), (A1)
s H(TY e, X) = H(TF, X),  u(®) = u(d +a(9))

are bounded, satisfy

<1

— 9

”q)aHB(H(Tzip, )ﬂ(ﬂrso,X))’Hq)a”t%(mmp, )ﬂ(TgO,X))
and for any p € T3°, u € H(T,, X),v € H(Tiﬁrg,X) one has
D5 0 Dau(p) = u(p), PaoPzu(p) =uv(p).
Moreover ® is close to the identity in the sense that

19a(w) = ulle S P~ etlo|ulosy - (A.2)

Given a function u € H(TS°, X), we define its average on the infinite dimensional torus as

1
= i e . A.
/ _ulp)dy e /T Lulp)der...don (A.3)
By Lemma 2.6 in [21], this definition is well posed and
| uterde = u(o)

where u(0) is the zero-th Fourier coefficient of u.
Lemma A.3 (Algebra). One has |uv|, < |u|s|v]s for u,v € H(TP x T,).

Lemma A.4 (Cauchy estimates). Let u € H(T3 , x Tyyp). Then 10%uly Sk pFulopp-
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Lemma A.5 (Moser composition lemma). Let f : BR(0) — C be an holomorphic function
defined in a neighbourhood of the origin Br(0) of the complex plane C. Then the composition
operator F(u) := fou is a well defined non linear map H(TP x T,) — H(TP x T,) and if
luls <r < R, one has the estimate |F(u)|s S 1+ |uls. If f has a zero of order k at 0, then for

~

any |ul, <r < R, one gets the estimate |F(u)|, < |ul®.

For any function u € H(TS°, X), given N > 0, we define the projector IIyu as

Myu(p) := Z uw()e’?  and Tyu:=u —yu.
eln <N

Lemma A.6. (i) Let p > 0. Then

1
Tln| Z |p 7
o [T+ @PleP)e it < e n(”)p
ez

for some constant T = 7(n) > 0.
(i3) Let p> 0. Then

for some constant T = 7(n) > 0.
(7i7) Let « > 0. For N > 1 one has

1
sup [0+ (0)°16°) < (14 N)C@NTEE (A.4)
LEZE: |lla<N

for some constant C(a)) > 0 such that C(a) — 0o as o — 0.

Lemma A.7. Given u € H(T, X) for X some Banach space, let g be a pointwise absolutely
convergent Formal Fourier series such that

l9(0)|x < H(l + (@°16P) ulx,

for some 7" > 0. Then for any 0 < p < o, then g € H(TE,, X) and satisfies

7ln (1> p 7
glo—p < e \° |uls
Proof. Follows directly from Lemma and Definition [2.1 [ |

Lemma A.8. Recalling (3.8) and the definition of |¢|1 in (1.5)), one has

Zd£<oo. (A.5)

iz A0
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Proof. First of all note that for all ¢ € Z%_ one has

|4\1<H1+ )e])

which implies
3
’€| 1 <«

1
S . . A.6
a0 ~ T+ (PGP) A0
Then we recall that (see [9])
Z < o0
& TLO+ GPTP)
which implies (A.5). |

Lemma A.9. Let N,o,p >0, mym' € R, R € H(TP,B"™), Q € H(']Tg‘jrp,B‘”p’m/).

(i) The product operator RQ € H(T, BT with | RQ|lvmmsm Sm PN R .00 | Qll -t pom -
If R( ) Q(w) depend on a parameter w € § C Dy, then HRQH%erm, <m
oy If m=m" =0, one has |RQ|IF S IRIZICII5-

(zz) The pmjected operator |5 R|lom < e PN Rl ot pm

Given two linear operators A, B, we define for any n > 0, the operator Ad’(B) as
AdY(B) =B, Ad{TH(B) == [Ad%(B), A],

where
B, A] :=BA—-AB.
By iterating the estimate (i) of Lemma one has that for any n > 1

[AdL(B)lle < C*[|AlIZ 1Bl (A7)

for some constant C' > 0.

Lemma A.10. Let 0 < ... < pp < ... < pp and 0 < ... € §, <€ ... K dy. Assume that
Zizo 0; < 00, choose any n > 0 and let A and B be linear operators such that

A=A B=>Bi  |Aillp-1, Billps <6, i=0,...,n.

Then for any 0 < (; < p; the following holds.
(i) For any k > 1, one has
AdLB)=Y"RY with  |RW||,—¢, < CEGTY6 Yi=0,....n
i=0
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(i) Let R := e "Be* — B. Then

R=> Ri with |[Rilp—c S¢G'6 Vi=0,...,n

Proof. PROOF OF ITEM (7). We prove the statement by induction on k. For k = 1, one has that

i—1

ZR = B A+ ) (1B Ayl = [Ai Byl)

=0

Since for j < ¢ one has that p; > p; and so all the terms in the above sum are analytic at least
in the strip of width p;. By applying Lemma (z) one has for any 0 < {; < p;

IRM pimes S ¢ (52+256)<g 15,38 S ¢

j>0

for i = 0,...,n. Now we argue by induction. Assume that for some k > 1, R*) := Adf‘j‘(B) =
s RY. with

IR gy, < CE¢T0s, i=0,..0im
for any 0 < (; < p;. Of course this implies that for all j < ¢ one has

k — .
HRE )HPi—Ci < C(’TQ 153’7 1=0,...,n.

By definition
- k+1
AdZJrl(B) _ [R(k),A] ZR( + )
RED = R A+ 3 (IRW, 4] - [4,R¥)), Vi=0,...,n.
Hence by applying Lemma (z) and using the induction hypothesis, one obtains

i—1
k+1 k k k
IR, < C(IRE eI Ailloi—c, + D IR il i, + IR i1 Aillpi—c. )

§=0
i—1
< CGICES Y 6, < CCECT 6> 65 < CEH¢T6s.
Jj=0 320
PROOF OF (i7). One has
Ad%(B) (i) & R¥
.A A ) . o i
R = —B= Z = ZRz where Rz—z AR
k>1 i=0 k>1
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so that

H1€le Q j{:“ sz Gi <:§£: < 16 6i

k>1 k>1

Therefore the assertion follows. ]

Lemma A.11. Let {pp}n>0 and {0y }n>0 as in Lemmal|A.10, Choose any n > 0 and consider
x) = Zgi(ga,az), with — g; € Hp;s  |9ilps <0y 1=0,...,n.

Then the following holds.
(i) Consider the commutator [03,G] where G := 75-g(p,2)0; . Then, one has

x

03,G] = 39,0, + R, R:=» Ri,  where |[Rillp—c, $¢ %0, for 0<G < pi.
k=0

(i) Let Co,C1y- -, Cn satisfying 0 < 2¢; < pi, 0 < pp = G < pp—1 — Cu—1 < ... < po — Co and
assume that 3 ;g ¢;36; < 0o. Then, one has

n
e 9939 =08 +3g.0. + R,  R=> Ri, [Rillp—2¢, S¢G*%, i=0,...,n.

)
=0

(1it) Let Co,C1y---,Cn satisfying 0 < ¢; < pi, 0 < pp— G < pr—1 — 1 < ... < po — (o and
assume that ;< ¢ 10; < oo. Then

n

e w-0,)e =w-0,+R, R=D Ri, |[Rilp-c S¢G'6 i=0,....n.
=0

Proof. PROOF OF (i). One has

R:=Y Ri, Ri:=n3(3(gi)ee + (9)zzads ") — 370(9:)a0s -
1=0
Therefore
IRillpi—c: S G265

PROOF OF (ii). In view of the item (i), it is enough to estimate

3 AdG(2)

k!
k>2
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Let .

. =0 (A.8)
g = Zgi7 Gi =y gi(e, )0, i=0,...,n.
i=0
One has 5
IBillp—ca S G0 i=0... o)
1Gillpi—¢iim1 < NGillpi, -1 S [ Silpi 5 5 <GP0, i=0,.m
For any k > 2 one has
AdG(93) = Adg ([0, 9]) = Adg(B)
hence, we can apply Lemma (replacing p; with p; — ¢; and 9; with Ci_?’é,;) obtaining
Adg(93) = ZR
where ng) satisfies
IRy —ae, < CECGTAS:, i=0,....n (A.10)
and hence by setting
AdE(93) -
R=Y_ g ZR
k>2
item (i7) follows.
PROOF OF ITEM (7ii). The proof can be done arguing as in the item (ii), using that
dk 1 8 g
e I(w-0,)ed =w-d, + Z ) , where  (w - 0,G) := myw - pg(p, )05 " .
k>1
|
Lemma A.12. Let A, Ay, B, By be bounded operators w.r.t. a norm || - ||s, and define
My = max{[| Ao, [|Allo}, My = max{||Bilo, [|Bllo}- (A.11)

Then the following holds.
(i) For any k > 0, one has

|AdY, (By) — Ad4(B)|lo < CEMEME(| A+ — Allo + 1B+ — Blls)
for some constant Cy, > 0.

(i)
le™*Biett — e Bet|y S A+ — Allg + [|B+ = Blls -
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Proof. PROOF OF (7). We argue by induction. Of course the result is trivial for & = 0. Assume
that the estimate holds for some k > 1. Then

AdY (By) ~AdRTH(B) = Ada, (Adf4+ (B+)) — Ady (Adﬁ(rs))
= Ady, (Adﬂﬂ4+ (B.) — Ad’;(B)) — Ada,_4 (Adg(B)) :
Hence, by the induction hypothesis, using (A.11)), (A.7) and Lemma[A.9}(i), one obtains that
IAdSE (B4 ) —Ad (B) o < A+ 6 l1Ad, (Br) — AdL(B)llo + A+ — All.C* | All5 1Bl
S CeMET Ms(I A+ — Allo + 1By — Bllo) + C*MiMp | At — Alls
< CPHIMET M (| A+ — Al + 1B+ = Bllo)

for some C, > 0 large enough.
PROOF OF (i7). It follows by item (i), using that

Adk, (B) — Adly(B)

e_"”l’)’_,re““+ — e ABeA = Z X

k>0

Lemma A.13. Let A, AT, B, BT be linear operators satisfying
1Al =1 AT 1,1, 1Bl p1, 1B (|1 < Co.

Then the following holds.
(i) For any k > 1,

1AL, (B+) — Ad(B)ll—¢ < C*¢ (AL = Allp—1 + B+ = Bllpa)

for some constant C > 0 depending on Cj.
(ii) Setting R := e~ ABe? — B, and Ry := e~ A+ B e — B, one has

IR = Reillp—¢ S ¢THIM = Asllp—1 + 1B = B llp1).-
Proof. PROOF OF (i). We first estimate Ad 4, (B4 ) — Ad4(B). One has
Ada, (By) — Ada(B) = Ada, (By — B) + Ad, -(B).
By Lemma[A.9}(i), one has

IAdAB)llp—c, IAdAL (B )]l p—c S ¢ (A.12)

and
[AdA, (B+) — Ada(B)llp—c £ ¢ (1A~ Acllpr + 1B~ Bello) (A.13)
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In order to estimate Adﬁt+ (By)—AdY(B) = A(flﬁcrlAdA+ (B) —AdZ_IAdA(B) for any k > 2,
we apply Lemma (i) where we replace By with Ad4, (By) and B with Ad4(B), together
with the estimates (A.12]), (A.13).

Adfy (By)—Ad(B)

PROOF OF (ii). It follows by (i) using that Ry —R =} ;4 i . |

Lemma A.14. Let g+,g € H,, G := 15 9(,2)9; 1, G4 = 7y g+ (p,2)0; . Then the following
holds.

(i) The operators R := e 903e9 — 02 — 3g,0;, Ry = e 9+02e9+ — 93 — 3(g4).0. satisfy
IR+ —Rllp—¢ ST |g+ — glp for some constant T > 0.

(ii) The operators R := e_gw-(?@eg —w-0, and R4 := e_gﬂu-(?saeg+ —w-0, satisfy the estimate
1R+ —Rllp—¢ S C 7|9+ — 9lp, for some constant T > 0.

Proof. We only prove the item (7). The item (i7) can be proved by similar arguments. We
compute

B = [82, 71-(J)_gam_l] = 7-‘-(J)_(sg:tax + 3Gz + gx:c:(:az_l) = ngax +Ra,
Rp = 7T()L(3gxw + g:r:r:vax_l) - 7T0(3gxax)a

3 L -1 1L -1 (A14)
By =05, 15 9+0; ] = 75 (3(9+4)20z + 3(9+)ze + (94 )zwa0y ) = 3(94)20z + R,
Rp, = T (3(94 )aw + (94 )azz0y ") — m0(3(91)200) -
Hence P P
Adg (836) - Adg (896)
Ri—R=Rg, ~Rg+) —
k>2
- A.15)
k—1 k—1 (
Adg (By) — Adg(B)
— RB+ —Rp+ Z + il .
k>2

By a direct calculation one can show the estimates
1Bllo—c1 S ¢ lglos I1Bsllo—ca S ¢ Lol
1Glp-1 S 1glos G +1p-1 S Mg+l (A.16)
IRs, = Rollp—c S ¢ Plg+ = glor 19+ = Gllo—1 S 19+ — 9l

The latter estimates, together with Lemma (1) allow to deduce

IAdG (By) — AdG (B)lp—¢ < C*CTT, Wk >2, (A.17)
for some constant 7 > 0. Thus (A.15])-(A.17)) imply the desired bound. |

References

[1] P. Baldi, M. Berti, R. Montalto. KAM for quasi-linear and fully nonlinear forced KdV. Math. Ann.,
359:471-536, 2014.

39



2]

[15]
[16]

[17]

[18]

P. Baldi, M. Berti, E. Haus, R. Montalto, Time quasi-periodic gravity water waves in

nite depth, Inventiones Math. 214 (2), 739-911, 2018.

L. Biasco, J.E. Massetti, M. Procesi. An abstract Birkhoff Normal Form Theorem and exponential
type stability of the 1d NLS.

L. Biasco, J.E. Massetti, M. Procesi. Almost periodic solutions for the 1d NLS, 2019. Preprint.

J. Bourgain, Construction of quasi-periodic solutions for Hamiltonian perturbations of linear equa-
tions and applications to nonlinear PDE, Internat. Math. Res. Notices, 1994

J. Bourgain, Quasi-periodic solutions of Hamiltonian perturbations of 2D linear Schrédinger equa-
tions, Ann. of Math. (2), 148, (1998)

J. Bourgain, Green’s function estimates for lattice Schrodinger operators and applications, Princeton
University Press, 2005

J. Bourgain, Construction of approzimative and almost periodic solutions of perturbed linear
Schridinger and wave equations, Geom. Funct. Anal. 6, no.2 (1996), 201-230

J. Bourgain. On invariant tori of full dimension for 1D periodic NLS. J. Funct. Anal., 229(1):62-94,
2005.

L. Chierchia, P. Perfetti Second order Hamiltonian equations on f' T and almost-periodic solutions,
J. Diff. Equations, 116, 1995

H. Cong, J. Liu, Y. Shi, X. Yuan, The stability of full dimensional KAM tori for nonlinear
Schrodinger equation, J. Diff. Equations, 264, no.7, 2018

L. Corsi, R. Montalto. Quasi-periodic solutions for the forced Kirchhoff equation on T¢. Nonlinearity,
31(11):5075-5109, 2018.

L. Corsi, R Feola, M. Procesi. Finite dimensional invariant KAM tori for tame vector fields. Trans-
actions of the AMS, 372 (2019), no.3 1913-1983

Craig W., Wayne C. E., Newton’s method and periodic solutions of nonlinear wave equation, Comm.

Pure Appl. Math. 46, 1409-1498, 1993.
R. Feola and M. Procesi. KAM for quasi-linear autonomous NLS, preprint 2017.

S. Kuksin , Hamiltonian perturbations of infinite-dimensional linear systems with imaginary spec-
trum, Funktsional Anal. i Prilozhen., 21, 22-37, 95, 1987.

S. Kuksin Perturbations of quasiperiodic solutions of infinite-dimensional Hamiltonian systems
(Math. USSR Izvestiya 32 (1989), 39-62)

S. Kuksin The perturbation theory for the quasiperiodic solutions of infinite-dimensional Hamiltonian
systems and its applications to the Korteweg de Vries equation (Math. USSR Sbornik 64 (1989), 397-
413)

S. Kuksin, J. Poschel. Invariant Cantor manifolds of quasi-periodic oscillations for a nonlinear

Schrédinger equation. Ann. of Math. (2), 143(1):149-179, 1996.

40



[20]

[21]

[22]

[23]

[25]

[26]

[28]

[29]

S. Liu The ezistence of almost-periodic solutions for 1-dimensional nonlinear Schrodinger equation
with quasi-periodic forcing J. Math. Phys. 61, 031502 (2020)

R. Montalto, M. Procesi Linear Schrédinger equation with an almost periodic potential, Preprint
arXiv:1910.12300, 2019

J. Poschel, A KAM-Theorem for some nonlinear PDEs, Ann. Sc. Norm. Pisa, 23, 119-148, 1996.

J. Poschel. On the construction of almost periodic solutions for a mnonlinear Schrédinger equation.
Ergodic Theory Dynam. Systems, 22(5):1537-1549, 2002.

P. H. Rabinowitz. Periodic solutions of nonlinear hyperbolic partial differential equations, Comm.
Pure Appl. Math., 20:145-205, 1967.

P. H. Rabinowitz. Periodic solutions of nonlinear hyperbolic partial differential equations. II Comm.
Pure Appl. Math., 22:15-39, 1968.

J. Rui, B. Liu, J. Zhang, Almost periodic solutions for a class of linear Schrddinger equations with
almost periodic forcing, J. Math. Phys. 57, 092702 (2016). 18

J. Rui, B. Liu, Almost-periodic solutions of an almost-periodically forced wave equation, J. Math.
Anal. Appl. 451, no.2 (2017), 629-658

C.E. Wayne, Periodic and quasi-periodic solutions of nonlinear wave equations via KAM theory,
Comm. Math. Phys. 127, 479-528, 1990.

X. Xu, J. Geng, Almost periodic solutions of one dimensional Schrodinger equation with the external
parameters, J. Dyn. Differ. Equations 25, 435-450 (2013).

41



	Introduction
	Functional setting
	The iterative scheme
	The zero-th step
	The  n+1-th step

	Proof of Proposition 3.6
	Elimination of the x-dependence from the highest order term
	Elimination of the -dependence from the highest order term
	Time dependent traslation of the space variable
	Conclusion of the proof

	Proof of Proposition 3.8
	Reduction of the first order term
	Reducibility
	Variations
	Conclusion of the proof

	Technical Lemmata

