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Argomento: Limiti con sviluppo in serie

Calcolare, se esistono, i seguenti limiti:

1. lim
x→0

x2

3 sinx− ln(1 + 3x)
;

Ricordiamo gli sviluppi delle funzioni

sinx = x+O
(
x3

)
ln(1 + x) = x− x2

2
+O

(
x3

)
,

e applichiamo quest’ultimo con 3x al posto di x:

ln(1 + 3x) = 3x− (3x)2

2
+O

(
(3x)3

)
= 3x− 9

2
x2 +O

(
x3

)
.

Si ottiene dunque

lim
x→0

x2

3 sinx− ln(1 + 3x)
= lim

x→0

x2

3 (x+O (x3))−
(
3x− 9

2x
2 +O (x3)

)
= lim

x→0

x2

3x+O (x3)− 3x+ 9
2x

2 +O (x3)

= lim
x→0

x2

9
2x

2 +O (x3)

= lim
x→0

1
9
2 +O(x)

=
2

9
.

2. lim
x→0

e−
x
2 − cos

√
x

x2
;

Ricordiamo gli sviluppi delle funzioni

ex = 1 + x+
x2

2
+O

(
x3

)
cosx = 1− x2

2
+

x4

24
+O

(
x6

)
,

e applichiamoli rispettivamente −x

2
e
√
x:

e−
x
2 = 1− x

2
+

(
−x

2

)
2

+O

((
−x

2

)3
)

= 1− x

2
+

x2

8
+O

(
x3

)
1



cos
√
x = 1− (

√
x)

2

2
+

(
√
x)

4

24
+O

((√
x
)6)

= 1− x

2
+

x2

24
+O

(
x3

)
.

Dunque si ottiene

lim
x→0

e−
x
2 − cos

√
x

x2
= lim

x→0

1− x
2 + x2

8 +O
(
x3

)
−

(
1− x

2 + x2

24 +O
(
x3

))
x2

= lim
x→0

x2

8 +O
(
x3

)
− x2

24 +O
(
x3

)
x2

= lim
x→0

x2

12 +O
(
x3

)
x2

= lim
x→0

1

12
+O(x)

=
1

12
.

3. lim
x→0

x cosx− sinx

ex + ln(1− x)− 1
;

Ricordiamo gli sviluppi delle funzioni

cosx = 1− x2

2
+O

(
x4

)
sinx = x− x3

6
+O

(
x4

)
ex = 1 + x+

x2

2
+

x3

6
+O

(
x4

)
ln(1− x) = (−x)− (−x)2

2
+

(−x)3

3
+O

(
x4

)
= −x− x2

2
− x3

3
+O

(
x4

)
,

da cui si ottiene

lim
x→0

x cosx− sinx

ex + ln(1− x)− 1
= lim

x→0

x
(
1− x2

2 +O
(
x4

))
−
(
x− x3

6 +O
(
x4

))(
1 + x+ x2

2 + x3

6 +O (x4)
)
+

(
−x− x2

2 −
x3

3 +O (x4)
)
− 1

= lim
x→0

x− x3

2 +O
(
x5

)
− x+ x3

6 +O
(
x4

)
x3

6 +O (x4)− x3

3 +O (x4)

= lim
x→0

−x3

3 +O
(
x4

)
−x3

6 +O (x4)

= lim
x→0

− 1
3 +O(x)

− 1
6 +O(x)

= 2.

4. lim
x→0

1− cos(2x)

ln (1 + x+ x2)− sinx
;

Utilizzando gli sviluppi

cos(2x) = 1− 2x2 +O
(
x3

)
ln
(
1 + x+ x2

)
= x+ x2 −

(
x+ x2

)2
2

+O
((

x+ x2
)3)

2



= x+ x2 −
x2 +O

(
x3

)
2

+O
(
x3

)
= x+

x2

2
+O

(
x3

)
sinx = x+O

(
x3

)
,

si ottiene

lim
x→0

1− cos(2x)

ln (1 + x+ x2)− sinx
= lim

x→0

1−
(
1− 2x2 +O

(
x3

))(
x+ x2

2 +O (x3)
)
− (x+O (x3))

= lim
x→0

2x2 +O
(
x3

)
x2

2 +O (x3)
= lim

x→0

2 +O(x)
1
2 +O(x)

= 4.

5. lim
x→0

x ln(cosx)

earctan x − esin x
;

Utilizzando gli sviluppi

ln(1 + x) = x+O
(
x2

)
cosx = 1− x2

2
+O

(
x4

)
ex = 1 + x+

x2

2
+

x3

6
+O

(
x4

)
arctanx = x− x3

3
+O

(
x4

)
sinx = x− x3

6
+O

(
x4

)
e componendoli tra di loro si ottiene:

ln(cosx) = cosx− 1 +O
(
(cosx− 1)2

)
= −x2

2
+O

(
x4

)
+O

(
O
(
x2

)2)
= −x2

2
+O

(
x4

)
earctan x = 1 + arctanx+

arctan2 x

2
+

arctan3 x

6
+O

(
arctan4 x

)
= 1 +

(
x− x3

3
+O

(
x4

))
+

(
x+O

(
x3

))2
2

+

(
x+O

(
x3

))3
6

+O
(
O(x)4

)
= 1 + x− x3

3
+O

(
x4

)
+

x2 +O
(
x4

)
2

+
x3 +O

(
x4

)
6

+O
(
x4

)
= 1 + x+

x2

2
− x3

6
+O

(
x4

)
esin x = 1 + sinx+

sin2 x

2
+

sin3 x

6
+O

(
sin4 x

)
= 1 +

(
x− x3

6
+O

(
x4

))
+

(
x+O

(
x3

))2
2

+

(
x+O

(
x3

))3
6

+O
(
O(x)4

)
= 1 + x− x3

6
+O

(
x4

)
+

x2 +O
(
x4

)
2

+
x3 +O

(
x4

)
6

+O
(
x4

)
= 1 + x+

x2

2
+O

(
x4

)
;

pertanto,

lim
x→0

x ln(cosx)

earctan x − esin x
= lim

x→0

x
(
−x2

2 +O
(
x4

))(
1 + x+ x2

2 −
x3

6 +O (x4)
)
−

(
1 + x+ x2

2 +O (x4)
)

3



= lim
x→0

−x3

2 +O
(
x5

)
−x3

6 +O (x4)

= lim
x→0

− 1
2 +O(x)

− 1
6 +O(x)

= 3.

6. lim
x→0

(
1

sin2 x
− 1

arctan (x2)

)
;

Utilizzando gli sviluppi

sin2 x =

(
x− x3

6
+O

(
x5

))2

= x

(
x− x3

6
+O

(
x5

))
− x3

6

(
x+O

(
x3

))
+O

(
x5

)
O(x)

= x2 − x4

3
+O

(
x6

)
arctan

(
x2

)
= x2 +O

((
x2

)3)
= x2 +O

(
x6

)
,

si ottiene

lim
x→0

(
1

sin2 x
− 1

arctan (x2)

)
= lim

x→0

arctan
(
x2

)
− sin2 x

sin2 x arctan (x2)

= lim
x→0

x2 +O
(
x6

)
−

(
x2 − x4

3 +O
(
x6

))(
x2 − x4

3 +O (x6)
)
(x2 +O (x6))

= lim
x→0

x4

3 +O
(
x6

)
x2 (x2 +O (x6)) +O (x4)O (x2)

= lim
x→0

x4

3 +O
(
x6

)
x4 +O (x6)

= lim
x→0

1
3 +O

(
x2

)
1 +O (x2)

=
1

3
.

4


