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1 Introduction

This paper deals with an old open problem, concerning the global wellposedness of
the Kirchhoff equation

Opu — (1 +/ |Vul? d:v)Au =0 (1.1)
Q

with periodic boundary conditions 2 = T¢ or Dirichlet boundary conditions u|sq =
0 on a bounded domain Q@ C R?% In 1940 Bernstein [I3] proved that, in the 1-
dimensional case 2 = [0, 7] with zero boundary conditions u(t,0) = u(t,7) = 0, the
Cauchy problem for (1.1)) with initial data

u(0,2) = a(z), u(0,z)= p(x) (1.2)

is globally wellposed for («a, ) analytic, and locally wellposed for (a, ) in the
Sobolev space H? x H'. Later on, these results have been extended to higher
dimension, also including the periodic setting 2 = T¢, proving global wellposedness
in larger spaces containing the analytic functions, and local wellposedness in the
Sobolev space H2 x Hz, with existence time T ~ (||| + [|8]|1) 2, see Section
for a short overview. Nonetheless, the basic question about the existence time Tor
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the Cauchy problem with C'*° data, even of small amplitude, is still open. In par-
ticular, it is still not known whether the maximal existence time is finite or infinite
(notice that the quasilinear wave equation uy; — (1 4+ u2)u,, = 0 on the circle T,
which looks like in one dimension without the integral sign, has a finite blowup
time T ~ (||a||c2 + ||8]|cr) 72, as proved by Klainerman and Majda [37]).

In this paper we prove that in the periodic setting Q = T¢, d > 1, for small
amplitude initial data (a,3) € H2 x H2 if d = 1, or (a,8) € H: x H' if d > 2,
the existence time is at least T ~ (||| + ||8]])~* (Theorem [1.1]), which is longer
than the time (||| + ||3]|)~2 provided by the classical local theory. The same result
also holds in the case of zero Dirichlet boundary conditions on the cube Q = [0, 7]¢
(Remark . To give a precise statement of our main result, we first introduce
some notation.

On the torus T¢, it is not restrictive to set the problem in the space of functions
with zero average in space, for the following reason. Given initial data «a(z), 8(x),
we split both them and the unknown w(t, ) into the sum of a zero-mean function
and the average term,

a(r) = ag+a(x), Blx)=Pfo+Px), ult,z)=ue(t) + it ),
where

/ a(x)dr =0, B(z)dx =0, / u(t,x)dx =0 Vt.
Td Td Td
Then the Cauchy problem

Dyt — (1 + |Vu|2dm> Au=0, u(0,z)=a(x), Ou(0,z)=08z) (1.3)

splits into two distinct, uncoupled Cauchy problems: one is the problem for the
average ug(t), which is

ug(t) =0, uo(0) =ao, uy(0) = py
and has the unique solution wug(t) = ag + Pot; the other one is the problem for the
zero-mean component (t, z), which is

Dyt — (1 + [ |vap da:) Aa=0, a(0,2)=ad), 8a(0,z)=7().
Td

Thus one has to study the Cauchy problem for the zero-mean unknown a(t, ) with
zero-mean initial data @(z), f(x); this means to study in the class of functions
with zero average in .

For any real s > 0, we consider the Sobolev space of zero-mean functions

H(T,C) = {u(az) = 3w e, |ull, < oo}, (1.4)
jez\{0}
ull2 = > Juyl?l5*,
Jjezi\{0}



and its subspace
H(T* R) := {u € H{(T?,C) : u(z) € R}

of real-valued functions. For s = 0, we write L2 instead of HY the space of square-
integrable functions with zero average.
The main result of the paper is the following theorem.

Theorem 1.1. Ford € N, let
. 3
mo=1 if d=1, mo =5 if d>2. (1.5)

There exist universal constants €y, C, C; > 0 with the following properties.

If (0, 8) € HI™ 3 (T%R) x HI™ 2 (T R) with
HOZ||m0+é + ||6||m0 < 807

then the Cauchy problem (L.3) has a unique solution u € C°([0, T, HmOJr2 (T4, R))N
CY([0,T), Hy*~ 2(']I‘d R)) on the time interval [0,T], where

&
T:€—4,

and

L <
10 ([[4() g3+ 100u(8) - y) < Ce

If, in addition, (o, 8) € HF2(T,R) x H.™
to CO([0, T], HF2 (T4, R)) N C([0, T), H™

(T,R) for some s > my, then u belongs
(T4, R)), with

D= o=

mas ([u(O)] + [0(0)],-3) < Cllallyey + 1813 (1.6)
Remark 1.2 (Evolution of higher norms). The constant C' in does not depend
on s. This unusual property is a consequence of the special structure of the Kirchhoff
equation: if u is a solution of , then u also solves the linear wave equation with
time-dependent coefficient dyu — a(t)Au = 0, with a(t) = 1 + [, [Vu[*dz, and
therefore v := | D,|*u also solves Oyv — a(t)Av = 0. O

Remark 1.3 (Why mg in ([1.5]) is different in dimension d = 1 and d > 2). The
proof of Theorem [L.1}is based on a normal form transformation. In the construction
of such a normal form, one encounters the differences of the linear eigenvalues |j|,
j € Z%, as denominators of the transformation coefficients (see (4.12)-(.13))). On

the 1-dimensional torus T, the difference || j\ — | k|| is either zero or > 1, while on
T?, d > 2, the differences ||| — |k|| = |\/j1 42— /K2 + ...+ k2| accumulate
to zero, with lower bounds ||j| — |k|| > HE Hkl This is the reason for the different

regularity threshold we obtain in dimension 1 or higher. O]



Remark 1.4 (Dirichlet boundary conditions on the cube). Theorem immedi-
ately implies a similar result for the Cauchy problem with zero Dirichlet boundary
conditions on the cube Q := [0, 7]¢. Given any function u : Q — R, let

U:[-ma* =R, U(z):=sign(zizs- - zq)ul|zy],. .., |z4|)

be its extension by odd reflection, and let uey : T¢ — R be the periodic extension
of U.

A function u belongs to H*(2), s =1 or s = 2 (i.e. the weak partial derivatives
of order < s belong to L*(€)) with Dirichlet boundary condition v = 0 on the
boundary 02 if and only if (see, e.g., [27], [3]) u belongs to the domain V,(Q2) of
the fractional Laplacian (—A)*2 on € with zero Dirichlet boundary conditions (a
spectrally defined Sobolev space). In such a case, the extension u.,; belongs to the
Sobolev space H(T?) defined in (1.4). Hence, for initial data o € H*(Q2), 8 € H' ()
with a = 3 = 0 on 99, one consider the periodic odd extensions ae,; € HZ(T?),
Bewr € H}(T?), and Theorem [1.1| applies.

In dimension d = 1, Theorem [1.1] requires less regularity, and it is sufficient that
a € Vs(0,7) and 3 € Vi(0,m). One has a € V3(0, ) if and only if o belongs to

the fractional Sobolev space H2(0,7) on the interval, with a(0) = a(r) = 0, while
2

B € Vi(0,7) if and only if 8 € H2(0,7) with [ L dr < 0o (see 27], [B]). O

1.1 Strategy of the proof

Since the problem is set on the torus T¢, which is a compact manifold, no dispersive
estimates are available to study the long-time dynamics, and the main point is the
analysis of the resonances, for which the key tool is the normal form theory.

The main difficulty in the application of the normal form theory to the Kirchhoff
equation is due to the fact that it is a quasilinear PDE. Let us explain this point in
more detail. The Kirchhoff equation has the Hamiltonian structure

Oyu =V, H(u,v) = v,
) (1.7)
O = =V, H(u,v) = (1 + Ja |Vl d:c) Au,
where the Hamiltonian is
1 2 1 2 1 2, \?
H(u,v) == [ vide+ = [ |Vu|*de+ (— |Vul dx) , (1.8)
2 Td 2 Td 2 Td
and V,H, V,H are the gradients with respect to the real scalar product
(f.9):= | f(x)g(x)dz Vf g e L*(T"R), (1.9)
T

namely H'(u, v)[f, g] = (V. H(u,v), f) + (Vo H(u,v), 6) for all u,v, f,g. As a con-
sequence, the first natural attempt is trying to construct the Birkhoff normal form,
using close-to-identity, symplectic transformations that are the time one flow of



auxiliary Hamiltonians, with the goal of removing the nonresonant terms from the
Hamiltonian , proceeding step by step with respect to the homogeneity orders.
When one calculates (at least formally) the first step of this procedure, one finds
a transformation ® that is bounded on a ball of H*(T¢,R) x H* (T R) around
the origin, but it is not close to the identity as a bounded operator, in the sense
that [|®(u,v) — (u,v)||grsxps—1 is not S |[(u,v)||3, ;o-1, as one needs for the ap-
plication of the Birkhoff normal form method. Hence the transformed Hamiltonian
H(®(u,v)) cannot be Taylor expanded in homogeneous orders without paying a
loss of derivative, and the Birkhoff normal form procedure fails. This is ultimately a
consequence of the quasilinear nature of the Kirchhoff equation. Also, even working
with more general close-to-identity transformations of vector fields, not necessarily
preserving the Hamiltonian structure, the direct application of the Poincaré normal
form procedure encounters the same obstacle.

Thus, one has to look at the equation more carefully, distinguishing some terms
that are harmless and some other terms that are responsible for the failure of the
normal form construction. To this aim, it is convenient to introduce symmetrized
complex coordinates (see Section , so that the linear wave operator becomes di-
agonal, and system becomes (see (12.6))

du = —iAu — H(A(u+71),u+w)A(u+7), (1.10)
Ou = iAu+ L(A(u+7),u+u)A(u+ 1), '
where @ is the complex conjugate of u, A :=|D,| is the Fourier multiplier of symbol

€], and (f,g) := [ra f(x)g(x)dz is the same as in (L.9), even for complex-valued
functions f, g. We note that the cubic nonlinearity in ((1.10)) already has a “paralin-
ear” structure, in the sense that, for all functions u, v, h, all s > 0, one has

[{Au, 0) AR5 = [(Au, )] |[Pllspr < Jlullglloll 3 1Allst1-

Hence ([1.10]) can be interpreted as a linear system whose operator coefficients depend

on (u, ), namely
-G D

mezimm+mw+mm Au,@) = ik + B(u, 7).

where

Since our goal is the analysis of the existence time of the solutions, we calculate the
time derivative 9;(||u|?) of the Sobolev norms and observe that the diagonal terms
A(u, ) give a zero contribution, while the off-diagonal terms B(u, @), which couple u
with @, give terms that are < 2Hu\|2% ||u||§+% only. Thus, on the one hand, this energy

estimate has a loss of half a derivative and cannot be used for the existence theory;
on the other hand, this observation suggests that A(u,u) can be left untouched by
the normal form transformation.

Hence the next natural attempt is the construction of a “partial” normal form
transformation ® that eliminates the cubic nonresonant terms only from B(u, @) and
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does not modify A(u, ). Indeed, such a transformation exists, it is bounded, and,
unlike the full normal form, is close to the identity as a bounded transformation,
namely ||P(u, @) —(u, @) || gsxms S ||(w, @) ||3s s Moreover, the cubic resonant terms
of B(u, u) that remain in the transformed system give zero contribution to the energy
estimate. However, the transformed system contains unbounded off-diagonal terms
of quintic and higher homogeneity order, which produce in the energy estimate the
same loss of half a derivative as above.

At this point it becomes clear that one has to eliminate the off-diagonal un-
bounded terms before the normal form construction. This is at the base of the
method developed by Delort in [22], [23] to construct a normal form for quasilinear
Klein-Gordon equations on the circle. Roughly speaking, such a method consists
in paralinearizing the equation, diagonalizing its principal symbol, so that one can
obtain quasilinear energy estimates, and then starting with the normal form proce-
dure. Further developments of this approach can be found in [14] and [15] about
water waves equations on T.

The off-diagonal unbounded terms of are eliminated in Section , where
we construct a nonlinear bounded transformation ®®) that conjugates system
to a new system (see (3.13)) of the form

Oru = —iy/1+2P(u,u) Au + 0+ 2;(%@» <<Aa, Aw) — (Au, Au>>a,

0/ = ir/1 + 2P (u, @) AT + i 233(%@)) ((Au, AT — (A, Au>>u,

(1.12)
where P(u,u) is a real, nonnegative function of time only, defined as P(u,u) =
¢(3(A(u+1),u+7)), and ¢ is the inverse of the real map z — zv/1+ 2z, z > 0.
System (|1.12]) still has the structure , with the improvement that the off-
diagonal part B(u,u) is now a bounded operator, satisfying

1B (u, @)hlls < Julli]A]l,

for all s > 0, all u, h. Thanks to the special structure of the Kirchhoff equation, and
in particular to the lower bound Y(A(u + @),u + @) = [,(Re (A2u))?dz > 0, the
transformation ®® is global, namely it is defined for all u € H}(T¢, C), and not only
for small u. In the off-diagonal term is an operator of order one with coefficient

(AM(u+ 1), u + u) defined for u € Ho% (T?,C), while, after ) the new off-diagonal
term in ([1.12)) is an operator of order zero where the coefficient ({Aw, Auw) — (Au, Au))
is defined for u € HZ(T? C). Thus the price to pay for removing the unbounded
off-diagonal terms is an increase of % in the regularity threshold for u (as if we had
integrated by parts).

We remark that, reparametrizing the time variable, the coefficient /1 + 2P (u, @)
of the diagonal part in could be normalized to 1; however, this is not needed
to prove our result, because these coefficients are independent of x, and therefore
the (unbounded) diagonal terms cancel out in the energy estimate.

In Section 4| we perform one step of normal form. It is a “partial” normal form
because it does not modify the harmless cubic diagonal terms. The construction
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involves the differences |j|—|k|, 7,k € Z¢, j # k, as denominators, which accumulate
to zero in dimension d > 2. This produces the different regularity thresholds mg in
Theorem , see Remark . The normal form transformation ®® is a bounded
cubic correction of the identity map, and the off-diagonal terms of the transformed
system (4.8)), remain bounded (unlike in the discussion above). The resonant
cubic terms that remain after ®*) create a nonlinear interaction between all Fourier
coefficients u;(t) with Fourier modes j € Z¢ on a sphere |j| = constant, while
any two Fourier coefficients w;(t), ux(t) with |j| # |k| are uncoupled at the cubic
homogeneity order. This, together with the conservation of the Hamiltonian, implies
that there is no growth of Sobolev norms at the cubic homogeneity order. Therefore
all the possible nonlinear effects of growth of Sobolev norms come from the terms of
quintic and higher homogeneity order. This leads to the improved energy estimate
(see (4.47))

Oe(lu(®)1I2) < Cllul)lm, lu®)I3

for the transformed system, whence we deduce that the lifespan of the solutions of
the original Cauchy problem is T~ (el gps + 1B1l—2) ™™

Preliminary further calculations suggest that, after per%orming the next step of
normal form to remove the off-diagonal nonresonant quintic terms, some remaining
quintic resonant terms could produce a nonlinear interaction between modes |j| #
|k|, so that, in principle, a transfer of energy from low to high Fourier modes, and
a growth of Sobolev norms (as in [18], [32], [33], [31] for the semilinear Schrodinger
equation on T?) cannot be excluded. The analysis of the quintic order is the objective
of a further investigation.

As a final comment, we observe that the general strategy developed in [22],
[23], [14], [15] and also adopted in the present paper has a strong analogy with the
technique developed for KAM theory for quasilinear PDEs in [6], [7], [26], [16], [8]:
the first part of these methods uses pseudo-differential or paradifferential calculus to
reduce the linearized or paralinearized operator to some more convenient diagonal
form up to a sufficiently smoothing remainder, and it is a reduction with respect
to the order of differentiation; then the second part uses normal forms or KAM
reducibility schemes to reduce the size of the nonconstant remainders in the operator.
In short: first reduce in |D,|, then in €.

1.2 Reversible Hamiltonian structure and prime integrals

In this section we make some observations about the structure of the Kirchhoff
equation. We do not use them directly in the proof of Theorem [I.1] but they could
be interesting per se.

As is well-known, the Kirchhoff equation has a Hamiltonian structure, which
is (L.7)-(1.8). Also, since the Hamiltonian (L.8) is even in v, namely H(u,—v) =
H(u,v), the Hamiltonian vector field X (u,v) = (V,H(u,v), =V, H(u,v)) satisfies
X oS+ SoX =0, where S is the involution S(u,v) = (u, —v). Therefore system
(1.7) is time-reversible with respect to S, which simply means that if u(¢,z) is a
solution of (L.1]), then u(—t,z) is also a solution of the same equation.



Another observation is that the space of functions u(t,z) = u(t,—x) that are
even in x is an invariant subspace for the Kirchhoff equation, as well as the space of
odd functions u(t, z) = —u(t, —z). The Fourier support is also invariant for the flow:
since the Kirchhoff equation for u(t,z) = 37,4 u;(t)e”* is the system of equations

a4 P (1 kPuf) =0 v ez, (1.13)

kezd

if u;(0) = u}(0) = 0 for some j, then u;(t) = 0 for all ¢. In particular, if the initial
data (a, #) have finite Fourier support, then the solution exists for all times, and a
simple application of finite-dimensional KAM theory shows that some of them are
quasi-periodic in time.

In addition to the Hamiltonian, the momentum

M= | (Oww)Vudx

Td

is also a conserved quantity. Even more, because of the special structure of the
Kirchhoff equation, the momentum is the sum M = > jeza Mj of inﬁnitgly many
prime integrals M;, defined in the following way. If u(t,z) = > ;74 u;(t)e”, then

1., ;
Mj = 5ij(w;0u—j — u—j0u;), j € z,

and one has 1
O M; = §ij(uj8ttu,j — u;Opu;) =0

because each u; satisfies . This observation seems to be new. Since M_; = M,
only “a half” of these prime integrals are independent.

The standard linear changes of coordinates of Section [2| preserve both the Hamil-
tonian and the reversible structure (S becomes S1(u,w) = (@, u) in complex coordi-
nates). The nonlinear transformation of Section [3|is not symplectic, but it preserves
the reversible structure, which is also preserved by the normal form of Section

1.3 Related literature and open questions

Equation was introduced by Kirchhoff [36] (and, in one dimension, indepen-
dently rediscovered in [I7] and [47]) to model the transversal oscillations of a clamped
string or plate, taking into account nonlinear elastic effects. The first results on the
Cauchy problem (1.1)-(1.2)) are due to Bernstein. In his 1940 pioneering paper [13],
he studied the Cauchy problem on an interval, with Dirichlet boundary conditions,
and proved global wellposedness for analytic initial data («, #), and local wellposed-
ness for (o, 8) € H* x H'.

After that, the research on the Kirchhoff equation has been developed in various
directions, with a different kind of results on compact domains (bounded subset 2 C
R? with Dirichlet boundary conditions, or periodic boundary conditions 2 = T¢%) or



non compact domains (2 = R? or “exterior domains” Q = R?\ K, with K ¢ R?
compact domain).

For Q = R? Greenberg and Hu [30] in dimension d = 1 and D’Ancona and
Spagnolo [21] in higher dimension proved global wellposedness with scattering for
small initial data in weighted Sobolev spaces. Further improvements, dealing with
spectrally characterized initial data in larger subsets of the Sobolev spaces, and
also including the case of exterior domains, have been more recently obtained, for
example, by Yamazaki, Matsuyama and Ruzhansky, see [54], [41], [43] and the many
references therein. For global solutions that do not scatter see [40]. Still open is
the main question whether the solutions with small initial data in the standard (not
weighted) Sobolev spaces H*(R%) x H*"1(R?) are globally defined.

Another research direction regards the extension of global wellposedness, on
both compact and non compact domains, to non small initial data that are in a
larger space than analytic functions: see, for example, Pokhozhaev [50], Arosio and
Spagnolo [4], Nishihara [48], Manfrin [39], Ghisi and Gobbino [29], and the references
therein. Still open is the question whether the solutions with initial data of arbitrary
size and Gevrey regularity (on any domain) are globally defined.

On compact domains, dispersion, scattering and time-decay mechanisms are not
available, and there are no results of global existence, nor of finite time blowup, for
initial data (a, 8) of Sobolev, or C°; or Gevrey regularity. The local wellposedness
in the Sobolev class H2 x H? has been proved by Dickey [24], Medeiros and Milla
Miranda [44] and Arosio and Panizzi [3], with existence time of order (|lovfls +

IFE] ||%)*2. Beyond the question about the global wellposedness for small data in
Sobolev class, another open question concerns the local wellposedness in the energy
space H' x L? or in H* x H* ' for 1 < s < 3.

For more details, generalizations (degenerate Kirchhoff equations, Kirchhoff sys-
tems, forced and/or damped Kirchhoff equations, etc.) and other open questions,
we refer to Lions [38] and the surveys of Arosio [2], Spagnolo [52], and Matsuyama
and Ruzhansky [42].

We also mention the recent results [5], [45], [46], [19], which prove the existence
of time periodic or quasi-periodic solutions of time periodically or quasi-periodically
forced Kirchhoff equations on T¢, using Nash-Moser and KAM techniques.

Concerning the normal form theory for quasilinear PDEs, we mention the pio-
neering work of Shatah [51] and the subsequent development by Ozawa, Tsutaya
and Tsutsumi [49] on quasilinear Klein-Gordon equations on R, the abstract re-
sult of Bambusi [9], the aforementioned papers of Delort [22], [23] on quasilinear
Klein-Gordon on T, and the recent literature on water waves by Wu [53], Ger-
main, Masmoudi and Shatah [2§], Alazard and Delort [1], Ionescu and Pusateri [35],
Craig and Sulem [20], Ifrim and Tataru [34], Berti and Delort [14], Berti, Feola and
Pusateri [15]. Other applications of normal form techniques to get long-time exis-
tence for nonlinear PDEs on compact domains can be found in the work of Bambusi,
Nekhoroshev, Grébert, Delort and Szeftel, see e.g. [12], [L1], [10], and Feola, Giuliani
and Pasquali [25].

Acknowledgements. This research was supported by ERC under FP7, Project
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no. 306414 Hamiltonian PDFEs and small divisor problems: a dynamical systems
approach and by PRIN 2015 Variational methods, with applications to problems in
mathematical physics and geometry.

2 Linear transformations

In this section we make two elementary, standard linear changes of variables to
transform system into another one (see (2.6)) where the linear part is diagonal,
preserving both the real and the Hamiltonian structure of the problem. These
standard transformations are the symmetrization of the highest order (section
and then the diagonalization of the linear terms (section [2.2)).

2.1 Symmetrization of the highest order
In the Sobolev spaces ([1.4)) of zero-mean functions, the Fourier multiplier

A= |Dg|: Hy — Hi™', €77 |jle?™

is invertible. System (|1.7)) writes

Ou =
{@v = —(1 + (Au, Au))A?u, 21)

where (-, -) is defined in (1.9)); the Hamiltonian (|1.8) is
1 1 1 )
H(u,v) = §(v,v> + §(Au,Au> + Z(Au,Au) :

To symmetrize the system at the highest order, we consider the linear, symplectic
transformation

(u,v) = @V (g, p) = (A~2q, Ap). (2.2)
System becomes
=A
Gt 23)
Oip = —(1+ (A2q,A2q))Aq,

which is the Hamiltonian system 9,(q,p) = JVHW(q,p) with Hamiltonian H) =
H o &M namely

1,1 1 1,01 1 T, 1 0 I
HY(g,p) = 5{(A2p, Asp) + S{Aq, A2q) + {A2q. Azq)®, T = (_1 0). (24)

Note that the original problem requires the “physical” variables (u,v) to be real-
valued; this corresponds to (g, p) being real-valued too. Also note that <A% p, A2 p) =

(Ap,p).
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2.2 Diagonalization of the highest order: complex variables

To diagonalize the linear part d,q = Ap, Oyp = —Aq of system (2.3), we introduce
complex variables.

System and the Hamiltonian H" (g, p) in are also meaningful, without
any change, for complex functions ¢,p. Thus we define the change of complex
variables (q,p) = ®@(f, g) as

) ([ t+g [—yg _g+tip _g—ip

so that system becomes
Oif = —iNf —i3(A(f +9), f + 9 A(f +9)
0rg = ihg + iz (A(f +9), f + 9 A(f +9)

where the pairing (-,-) denotes the integral of the product of any two complex
functions

(2.6)

(w, h) ;:/ w(z)h(z)dr = Y wih_;, whe LT C). (2.7)
B jeZA\{0}
The map ®@ : (f,g) — (¢,p) in (2.5) is a C-linear isomorphism of the space
LE(T?,C) x L3(T?, C) of pairs of complex functions. When (g, p) are real, (f, g) are
complex conjugate. The restriction of ®® to the space

L(Q)(Td7c'c'> = {(fa g) S LS(TOZ,C) X LS(TOZ,C) ‘g = ?}

of pairs of complex conjugate functions is an R-linear isomorphism onto the space
LE(T? R) x L2(T% R) of pairs of real functions. For g = f, the second equation
in is redundant, being the complex conjugate of the first equation. In other
words, system has the following “real structure”: it is of the form

f _ _ -Fl (f7 g)
o (3) =700 = (Ri7)
where the vector field F(f, g) satisfies

Folf, ) = Fu(f, F). (2.8)
Under the transformation ®®) the Hamiltonian system (2.3)) for complex variables

(¢, p) becomes (2.6]), which is the Hamiltonian system 0;(f, g) = iJVH®(f, g) with
Hamiltonian H® = HM o ®®) namely
1
H(f,9) = (Mf.g) + 75 (M +9). f +9)7,

where J is defined in (2.4)), (-,-) is defined in (2.7), and VH ) is the gradient
with respect to (-,-). System for real (q,p) (which corresponds to the original
Kirchhoff equation) becomes system restricted to the subspace L3(T?, c.c.)
where g = f.

To complete the definition of the function spaces, for any real s > 0 we define

H (T c.c.) :=={(f,g9) € LT c.c.): f,g € H3(T? C)}.
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3 Diagonalization of the order one

Following a “para-differential approach”, we note that the term (A(f +g), f +g) in
(2.6 plays the role of a coefficient, while A outside the scalar product is an operator
of order one, in the sense that

1
A, g AR = [IAllssKAS, 9] < lAllseall fl2llglly Vs >0, he H™, f,g€ He.

Thus we write system ([2.6]) as

& (g) =i ( QUf.g)  1+Q(f g)) A (g) (3:1)
where
QUf.9) = (M +9).f +9) (3.2

The aim of this section is to diagonalize system (3.1]) up to a bounded remainder,
dealing with Q(f, g) as a coefficient (even if it depends nonlinearly on the variables
(f,9)). On the real subspace L2(T¢, c.c.) one has g = f, and therefore

[N

QUL9) = JA +9).+9) = FAG+PLANG +T) = [ (ARe (1)) do >0,

Td

where Re (f) is the real part of f. Since Q(f,g) > 0, the matrix of the coefficients
in (3.1) has purely imaginary eigenvalues. For any x > 0, one has

(_1x_x ffx) (p(lso T )):(p&) i )) (_ﬂ(fﬁ ﬂiﬁ) .

where

T

T) = :
A Y T
Note that —1 < p(z) < 0 for z > 0, so that the matrix (p(lz) 7)Y is invertible. We
define

(1) =aa(2). 2=m00= 2= (, 1), @5

where p = p(Q(f,g)), with p defined in (3.4), and Q(f,¢) in (3.2). The presence
of the factor (1 — p?)~%/2 in the definition of M is discussed in Remark [3.2| below.

To define a nonlinear change of variable expressing (f, ¢) in terms of (1,) by using
(3.5), we have to express the matrix M as a function of n,¢. Using (3.5), we
calculate

(3.4)

1+ p(Q(f,9))
4(1—=p(Q(f,9)))

From definition (3.4]), for any = > 0 one has

L—p@) _ s
1L+p(z) L+ 2z,

Q(f,9) = 1<A(f +9).f+g9) =

1 (Al +4),n+9).

12



whence

QU9 VT30 9) = (A +¥).m + ) = Qn, ). (3.6
The function z — z+/1 + 2z is invertible, and we denote by ¢ its inverse,
l4+2x=y < x=py). (3.7)
Hence we can express Q(f, g) in terms of (n,1) as
1
Qf.9) = (A +¥)n+9)) = 0(Q.v) = Pn.v).  (38)

As a consequence, the matrix M in (3.5) can also be expressed as a function of

(n,v). In short, we denote it by M(n,), so that M(n,) is M(p) where p =
plp(Q(n, ) = p(P(n,¢)), namely

._ 1 1 p(P(n,v))
MU v) = VI 2P, 0) (p(P(n,w)) 1 ) | (39)

We define the transformation (f,g) = ®®)(n,+) by formula (3.5) where M =
M(n, ).

Lemma 3.1. Let ®©) be the map

¥9,0) = M) (1) (3.0
where M(n, 1) is defined in (3.9), p is defined in and P in (3.8)). Then, for

all real s > L. the nonlinear map ®® : Hg(T¢ c.c.) — H(T?, c.c.) is invertible,

continuous, with continuous inverse

V1 —p21(Q(f, 9)) <—P(Q1(f, 9)) —p(Ql(ﬁ g))) (g) ’

Moreover, for all s > %, all (n,v) € H{(T% c.c.), one has

27
12 (g, %) lls < C(llm, wl )l 1l

(@)(f.9) =

for some increasing function C. The same estimate is satisfied by (®G3))~1.

Proof. The regularity H > guarantees that Q(f, g) and Q(n,v) are finite. The only
point to prove is that ®®) and its inverse map pairs of complex conjugate functions
1

into pairs of complex conjugate functions. Let (n,v) € HZ (T, c.c.). Then Q(n,v),
and therefore also P(n,1) = ¢(Q(n,%)), are real and > 0. Let (f,g) = ®®)(n,v),
namely

fot pY g= Pt ¥
V1= p? V1 —=p?
where p = p(P(n,%)). Since ¢ = 7 and p is real, we deduce that f = g, and
1
therefore (f,g) € HZ (T4 c.c.). O

13



Now we calculate how system ({2.6]), i.e. (3.1), transforms under the change of
variable (f, g) = ®®(n, ) = M(n, ¥)n, vl We calculate

and

OMO.)) = =z (1) 0

A = 0{p((Q(n, )} = ' (e(Q(n,4))) &' (Q(n,v))
By and , we have

—i(1+Q(f,9)  —iQ(f,9) Af\ _ -1 0Y). An
(o™ aadatim) () =M (3 9) e (31).
Thus, applying M(n, )~ from the left, becomes

o (1) + Mmoot (1) = (1 1) ivirzpam o (31) - G

We calculate

1 1 —p 1 p 1y 1 01
1—p2\—p 1 (1—p2)% 1L p) 1—-p2\1 0)’
p(r) = -
VI+2z (142 ++/1+2z2)’
1 1 —1

1—p2(x) Vit2r(l+z++vI+2z) 2(1+22)
Sy) = VI 2W)

1+ 3p(y)

Hence mtn ooty () = Ko (31)

where K(n, ) is the operator

ko) (5) = (4) Fnodia s v)a+ )

and F'(n,) is the scalar factor

F(n, ) = ! (3.12)

4(1+3P(n,9)v/1+2P(n,9)
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By induction, for all n = 1,2, 3, ... one has

0.0 (5) = (1) P04 01+ 080+ 00+ )

Thus, by geometric series,

[o8) B nfa) w o _F(nad))
> _(=K(mv)) (5)—(77) At O R G0 A + 9+ 0)

provided that |F'(n, ¢)(A(n + ¢),n + )| < 1. Since (A(n+¢),n+ 1) = 4Q(, V),

using , , and , we have

F(n,¥)(An + ), 0+ 1) = (1+3P(n,v)/1+2P(m,v) 1+3Q(f.9)

whence |F(n,¥)(A(n+),n+)| < 1/3 for all Q(f, g) > 0, and the geometric series
converges. Using the same identities, we also obtain that

L+ F(n, o) (A +0),n+¥) — 41+ 2P(n, )%

n=1

N|w

Hence

ko (5)=(5) + () Ao oo o
Then system becomes

o (1) = ek (VOO (M),

which is

() - GO (s ohs

namely

0 = —iv/TH 2P0 0] An+ s (1A, AD) = (A, An) )

0 = i/ TH 2P ) A + s (A0, Aw) = (A, A )

(3.13)
We remark that system (3.13]) is diagonal at the order one, i.e. the coupling of 5
and 1) (except for the coefﬁcients) is confined to terms of order zero. Also note that

the coefficients of (| are finite for 1,1 € H}, while the coefficients in are
finite for f,g € Hj: 2. the regularity threshold of the transformed system is 5 hlgher
than before.

We also note that the real structure is preserved, namely the second equation in
(3.13)) is the complex conjugate of the first one, or, in other words, the vector field

in (3.13) satisfies property (2.8]).
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Remark 3.2. It would be tempting to use the transformation

(g) - %p (/1) ff) (Z) (3.14)

instead of (3.5]), because (3.14]) preserves the formula of @Q:

QUL9) = (A +9).f +9) = JA0+ )0+ 9) = QG ),

avoiding the use of the inverse function ¢. However, using would produce a
diagonal term of order zero in the transformed system which does not cancel out in
the energy estimate (in fact, on the real subspace ¥ = 77 such a diagonal term has a
real coefficient). The factor (1 — p?)~2 in (3.) is the only (up to constant factors)
choice that eliminates those diagonal terms of order zero. This property is related
to the symplectic structure of . O]

4 Normal form transformation

Let (n,v) be a solution of (3.13] -, with ¢ = 7. Then its a priori energy estimate is
Oc(IInll3) = 0(A™n, A*) = (8m,A25¢> (A%, 00))

- i((A, Ap) — (An, An)) o
= (—i\/1+ 2P(n, ) Anp + - (1+2P(77 ) b, A24p)

A2 \/HTA¢+ (A, Ap) — (Am/\??))m

AT+ 2P, v)
(A AY) — (A ) o
= TSPy A% ) (A%, 1)

< [InlZlmllZ-

This gives the local existence in H{ in a time interval [0, T] with T' = O(||n(0)||;?).
We note that the terms (—iy/1 4+ 2P(n,¢) An,i/1 + 2P 1) A1) give no contribu-
tion to the energy estimate, thanks to thelr diagonal structure which was obtained
in the previous section. Hence, to improve the energy estimate and to extend the
existence time, there is no need to modify those terms. In fact, reparametrizing the
time variable, the coefficient /1 + 2P(n, %) could be normalized to 1; however, as
just noticed, this is not needed to our purposes.

The next step in our proof is the cancellation of the cubic terms contributing to
the energy estimate. We write (3.13) as

at(”? w) = X(U> w) = Dl (777 Qﬂ) + DZS(”? ¢) =+ 83(7% ¢) + RZE)(U» w) (41)

where Dy (n, 1) is the linear component of the unbounded diagonal operator D(n, 1)) =
/1 + 2P(777 1/))(_/\77; Aw)v namely

D) = ().
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D=3(n, 1)) is the difference D — Dy, namely

Deatn) = (VIF2P0) 1) (). (4.2)

Bs(n, 1) is the cubic component of the bounded, off-diagonal term

_ _ Y
B, ) = (1840}~ (an.0) (1) (4.3
and R>5(n, 1) is the bounded remainder of higher homogeneity degree

2(1+2P(1n,4))
The aim of this section is to remove B; (D gives no contribution to the energy

estimate, and R>5(n, ) = O((n,v)°) gives a contribution of higher order).
We consider a transformation (1,v) = ®® (w, z) of the form

RZB(T/a ’17/)) =

(oo~ () (V). @)

(Z) = W (w,z) = (I + M(w, 2)) (‘;) , (4.5)

My (w,z) Mis(w, 2)
M(w, 2) = <M21<'LU,Z> Mgg(w,z)> ’
M;j(w, 2) = Aylw, w] + Byj[w, 2] + Cylz, 2], 4,5 € {1,2},

where A;;, B;;, C;; are bilinear maps. We also denote

Aol = (Gl Al )

A21 [U}, w] AQQ[U}, U}]
and similarly for Blw, z] and C|z, z]. We assume that
A[w17w2] = A[wQle]a 0[21722] = C[ZQ,Zl] vwth,Zl,ZQ.

We calculate how system (3.13)) transforms under the change of variable (n,v) =
®@(w, 2). One has

o (1) =+ w2 () + @atw ) (%)

and

O:M(w, z) = 0y(Alw,w] + Blw, z] + Clz, 2])
= 2A[w, yw] + B[Oyw, z] + Blw, 0yz] + 2Cz, 0;z].

O, (Z) — (14 K(w,2)) @g) ,
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where

«

K(w,z) < 6) = M(w, 2) (g)+{2A[w,a]+B[a,z]+B[w,5]+20[z,m} (Z’) . (4.6)

System ([3.13]), namely (4.1]), becomes

(I + K (w, 2)) @Z’) — X (3D (w, 2)). (4.7)

Assume that, by Neumann series, I+ K (w, z) is invertible (this will be proved below,
after the choice of M(w, z)). Thus (4.7) becomes

0y (Z}) = (I + K(w,2)' X (W (w, 2)) = X (w, 2). (4.8)

Since X = Dy 4+ D3+ Bs + Rxs and (I + K(w, 2))™' =1 — K(w, 2) + K(w, 2),
where K(w,z) = (=K (w, z))", we calculate

Xt (w,z2) =Dy(w,2) + Dy (M(w, 2) (Zj) ) — K(w, 2)D;(w, 2)

~ K(w, 2)D, (M(w 2) (z) ) + K(w, 2)Dy (@9 (w, 2)) + By(w, 2)

+ (I + K(w, 2)) "Ds3(dW
+ [B3(®W (w, 2)) — Bs(w, 2

2) + (I + K(w,2)) " Res(@W(w, 2))

|+ (= K(w,2) + K(w, z))Bg((I)(4)(w,z)).
(4.9)

(
)
We look for M (w, z) such that the cubic terms

X (w, z) =Dy (M(w z) (7“;) ) — K(w, 2)D;(w, 2) + Bs(w, 2) (4.10)

give no contribution to the energy estimate. Note that X3 is not the entirety of the
cubic terms of X+, because a cubic term also arises from (I+K (w, 2)) "' Ds3(®™® (w, 2));
however, this cubic term is diagonal, it does not contribute to the energy estimate,
and it does not interact with the off-diagonal cubic term Bs(w, z), therefore we do
not include it in (4.10).

The first component (X3);(w, z) of the vector X3 (w, 2) in is

(X1 (w, 2) = =AMy (w, 2)w — iAMo(w, 2)z + iMyy (w, 2) Aw — iMys(w, 2) Az
— {2411 [w, —iAw] + By [—iAw, z] + By |w, iAz] + 2C1 [z, iAz] }w
— {2A4w, —iAw] + Bis[—iAw, z] + Bisw,iAz] + 2C12[z,iAz]} 2

+ %((Az,/\z) - (Aw,Aw>>z.

We choose
My =0, Bi2=0,
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because Mj; is not involved in the calculation to remove the off-diagonal terms
(those ending with z), and there are no terms of the form [coefficient O(wz) times
z] to remove. It remains

(X1 (w, 2) = —iAAp|w, w)z — iACya[z, 2]z — iAlg[w, w|Az — iChaz, 2] Az
+ 2iAso[w, Aw]z — 2iCh[z, Az]z + — ((Az Az) — (Aw, Aw)) 2.
We look for Aqy, Cia of the form
Aqafu, vlh = Z ujv_jaia(j, k)hre™*  Vu,v,h,

j,k€ZA\{0}
Chalu, v)h = Z ujv_jclg(j,k:)hkeik'x Yu, v, h,
3,k€ZN{0}

for some coefficients ai2(j, k), c12(j, k) to be determined, where w;,v;, hy are the
Fourier coefficients of any functions u(z),v(x), h(x). Hence

(X, 2) = 3wy e (20(1j] ~ [Kara(i, K) — 5157)

7,k#0
(.
+ 3 zgzgae™ (= 2015 + [Rew (i, k) + 51512
7,k#0
We fix
| ) | 57
aiz(j, k) == q 8|5 — [k]) cia(j, k) = S FD (4.11)
0 if 7] = [k, J
Thus the operators A9, Co are
Alg[u7 U]h = Z U]U_]mh L€ s (412)
7,k#0, |5]#|k|
His .
Chralu,vlh = Z UV_j e, (4.13)
2 IR 4 )
and .
(4 . ik
(X1 (w, 2) = ~1 Z wiw_j|j|2zpe™ . (4.14)
3,k#£0, [k|=]j]

The analogous calculation for the second component (X3 )a(w,2) of the vector in
(4.10) leads to the choice

M22 = Oa BQl = 07 A21 = 0127 C’21 = Al?a <415)
and it remains .
¢ . ik-x
(X )a(w, 2) = r Z | zjz_ il [Pwre™ . (4.16)
3,k#0, |k|=|j]
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We will see below (see (4.43)) that the remaining cubic terms (Xj);(w,z) and
(X3 )2(w, z) do not contribute to the growth of the Sobolev norms in the energy
estimate.

Now that M has been fixed, we have to prove the invertibility of (I + K(w, z))
by Neumann series. Since

M(w, 2) = 0 Ajp|w, w] + 012[z,z]> |

(Am[w, w] + Coy [z, 2] 0 (4.17)

recalling (4.6)) one has

a) [ Apw,w]B + Cialz, 2] + 241w, a]z + 2C19[z, ]z
K(w,2) <ﬁ> N (A;f[w, wo + Cglf[z, zla + 2A2112[w, alw + 2C§ [z, ﬁ]w) o (418)

K(w, 2) (g) = M(w, 2) (g) + B(w, 2) (g)

where M (w, z) is given in (4.17)) and
Ew, ) <a> . <2A12[w,a]z - 2012[2,5]2') .

namely

p 2491w, ajw + 20y [z, Blw
To estimate matrix operators and vectors in HS(TY, c.c.), we define ||(w, 2)||s =
|lw|ls = ||2]|s for every pair (w,z2) = (w,w) of complex conjugate functions.

Lemma 4.1. Let Ay, Co be the operators defined in (4.12)), , and let mg be
defined in (1.5)). For all complex functions u,v,h, all real s > 0,

3
1A s2[u, v]hlls < Slfullm [Vllmoll2lls, | Crafw, viRlls < —IIUH [ollol[P]ls (4.19)

Proof. In dimension d = 1, one has |[j| — |k|| > 1 for |j| # |k|. Therefore, by
Holder’s inequality,

|‘7|2 2 2s
| Asa[u, o] 2 _Z] S W ST T |k|)hk) Ik

k#0 - j#£0,|5|#| k|
. 2 1
<0 bwllillos 1) PR < o Tl el A
kA0 j£0, 714 k]

In dimension d > 2, we observe that

= |k|,_3|1| Vi, k € Z4\ {0}, |5] # |k|. (4.20)

If ||j] — |k|| > 1, then (4.20) holds because |j| > 1. Let ||j]| — |k|| < 1, with |7] # |k|.

Then |k| < |7] + 1, and, since (|j] — [k|)(]j] + |k]) = |j]* — |k|? is a nonzero integer,

one has . 1+ [K]
71+
: = < [j[+ [kl < 2[j] +1 < 3[4].
g1 = [K[l (1517 = (&[]
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Hence

KK 2
| Avalu, v]h||? = ‘ v hk‘ k|2
. 2| 2w 78(]51 — [k])

kA0 j#0, |41 #k|

. .9
<SS Tl SR TPk <l ol )2

k#0570, |4]#k|

To estimate C12, we use the bound 8(|j| + |k|) > 16, which holds in any dimension.
[l

Lemma 4.2. For all s > 0, all (w,z) € HJ (T4 c.c.), (o, 8) € H§(T? c.c.) one has

|2 ( ), = et (4.21)
7
[, (5) ], < el lll + glolmllellaln, (422
where mg is defined in (L5). For ||wl|m, < %, the operator (I+K (w, z)) : Hy™(T?, c.c.)

— HJ(T4, c.c.) is invertible, with inverse

[e.9]

(I+Kw, 2) ' =1-Kw,z2) +Kw,z), K,z = Z(—K(w,z))”,

n=2

satisfying

o+ oy (5) ], < Clal + Tl ol ol

for all s > 0, where C' is a universal constant.

Proof. Use (4.17)), (4.18)), (4.19) and Neumann series. O

By contraction lemma, we prove that the nonlinear, continuous map ®® is
invertible in a ball around the origin.

Lemma 4.3. For all (n,v) € H"(T% c.c.) in the ball ||n||lm, < 5, there exists a
unique (w, z) € HY®(T%, c.c.) such that ®(w,2) = (9,%), with ||w|lme < 2/17]lme-
If, in addition, n € H§ for some s > my, then w also belongs to H, and ||wls <
2||n||s. This defines the continuous inverse map (®W)~1: H5(T?, c.c.)N{|[nllm, < 1}
— H§(T4, c.c.).

Proof. Eristence. Given (n,%)), the problem of finding (w, z) such that ®® (w, z) =
(n,%) is the fixed point problem V(w, z) = (w, z), where

o= (2o (3.
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Let Bg := {(w,2) € H"(T% c.c.) : |w|m, < R}. By (.21)), ¥ maps Br — Bg if
1]lmo + 15 R < R. Since

9 (2) 3 (%)

1
- / K(wz + J(wy — we), 22 + V(21 — z2)) dv (w1 B w2> , (4.23)
0 21— 22
by ¥ is a contraction if 2tR? < 1. We choose R = 2|[1)|[n,, so that ¥ is a
contraction in B if |||/, < §. As a consequence, there exists a unique fixed point
(w,z) = ¥(w, z) in Bg, with [|w]|m, < R = 2[|1||m,-

Regularity. Assume, in addition, that n € H®. The fixed point w is the limit
in H™ of the sequence w,, := ¥(w,_1), wy := 0. We write w as the sum of the
telescoping series y .~ h,, which converges in H™, where h, := w41 — w,. Since
n € H® and ¥ maps H® — H?, then w, € H® for all n. By ,

[Penllmo < B[|Po|lmy ¥ >0, (4.24)
where B := %RQ. Note that hy = wy = n. By induction, we prove that
(@) llwalls < ps; (@) [[Balls < B™[[olls + nB" " Asl|Aollm (4.25)

for some constants p,, A; to determine.

Atn=0 trivially holds. At n =1, (¢) holds if ps > ||n||s, and (i) holds
because, by @21, [halls = [M (5, 6) (1) lls < L 9], 7]l and By = 7.

Assume that holds for all k& < n, for some n > 1. Using (4.23)), [£.22), (i),
and (i),_1, we deduce that ||hni1]ls < ER||hnlls + ZRps||hnllmy. Using (ii), and
[#24), this is < (= R*B")||holls+ (5% R*nB" ' A;+ I Rp,B")|| Ao, Since B = ZR?,
(79) 41 holds provided that %Rps < A, Wefix A, = %Rps.

To prove (i)n41, we use (ii) for k = 0,...,n, and we estimate ||w,i1ls <
>0 1hills < 325 B¥lIholls+325o kB* Asllhollme < 75 [1holls+ =55z §8PsllR0]lms -
Hence (i),+1 holds by choosing ps = 2||n||s. The proof of is complete.

As a consequence, w, is a Cauchy sequence in H®, and its limit w satisfies
lwlls < ps = 2n]ls-

Continuity. The inverse map (®®*)~1 is Lipschitz-continuous because it is con-

structed as a solution of the fixed point problem (recall ([4.23)). ]
Lemma 4.4. For all complex functions u,v,y, h, one has

(Arzlu, vy, h) = (y, Az[u, vlh),  (Cizlu, vy, h) = (y, Cizlu, vlh), (4.26)

App[u, vly = Ass[u, 7], Chafu,v]y = Cio[u, 07, (4.27)

Apofu, v]A%y = A° Apa[u, v]y, Chalu, v]A°y = A°Chalu, v]y (4.28)

where u is the complex conjugate of u, and so on. As a consequence, for all complex
functions w, z,y, h, one has

(Mig(w, 2)y, h) = (y, Mu(wa_z)h% (M (w, 2)y, h) = (y,M21(w,_z)h>, (4.29)

Mlg(w, Z)h = Mm(@, E)h, Mgl(w, Z)h = Mgl(m, E)h, (430)
[My2(w, 2), A°] =0, [Moy (w, z), A°] = 0. (4.31)
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Moreover, for all complex w, z, h,
M12(w, Z)h = Mgl(Z, w)h (432)

and
M(w, 2)D; + DM (w, z) = 0. (4.33)

Proof. All (4.26)-(4.32)) directly follow from the definition (4.11)) of the coefficients

a12(7, k), c12(j, k) and from (4.15)), (4.17). The anti-commutator identity (4.33]) fol-
lows from (4.31]). O

Lemma 4.5. The maps M(w,w), K(w,w), and the transformation ®% preserve

the structure of real vector field (2.8). Hence Xt defined in (4.8)) satisfies (2.8)).
Proof. 1t follows from Lemma [4.4] O

For a system 0;(w,w) = F(w,w) where the vector field F = (Fy, Fy) satisfies
(2.8), the Sobolev norm of any solution evolves in time according to

Or(wl?) = (A Fi(w, @), W) + (A*w, A* Fo(w, w))
— 9Re (A*F, (w, @), A*w). (4.34)

The vector field X in (4.9) is

Xt (w,z) =Dy(w, z) — K(w, 2)D; <M(w, z) (f) ) + K(w, 2)Dy (W (w, 2))
+ Xo (w,2) + (I + K(w, 2)) "Ds3(®W (w, 2)) + R (w,2)  (4.35)
where

R§5(w,z) =+ K(w,2))” R>5( (w,z)) + [Bg(¢(4)(w, 2)) — Bs(w, 2)]
+ (= K(w,2) + K(w,2)) B3(“ (w

By (4.33)), equation (4.10)) becomes

(M(w, z) + K(w, 2))Dy (Z) = B3(w, z) — X (w, 2). (4.36)
We use (4.36) to rewrite the terms in (4.35) containing Dy, D>3. At a first glance,
these terms seem to be unbounded, as D;, D>3 are operators of order one, but, using

(4.36)), it becomes clear that they are, in fact, bounded. Omitting to write (f) and
(w, 2), identity (4.36]) is (M + K)D; = B3 — X3, the anti-commutator formula ([4.33))
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is M Dy + DM = 0, and therefore we have

—KD\M + KDi(I+M)=KMDy+» (-K)"Di+ Y (—K)"DiM
n=2 n=2

= KMD; + i(—K )"Dy = Y (—K)"MD,

n=2 n=2
oo

= - i(—K)"Mbl - > (—=K)"KD;

n=1
= - Z(—K)"(M+ K)D,
= KELI_I—i— K)Y(Bs — X3). (4.37)
Regarding the terms with D>3, recalling one has
D>3(2"(w, 2)) = P(w, 2)Dy (W (w, 2)) (4.38)

where

P(w,z) := \/1 +2P(®®W(w, z)) — 1. (4.39)

We recall that P is defined in , , , and it is a function of ¢ only (i.e., it
does not depend on x). We write as D>3([+M) = PDy(I+M), where P is the
multiplication operator Ph = P(w, 2)h. Using the identities (M + K)D; = By — X3
and MDy + DM = 0, namely and , and the fact that PK = KP

(because P is a function of time only), we calculate

(I + K) 'Ds3®W = (I + K)'PD, (I + M)

K) ' (K + M)D,
+ K)"Y(Bs — X3). (4.40)

By (4.37) and (4.40)), the vector field X in (4.35]) becomes

X (w,z) = (1+P(w,2))Di(w, 2) + X5 (w, 2) + X, (w, 2) (4.41)
where

XI(w, 2) == K(w, 2) (I + K (w, z))f1 (Bs(w,z) — X (w,2)) + REs(w, 2)
— P(w,2) (I + K(w,2)) " (Bs(w, 2) — X5 (w, 2)). (4.42)
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To analyze the energy estimate (4.34)) for F = X T, we prove that the contribution
of (1+ P)D; and X is zero, and the one of all the other terms is quintic. Since
P = P(w, z) is a function of time only, one simply has

(N°(1+P)(—iAw), A°z) + (AN°w, A°(1 + P)iAz) = 0.
Next, recalling (4.14)) and ( , one has
(A*(X)1, A%2) + (Nw, A*(XS)2)

] Z ij—j|ﬂ|2zk|k’2 2o+ 1 Z zjz_j|j|2wk|k|2 w_p =0 (4.43)

3.k€z4\{0} J:keZ\{0}
k|=1j |k|=l7]
rename j < k in the second sum and use |j| = |k|). To estimate the contribution
J J

of X ;5, we collect a few elementary estimates in the next lemma.

Lemma 4.6. For all s > 0, all pairs of complex conjugate functions (w, z), one has
1 9 . 1 9
1Bs(w, 2) [l < Sllwllillwlls,  1X5 (w, 2)ls < Fllwlillw]ls, (4.44)

and, for ||wl|m, < 3, for all complex functions h,

IP(w, 2)hlls = P(w, 2)[[hlls, 0 <P(w,z) < Cllwlli, (4.45)
IR25(w, 2)|ls < 2P(w, 2)||Bs(w, 2)ls < Cllwl3 [lw]]lwlls (4.46)

where R>5 is defined in (4.4) and C is a universal constant.

Proof. Estimate - follows from (4 4.14]), . To prove (| - and ( -
ot (53, €9, 63, €9, &3 G

Lemma 4.7. For all s > 0, all (w, 2) € H3(T¢, c.c.)NH®(T?, c.c.) with ||w||m, <
one has

1
27
X5 (w, 2)lls < Cllwlllwl,, lwlls

where C is a universal constant.

Proof. Use ([£.42)), (£.22)) and Lemma [4.6] O

As a consequence, we obtain the following improved energy estimate.

Lemma 4.8. Let T > 0, s > myq. Any solution (w,w) € C°([0,T], Hi(T4 c.c.)) of
the system Oy(w,w) = X+ (w,w) satisfies

alwlly) < CullwliFllwllm, lwlis (4.47)

as long as it remains in the ball |w||m, < 5, for some universal constant Cy, > 0.
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5 Proof of Theorem 1.1

We now perform the composition of all the changes of variables defined in the pre-
vious sections, namely we define

P =W o 0?6 d® oW,

where 1), &) o6 and P have been defined in (2.2 10, (4.5).
The deﬁmtlons of ®M and &), together with Lemma 3 1 and Lemma 4.3] directly
imply the following lemma.

Lemma 5.1. There exist um’versal constants 6y € (0,1), Co > 0 such that, for all
5 > myg (where mg s deﬁned n ) for all pairs of zero mean real functions

(u,v) € HHZ(']I‘d R) x Hy (']I'd R) satzsfymg
[l ges + 01l < .

there exists a unique pair (w, z) = (w,w) € HS (T, c.c.) such that (u,v) = ®(w,w).
Moreover, (w,w) = ®~!(u,v) satisfies the estimate

lwlls < Co(llullgyr + [lolls-1)-
Conversely, if w € H3(T¢, C) satisfies

||w”m0 < o,
then (u,v) = ®(w,w) € HS+2(']I‘d,R) x Hy (T4 R) is a pair of zero mean real

functions satisfying
lull,y + ol < Collwll

As a consequence, in the following corollary we deduce the equivalence of the

Kirchhoff equation ((1.3) and the transformed system ({4.8]).

Corollary 5.2. Let 69, Cy > 0 be given by Lemma |5.1. Then, for all s > myg, if

u € C°([0, T, HS+2(’]I‘d R)) N C*([0,T], HS"(']I‘d R)) is a solution of equation (1.3))
on some time interval [0,T] with

L <
st (O3 + 1000, 1) < 0,

then the pair (w,z) = (w,w) € C°([0,T], Hi(T? c.c.)) defined as (w(t),w(t)) =
O (u(t), Opu(t)) is a solution of system ([4.8), satisfying

masx [o(t)]. < Co mase (u(t)l,3 + 10O, ).

Conversely, if (w,w) € C°([0,T), H3(T?, c.c.)) is a solution of system (4.8)) satisfying

mo < 00,
nax [l () |lmo < do
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then the pair of real functions (u,v) € C°([0,T7, HS+2(T" R))xC°([0,T], H, 2(T¢R))
defined as (u(t),v(t)) = ®(w(t), w(t)) satisfiesv = dyu and u € C°([0,T], Hg+§(Td))ﬂ

S—=

C*([0,T), Hy 2(T%)) is a solution of equation (1.3) satisfying

1 <
masx (O, + [0(t)],-3) < Co max (0.

By a repeated use of Lemma [5.1] and Corollary [5.2] we prove Theorem [L.1]

Proof of Theorem[1.1. The classical local existence and uniqueness theory for the
Kirchhoff equation (L.3) (see [3]) and Corollary [5.2] imply the local existence and
uniqueness for system - for every mltlal data (wo,wy) in the ball ||wpl|m, < do.

Let (a, 8) € HI 3 (T4, R) x H™ (T, R) with

do

20,

Let (wo, o) := ®~'(a, ). By Lemma 5.1 one has |[wol/;m, < Coe < %, and there-
fore the Cauchy problem for system (4.8) with initial data (wg,ws) has a (unique)

local solution (w(t),w(t)), whose existence time can be extended as long as w(t)
remains in the ball ||w]|,,, < do. By Lemma [4.8]

O([w(®)ll7m) < Cullw(®)ll,

€= ”a“mo—i-% + ||6||m0—% S & =

Hence H H
Wo ||mo
W) ||y < = < 2||wo |, < 6
H ()H 0 (1_20 || 0”4 t)z || 0” 0 0
for all t € [0, T, with
o 15
T.=— C{ = —.
et LT 320,08

1
mo—s

Then (u,v) := CID(w w) belongs to C°([0, 71, Hm0+2(']I‘d R))xC%([0,T), Hy * *(T4 R))
and solves ([L.7), so that v € C°([0,T7, HmOJr (T4, R)) N C([0,T], Hy "~ 2(’]1“1 R))
solves ([1.3) Wlth initial data («, ), and Hu( Wlmgs 2 + 1100(t) g1 < 2C2¢ for all
t 10,77

If, in addition, (o, 8) € Hy 2(T%R) x Hy 2(T¢ R) for some s > my, then
wy € Hy(T¢, C) and, by Lemma [4.§]

10:([w ()] < Cullw(®) I, w2 < Cu(2llwollim,)* [l (B)]I3
for all t € [0, 7. Hence
lw(®)lls < llwolls exp(8C.[[wollm,t),
whence "
lullsr s +10u@®)ll—y < Coet (ledlors + 1181 2)

for all ¢t € [0, T]. The proof of Theorem is complete. n
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