STRONG NONLINEAR INSTABILITY AND GROWTH OF SOBOLEV NORMS NEAR
QUASIPERIODIC FINITE-GAP TORI FOR THE 2D CUBIC NLS EQUATION
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ABsTRACT. We consider the defocusing cubic nonlinear Schrédinger equation (NLS) on the two-dimensional
torus. The equation admits a special family of elliptic invariant quasiperiodic tori called finite-gap solutions.
These are inherited from the integrable 1D model (cubic NLS on the circle) by considering solutions that depend
only on one variable. We study the long-time stability of such invariant tori for the 2D NLS model and show
that, under certain assumptions and over sufficiently long timescales, they exhibit a strong form of transverse
instability in Sobolev spaces H*(T?) (0 < s < 1). More precisely, we construct solutions of the 2D cubic NLS
that start arbitrarily close to such invariant tori in the H® topology and whose H?® norm can grow by any given
factor. This work is partly motivated by the problem of infinite energy cascade for 2D NLS, and seems to be the
first instance where (unstable) long-time nonlinear dynamics near (linearly stable) quasiperiodic tori is studied
and constructed.

1. INTRODUCTION

A widely held principle in dynamical systems theory is that invariant quasiperiodic tori play an important
role in understanding the complicated long-time behavior of Hamiltonian ODE and PDE. In addition to being
important in their own right, the hope is that such quasiperiodic tori can play an important role in understanding
other, possibly more generic, dynamics of the system by acting as islands in whose vicinity orbits might spend
long periods of time before moving to other such islands. The construction of such invariant sets for Hamiltonian
PDE has witnessed an explosion of activity over the past thirty years after the success of extending KAM
techniques to infinite dimensions. However, the dynamics near such tori is still poorly understood, and often
restricted to the linear theory. The purpose of this work is to take a step in the direction of understanding
and constructing non-trivial nonlinear dynamics in the vicinity of certain quasiperiodic solutions for the cubic
defocusing NLS equation. In line with the above philosophy emphasizing the role of invariant quasiperiodic tori
for other types of behavior, another aim is to push forward a program aimed at proving infinite Sobolev norm
growth for the 2D cubic NLS equation, an outstanding open problem.

1.1. The dynamical system and its quasiperiodic objects. We start by describing the dynamical system
and its quasiperiodic invariant objects at the center of our analysis. Consider the periodic cubic defocusing
nonlinear Schrodinger equation (NLS),

(2D-NLS) i0,u + Au = |u|*u

where (z,y) € T? = R?/(27Z)?, t € R and u : R x T? — C. All the results in this paper extend trivially to
higher dimensions d > 3 by considering solutions that only depend on two Variablesﬂ This is a Hamiltonian
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Iwe expect that the results also extend to the focusing sign of the nonlinearity (—|u|?u on the R. H. S. of ) The
reason why we restrict to the defocusing sign comes from the fact that the linear analysis around our quasiperiodic tori has only
been established in full detail in [MP18] in this case.
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PDE with conserved quantities: i) the Hamiltonian

(1) o) = [ (19ute) + Glute )l ) dedy
ii) the mass

(1.2) M) = [ Ju(e.g)Pdady,

which is just the square of the L? norm of the solution, and iii) the momentum
(1.3) P(u) = i/Tz u(z, y)Vu(z, y) dz dy.

We also remark that the equation is locally well-posed for data in H*(T4) for all s > 0 [Bou93]. Thanks to the
conservation of energy (and the subcritical nature of the local well-posedness result), one directly obtains global
well-posedness in H*(T) for s > 1. This global existence can be pushed further down to at least s > 2/3 using
almost conservation inequalities (See for instance [DSPSNO7]). All the solutions constructed in this manuscript
are infinitely smooth, and as such there global-in-time existence is guaranteed.

Now, we describe the invariant objects around which we will study and construct our long-time nonlinear
dynamics. Of course, such a task requires a very precise understanding of the linearized dynamics around such
objects. For this reason, we take the simplest non-trivial family of invariant quasiperiodic tori admitted by
, namely those inherited from its completely integrable 1D counterpart

(1D-NLS) 104 = —0p0q +|al’q, z€T.
This is a subsystem of (2D-NLS|) if we consider solutions that depend only on the first spatial variable. It is well
[1D-NLS

known that equation (1D-NLSJ) is integrable and its phase space is foliated by tori of finite or infinite dimension
with periodic, quasiperiodic, or almost periodic dynamics. The quasiperiodic orbits are usually called finite-gap
solutions.

Such tori are Lyapunov stable (for all time!) as solutions of (as will be clear once we exhibit its
integrable structure) and some of them are linearly stable as solutions of , but we will be interested
in their long-time nonlinear stability (or lack of it) as invariant objects for the 2D equation . In fact,
we shall show that they are nonlinearly unstable as solutions of , and in a strong sense, in certain
topologies and after very long times. Such instability is transversal in the sense that one drifts along the purely
2-dimensional directions: solutions which are initially very close to 1-dimensional become strongly 2-dimensional
after some long time scaleﬂ

1.2. Energy Cascade, Sobolev norm growth, and Lyapunov instability. In addition to studying
long-time dynamics close to invariant objects for NLS, another purpose of this work is to make progress on
a fundamental problem in nonlinear wave theory, which is the transfer of energy between characteristically
different scales for a nonlinear dispersive PDE. This is called the energy cascade phenomenon. It is a purely
nonlinear phenomenon (energy is static in frequency space for the linear system), and will be the underlying
mechanism behind the long-time instability of the finite gap tori mentioned above.

We shall exhibit solutions whose energy moves from very high frequencies towards low frequencies (backward
or inverse cascade), as well as ones that exhibit cascade in the opposite direction (forward or direct cascade).
Such cascade phenomena have attracted a lot of attention in the past few years as they are central aspects
of various theories of turbulence for nonlinear systems. For dispersive PDE, this goes by the name of wave
turbulence theory which predicts the existence of solutions (and statistical states) of that exhibit a
cascade of energy between very different length-scales. In the mathematical community, Bourgain drew attention

2 The tranversal instability phenomenon was already studied for solitary waves of the water waves equation [RT11] and the KP-I
equation [RT12] by Rousset and Tzvetkov. However, their instability is a linear effect, in the sense that the linearized dynamics is
unstable. In contrast, our result is a fundamentally nonlinear effect, as the linearized dynamics around some of the finite gap tori
is stable.
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to such questions of energy cascade by first noting that it can be captured in a quantitative way by studying
the behavior of the Sobolev norms of the solution

Jullfre = (Z (1+ nl)QslﬂnF) -

nez?

In his list of Problems on Hamiltonian PDE [Bou00], Bourgain asked whether there exist solutions that exhibit
a quantitative version of the forward energy cascade, namely solutions whose Sobolev norms H®, with s > 1,
are unbounded in time

(1.4) sup ||u(t)|| g = +o0, s> 1.
>0

We should point out here that such growth cannot happen for s = 0 or s = 1 due to the conservation
laws of the equations. For other Sobolev indices, there exists polynomial upper bounds for the growth of
Sobolev norms (cf. [Bou96l, [Sta97, [CDKS01l, Bou04l, [Zho08, [CW10l, [Soh11al [Soh12l [Soh11b, [CKO12] PTVIT]).
Nevertheless, results proving actual growth of Sobolev norms are much more scarce. After seminal works by
Bourgain himself [Bou96] and Kuksin [Kuk96] [Kuk97al [Kuk97b], the landmark result in [CKS™10| played a
fundamental importance in the recent progress, including this work: It showed that for any s > 1, § < 1,
K > 1, there exist solutions u of such that

(L5) la(@)ll- <6 and [u(T)|z- > K

for some T' > 0. Even if not mentioned in that paper, the same techniques also lead to the same result for
s € (0,1). This paper induced a lot of activity in the area [GK15, [Hanl4l |Gualdl [HPTVI5, [HPI15, (GHP16]
(see also [GGI0l [Dell0l [Poclll [GG12, [Pocldl IGGI5L Masi8a] on results about growth of Sobolev norms with
different techniques). Despite all that, Bourgain’s question about solutions exhibiting remains open on T¢
(however a positive answer holds for the cylindrical domain R x T¢, [HPTVTH)).

The above-cited works revealed an intimate connection between Lyapunov instability and Sobolev norm
growth. Indeed, the solution v = 0 of is an elliptic critical point and is linearly stable in all H*.
From this point of view, the result in [CKS™10| given in can be interpreted as a strong form of Lyapunov
instability (see item (6) in Section 1.4) in H®, s # 1, of the elliptic critical point u = 0 (the first integrals (L.1)
and imply Lyapunov stability in the H! and L? topology). It turns out that this connection runs further,
particularly in relation to the question of finding solutions exhibiting . As was observed in [Hanl4], one
way to prove the existence of such solutions is to prove that, for sufficiently many ¢ € H?, an instability similar
to that in holds, but with ||u(0) — ¢||gs < ¢. In other words, proving long-time instability as in
but with solutions starting d—close to ¢, and for sufficiently many ¢ € H?® implies the existence (and possible
genericness) of unbounded orbits satisfying . Such a program (based on a Baire-Category argument) was
applied successfully for the Szegd equation on T in [GG15].

Motivated by this, one is naturally led to studying this strong form of Lyapunov instability of more general
invariant objects of (or other Hamiltonian PDEs), or equivalently to investigate whether one can
achieve Sobolev norm explosion starting arbitrarily close to a given invariant object. The first work in this
direction is by one of the authors [Hani4]. He considers the plane waves u(t, z) = Ae!(m*=“t) with w = m? 4+ A2,
periodic orbits of , and proves that there are orbits which start J-close to them and undergo H*®
Sobolev norm explosion, 0 < s < 1. This implies that the plane waves are strongly Lyapunov unstable in these
topologies. Stability results for plane waves in H*, s > 1, on shorter time scales are provided in [FGL14].

1.3. Statement of results. Roughly speaking, we will construct solutions to that start very
close to the finite-gap tori in appropriate topologies, and exhibit either backward cascade of energy from high to
low frequencies, or forward cascade of energy from low to high frequencies. In the former case, the solutions that
exhibit backward cascade start in an arbitrarily small vicinity of a finite-gap torus in Sobolev spaces H*(T?)
with 0 < s < 1, but grow to become larger than any pre-assigned factor K > 1 in the same H* (higher Sobolev
norms H*® with s > 1 decrease, but they are large for all times). In the latter case, the solutions that exhibit
forward cascade start in an arbitrarily small vicinity of a finite-gap torus in L?(T?), but their H* Sobolev norm
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(for s > 1) exhibits a growth by a large multiplicative factor K > 1 after a large time. We shall comment
further on those results after we state the theorems precisely.

To do that, we need to introduce the Birkhoff coordinates for equation[ID-NLS] Grébert and Kappeler showed
in [GK14a] that there exists a globally defined map, called the Birkhoff map, such that Vs > 0

®:H*(T) — h*(Z) x h*(Z)

q > (2m,Zm)mez,
such that equation is transformed in the new coordinates (z,, Zm)mez = P(q) to:
(1.7) iZm = am(I)zm

(1.6)

where I = (I,;,)mez and I,,, = |z,,|? are the actions, which are conserved in time (since ., (I) € R). Therefore
in these coordinates, called Birkhoff coordinates, equation becomes a chain of nonlinear harmonic
oscillators. Of course the solutions of live on finite and infinite dimensional tori with periodic, quasiperiodic
or almost periodic dynamics, depending on how many of the actions I,,, (which are constant!) are nonzero and
on the properties of rational dependence of the frequencies. Hence the equation admits a family of
finite dimensional integrable subsystems, denoted by Gs, where S runs through the nonempty, finite subsets of
Z. Gs is contained in N, >oH"(T,C) and its elements are called S-gap solutions. In particular it follows that
s is foliated by Td := @~ (T%) where

TS ={z€: |2y =1L, formesS, |z,]>=0 for m¢S}

is a torus of dimension |S| parametrized by the action variables I = (I;);jes € RS,. This torus, as an invariant
object of equation [[D-NLS] is stable for all times in the sense of Lyapunov.

We will abuse notation, and identify H*(T) with the closed subspace of H*(T?) of functions depending only
on the z variable. Consequently, 7J is a closed torus of H*(T) C H*(T?) which is invariant for the
dynamics.

The main result of this paper will show the instability (in the sense of Lyapunov) of many of these invariant
objects under the dynamics of . Roughly speaking, we show that, under certain assumptions on the
choices of modes S and actions I, these tori are unstable in the H*(T?) topology for s € (0,1). Even more,
there exist orbits which start arbitrarily close to these tori and undergo an arbitrarily large H*-norm explosion.
In order to state our result precisely, we introduce the definition of generic set S:

Definition 1.1 (L—genericity). Given L € N, we say that S = {mj,...,mq} is L-generic if it satisfies the
condition

d d
(1.8) dlimi#0  VLeZd: 0<|l=> |6 <L,
=1 =1

where 4 is the cardinality of S.
Our main result is the following:

Theorem 1.2. Fix a positive integer d > 2 and a sufficiently large L € N. Assume that Sy has cardinality d and
is L-generic. Then there exists €, > 0 such that for any e € (0,e,) there exists a positive measure Cantor-like
set T C (g/2,€)® such that the torus T4 with I = (I;)jes, € T has the following properties:

(1) Long-time instability of Sy-gap solutions in H*(T? C) for 0 < s < 1:
For any s € (0,1), 6 > 0 small enough, and for any K > 1 sufficiently large, there exists a smooth
s
solution u(t) of (2D-NLS)), u: R — N,>oH"(T? C), and a time 0 < T < (%) so that

dist (u((]),']go) ) < 6 and |lu(T)|gery > K.

HS(TQ

Here the exponent > 1 can be chosen independently of K,§. In particular, the Sp-gap solutions in 7:310
are Lyapunov (orbitally) unstable.
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(2) Long-time instability of Sy-gap solutions in H*(T?,C) for s > 1:
For any s > 1 and for any K > 1 sufficiently large, there exists a smooth solutionu : R — Ny>oH™(T?,C)

of @D-NLS) and a time 0 < T < X’ such that

dist (u(0). Td,) oy < K7 and  [[u(T)|z-z2) > K u(0) | 1ze ).

Here 0,0’ > 0 depend on s, but not on K. Note that dist (u(O),TSIO) might not be small.

Hs(T?2)
1.4. Comments and remarks on Theorem [1.2}

(1) The relative measure of the set Z of admissible actions can be taken as close to 1 as desired. Indeed,
by taking smaller ¢,, one has that the relative measure satisfies

|1 — Meas(Z)| < Ce¥

for some constant C' > 0 and 0 < k < 1 independent of €, > 0. The genericity condition on the set
Sp and the actions (Iy)necs, € Z ensure that the linearized dynamics around the resulting torus 7:910 is
stable for the perturbations we need to induce the nonlinear instability. In fact, a subset of those tori
is even linearly stable for much more general perturbations as we remark below.

(2) Why does the finite gap solution need to be small? To prove Theorem we need to analyze the
linearization of equation at the finite gap solution (see Section Roughly speaking, this
leads to a Schrodinger equation with a quasi-periodic potential. Luckily, such operators can be reduced
to constant coefficients via a KAM scheme. This is known as reducibility theory which allows one to
construct a change of variables that casts the linearized operator into an essentially constant coefficient
diagonal one. This KAM scheme was carried out in [MP18§|, and requires the quasi-periodic potential,
given by the finite gap solution here, to be small for the KAM iteration to converge. That being said,
we suspect a similar result to be true for non-small finite gap solutions.

(3) To put the complexity of this result in perspective, it is instructive to compare it with the stability result
in [MP18]. In that paper, it is shown that a proper subset Z' C T of the tori considered in Theorem
are Lyapunov stable in H®, s > 1, but for shorter time scales than those considered in this theorem.
More precisely, all orbits that are initially d-close to ’7;]0 in H® stay Cd-close for some fixed C' > 0 for
time scales t ~ §~2. The same stability result (with a completely identical proof) holds if we replace
H*® by F¢; norm (functions whose Fourier series is in ¢!). In fact, by trivially modifying the proof, one
could also prove stability on the 62 timescale in F¢; N H* for 0 < s < 1. What this means is that the
solutions in the first part of Theorem remains within C¢ of ’7:310 up to times ~ 6~2 but can diverge
vigorously afterwards at much longer time scales.

It is also worth mentioning that the complementary subset Z\Z’ has a positive measure subset where
tori are linearly unstable since they possess a finite set of modes that exhibit hyperbolic behavior.
In principle, hyperbolic directions are good for instability, but they are not useful for our purposes
since they live at very low frequencies, and hence cannot be used (at least not by themselves alone) to
produce a substantial growth of Sobolev norms. We avoid dealing with these linearly unstable directions
by restricting our solution to an invariant subspace on which these modes are at restﬂ

(4) The growth in part (1) of the theorem is the result of the so-called inverse cascade of mass from high
frequencies towards smaller ones, whereas the growth for s > 1 in part (2) is the result of forward cascade
on kinetic energy from low to high frequencies. Both phenomena are predicted by the physical theory
of wave turbulence but their rigorous justification is highly nontrivial from a mathematical viewpoint
as we discussed earlier. For part (1), initially the mass of the perturbation is concentrated on the
“high-frequency set” Ags in Theorem , but becomes concentrated on the “low-frequency set” Agg—1
at time T. This leads to the inflation of the H® norm for 0 < s < 1 (cf. (7.5)) whereas the Sobolev
norms for s > 1 actually contract. In contrast, in part (2), the initial kinetic energy of the perturbation
is concentrated on the set Agg—; and ends up being concentrated on the “high frequency set” Ag3, which

3We expect that such hyperbolic directions should imply a transverse instability result similar to the one obtained by Rousset
and Tzvetkov [RT11l [RT12| for solitary waves.
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yields the growth of Sobolev norms for s > 1. It is here that the dependence of the solution on s starts
to make a difference in the proof (cf. Sections [7| and .

It is expected that a similar statement to the first part of Theorem is also true for s > 1. This
would be a stronger instability compared to that in the second part (for which the initial perturbation
is small in L? but not in H?®). Nevertheless, this case cannot be tackled with the techniques considered
in this paper. Indeed, one of the key points in the proof is to perform a (partial) Birkhoff normal form
up to order 4 around the finite gap solution. The terms which lead to the instabilities in Theorem [T.2]
are quasi-resonant instead of being completely resonant. Working in the H*® topology with s € (0, 1),
such terms can be considered completely resonant with little error on the timescales where instability
happens. However, this cannot be done for s > 1, for which one might be able to eliminate those
terms by a higher order normal form (s > 1 gives a stronger topology and can thus handle worse
small divisors). This would mean that one needs other resonant terms to achieve growth of Sobolev
norms. The same difficulties were encountered in [Hanl4| to prove the instability of the plane waves of
EDNTS).

The first part of the result of Theorem can be interpreted as a strong form of Lyapunov instability in
H? norm (0 < s < 1) of the tori 7;!0 where the Sp-gap solutions are supported. Indeed, for an invariant
subset X of the phase space, being Lyapunov stable means that for all € > 0 there exists § > 0 such
that all solutions that are d-close to X at time ¢ = 0 stay e-close to X for all times. Thus, Lyapunov
instability of X means that there exists K > 0 such that for all § > 0 there exist a solution u(t) and a
time T such that dist(u(0), X) < § and dist(u(T), X) > K. In the first part of Theorem we prove
that for X = 7310 such an instability property holds true for all § > 0 and for all K > 0 in H® norm
(with s € (0,1)). Thus, a stronger form of instability holds: one can start as close to T4 as desired but
still end up as far as desired from 7:;10 after some time 7' = T'(K,0) > 0.

For finite dimensional Hamiltonian dynamical systems, proving Lyapunov instability for quasi-periodic
Diophantine elliptic (or maximal dimensional Lagrangian) tori is an extremely difficult task. Actually
all the obtained results [CZ13l [GK14b| deal with C" or C'*° Hamiltonians, and not a single example of
such instability is known for analytic Hamiltonian systems. In fact, there are no results of instabilities
in the vicinity of non-resonant elliptic critical points or periodic orbits for analytic Hamiltonian systems
(see [LCD8&3] [Doud8, [KMV04] for results on the C° topology). The present paper proves the existence
of unstable Diophantine elliptic tori in an analytic infinite dimensional Hamiltonian system. Obtaining
such instabilities in infinite dimensions is, in some sense, easier: having infinite dimensions gives “more
room” for instabilities.

It is well known that many Hamiltonian PDEs possess quasiperiodic invariant tori [Way90, [P6s96l [KP96),
Bou98|, BB13| [EK10, I(GXY11l BBI1Il Wanl6l [PX13, BCP15, [PP12, [PP15, [BBHMIS|. Most of these tori
are normally elliptic and thus linearly stable. It is widely expected that the behavior given by Theorem
also arises in the neighborhoods of (many of) those tori. Nevertheless, it is not clear how to apply
the techniques of the present paper to these settings.

Scheme of the proof. Let us explain the main steps to prove Theorem [I.2}

Analysis of the 1-dimensional cubic Schrédinger equation. We express the 1-dimensional cubic NLS in
terms of the Birkhoff coordinates. We need a quite precise knowledge of the Birkhoff map (see Theorem
3.1). In particular, we need that it “behaves well” in ¢!. This is done in the paper [MasI8b] and
summarized in Section [3] In Birkhoff coordinates, the finite gap solutions are supported in a finite set
of variables. We use such coordinates to express the Hamiltonian in a more convenient way.
Reducibility of the 2-dimensional cubic NLS around a finite gap solution. We reduce the linearization
of the vector field around the finite gap solutions to a constant coefficients diagonal vector field. This
is done in [MPI18] and explained in Section 4] In Theorem we give the conditions to achieve full
reducibility. In effect, this transforms the linearized operator around the finite gap into a constant
coefficient diagonal (in Fourier space) operator, with eigenvalues {Q5}7cz2\s,. We give the asymptotics
of these eigenvalues in Theorem [4.4] which roughly speaking look like

Q=[5 +0(J7?)
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for frequencies 7= (m,n) satisfying |m|, |n| ~ J. This seemingly harmless O(J~2) correction to the
unperturbed Laplacian eigenvalues is sharp and will be responsible for the restriction to s € (0,1) in
the first part of Theorem [I.2] as we shall explain below.

(3) Degree three Birkhoff normal form around the finite gap solution. This is done in [MP18], but we shall
need more precise information from this normal form that will be crucial for Steps 5 and 6 below. This
is done in [5| (see Theorem [5.2)).

(4) Partial normal form of degree four. We remove all degree four monomials which are not (too close
to) resonant. This is done in Section [6] and leaves us with a Hamiltonian with (close to) resonant
degree-four terms plus a higher-degree part which will be treated as a remainder in our construction.

(5) We follow the paradigm set forth in [CKS™10,[GKT5] to construct solutions to the truncated Hamiltonian
consisting of the (close to) resonant degree-four terms isolated above, and then afterwards to the full
Hamiltonian by an approximation argument. This construction will be done at frequencies 7= (m,n)
such that |m|, |n| ~ J with J very large, and for which the dynamics is effectively given by the following
system of ODE

ia; = —lazfa;+ X anapazet’
R() ={002R) €2°\So: 1.3 #7 Hh—R+i=7 [n?—|RP+I15P =17}
r = Q5 —Qp + Q5 — Q5

We remark that the conditions of the set R(7) are essentially equivalent to saying that (71, 72, 75, 7) form
a rectangle in Z2. Also note that by the asymptotics of 27 mentioned above in , one obtains that
[ = O(J~?) if all the frequencies involved are in R(7) and satisfy |m|, |n| ~ J. The idea now is to reduce
this system into a finite dimensional system called the “Toy Model” which is tractable enough for us to
construct a solution that cascades energy. An obstruction to this plan is presented by the presence of
the oscillating factor el for which T is not zero (in contrast to [CKST10]) but rather O(J~2). The only
way to proceed with this reduction is to approximate el'* ~ 1 which is only possible provided J 2T < 1.
The solution coming from the Toy Model is supported on a finite number of modes 7€ 72\ Sy satisfying
|j| ~ J, and the time it takes for the energy to diffuse across its modes is T' ~ O(v~2) where v is the
characteristic size of the modes in ¢! norm. Requiring the solution to be initially close in H*® to the finite
gap would necessitate that v.J° < § which gives that T >5 J 724, and hence the condition J 2T < 1
translates into the condition s < 1. This explains the restriction to s < 1 in the first part of Theorem
If we only require our solutions to be close to the finite gap in L?, then no such restriction on v is
needed, and hence there is no restriction on s beyond being s > 0 and s # 1, which is the second part
of the theorem.

This analysis is done in Section[7]and[8 In the former, we perform the reduction to the effective degree
4 Hamiltonian taking into account all the changes of variables performed in the previous sections; while
in Section [8| we perform the above approximation argument allowing to shadow the Toy Model solution
mentioned above with a solution of exhibiting the needed norm growth, thus completing the
proof of Theorem [T.2]

In Appendix [B] we give a list of notations and parameters used throughout the paper.

Acknowledgements: The authors would like to thank the referees for their careful reading of the manuscript
and their excellent suggestions that helped improve the exposition significantly. This project has received funding
from the European Research Council (ERC) under the European Union’s Horizon 2020 research and innovation
programme (grant agreement No 757802) and under FP7- IDEAS (grant agreement No 306414). M. G. has been
also partly supported by the Spanish MINECO-FEDER Grant PGC2018-098676-B-100 (AEI/FEDER/UE) and
by the Catalan Institution for Research and Advanced Studies via an ICREA Academia Prize 2019. Z. H. was
partly supported by a Sloan Fellowship, NSF grants DMS-1600561 and DMS-1654692, and a Simons Collab-
oration Grant. A.M. was partly supported by Progetto di Ricerca GNAMPA - INdAM 2018 “Moti stabili ed
instabili in equazioni di tipo Schréodinger”. M. P. and E. H. were partially supported by PRIN 2015 "Variational
methods in analysis geometry and physics".



8 M. GUARDIA, Z. HANIL, E. HAUS, A. MASPERO, AND M. PROCESI

2. NOTATION AND FUNCTIONAL SETTING
2.1. Notation. For a complex number z, it is often convenient to use the notation
o )* if 0 =+1,
z if o = —1.

For any subset I' C Z?, we denote by h*(I') the set of sequences (a;)jer with norm
1/2

he(T) = Z@2S|aﬂ2 < 0o.

jer

lal

Our phase space will be obtained by an appropriate linearization around the finite gap solution with d
frequencies/actions. For a finite set Sy C Z x {0} of d elements, we consider the phase space X = (C® x T¢) x
N Z2\ Sp) x 11(Z2\ Sp). The first part (C¢ x T¢) corresponds to the finite-gap sites in action angle coordinates,
whereas ¢1(Z2 \ Sy) x (1(Z? \ Sy) corresponds to the remaining orthogonal sites in frequency space. We shall
often denote the ¢! norm by || - ||;. We shall denote variables on X by

X3 ((Y.0,a): YeC' 0T a=(aa) el (Z*\S) x L (Z°\ S).

We shall use multi-index notation to write monomials like ! and m, 5 = a“@® where l € N¢ and «, 8 € (N)
Often times, we will abuse notation, and simply use the notation a € ¢! to mean a = (a,a) € (*(Z*\ Sp) x
gl(ZQ\S()), and ||a||1 = HCLHél(Zz\SO)-

Z\So

Definition 2.1. For a monomial of the form e Y'm,, g, we define its degree to be 2|I| + |a| + |B| — 2, where
the modulus of a multi-index is given by its £* norm.

2.2. Regular Hamiltonians. Given a Hamiltonian function F(), 0, a) on the phase space X, we associate to
it the Hamiltonian vector field
Xp ={-0gF,0yF, —i03F,i0,F},
where we have used the standard complex notation to denote the Fréchet derivatives of F' with respect to the
variable a € /1.
We will often need to complexify the variable # € T¢ into the domain

d . d . d
T, :={0 € C :Re(d) € T°, [Im(0)| < p}
and consider vector fields which are functions from
CExTdx et - CxCx 0 (V,0,a) - (X, X0 X x@)
which are analytic in ), 0,a. Our vector fields will be defined on the domain
(2.1) D(p,r) := ']I‘i x D(r)  where D(r):={|Y| < r2, lally < r}.

On the vector field, we use as norm

| X1, = X +

xO) x (a) x (@)

X IXy | [X Ol
r r r

All Hamiltonians F' considered in this article are analytic, real valued and can be expanded in Taylor Fourier

series which are well defined and pointwise absolutely convergent

(2:2) F(Y,0.a) = > Fopie € Yma .
a,BENZ*\S0 ¢c74 1eNd

Correspondingly we expand vector fields in Taylor Fourier series (again well defined and pointwise absolutely
convergent)

X(v)(y, 0,a) = Z XS%J,@ RV Mg,
«,BENZ?\S0 c74 |eNd
where v denotes the components ¢;,Y; for 1 <14 < d or ay,ay for 7€ 72 \ So.
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To a vector field we associate its majorant
— (v) 2yl
XPWali= 31X Y me
£€74,1eN? v, BENE?

and require that this is an analytic map on D(r). Such a vector field is called majorant analytic. Since
Hamiltonian functions are defined modulo constants, we give the following definition of the norm of F:

p,r t— sup || (XF) ||

|F
(¥,a)eD(r) fr

Note that the norm |- |, , controls the |- |, ,» whenever p’ < p, " <r.
Finally, we will also consider Hamiltonians F'(\; 0, a,a) = F()\) depending on an external parameter A € O C
RY. For those, we define the inhomogeneous Lipschitz norm:

FOA) = FO)l,s
|F|2T :=sup |[F'(\)|pr + sup [F (M) (A2)l, .
A€O A £A €O |A1 — A2

2.3. Commutation rules. Given two Hamiltonians F and G, we define their Poisson bracket as {F,G} :=
dF(X¢); in coordinates

{F,G} = —0yF - 0G + 0F - 0yG +i| > 04,F04,G— 0 Fs,G

JEZ2\So

Given o, 8 € NZ\% we denote mgy g := a®@®. To the monomial e*?Y'm, 5 with ¢ € Z¢,1 € N¢ we associate
various numbers. We denote by

(2.3) na,B) = > (az—B7), ne) =Y 4 .

JEZ2\So i=1
We also associate to e?Y'm,, 5 the quantities 7(a, 8) = (7, 7,) and 7(¢) defined by
a
(2.4) (e, ) = {Zzgzgg] - m (05— B,  m(0)= ;mia .

J=(m,n)€L>*\So

The above quantities are associated with the following mass M and momentum P = (P,,P,) functionals
given by

d
Miizy¢+ Z |aj|2
i=1

JEZA\So

d
(2.5) Po= mYit+ Y. mlagl
=1

(m,n)€eZ2\So

Py = Z n|a(m7n)|2

(m,n)€Z\So
via the following commutation rules: given a monomial e'“?Y'm,, 5
{M, Y ma 5} = i(n(a, B) + n(0)e* Y'ma 5
{Po, eV ma 5} = i(ma(a, B) + 7(0)e 'V M 5
(Py, “OVlmy 5} = imy(a, B) eV mq 5
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Remark 2.2. An analytic hamiltonian function F (expanded as in (2.2)) commutes with the mass M and the
momentum P if and only if the following selection rules on its coefficients hold:

{(FMy=0 & Fapre(nla,B)+n(l) =0
{f7 PZE} =0 ~ ]:a,,ﬁ,l,[ (ﬂ-z(a,ﬁ) + ’n’(f)) =0
{F. Pyt =0 & Fapue(my(e,8))=0

where n(a, 8),n(L) are defined in and 7(a, B), w(€) are defined in ([2-4).

Definition 2.3. We will denote by A, , the set of all real-valued Hamiltonians of the form (2.2) with finite
| - |pr norm and which Poisson commute with M, P. Given a compact set O C R?, we denote by Agr the
Banach space of Lipschitz maps O — A, , with the norm | - ST.

From now on, all our Hamiltonians will belong to some set A, ;. for some p,r > 0.

3. ADAPTED VARIABLES AND HAMILTONIAN FORMULATION
3.1. Fourier expansion and phase shift. Let us start by expanding u in Fourier coefficients
u(z,y,t) = Z ug(t) ellmetny),
J=(m,n)€z?
Then, the Hamiltonian Hj introduced in can be written as
Ho(u) =Y [31%[ugf® + % > ugptgpuzig,

7ez? 7; €22
J1-J72+73-74=0

M (u)?
2
1 1 x o
=3 [P lug® - B Sl 2 [ D Jut? +3 > uptpugg,
Jez? Jez? JeZ? 7; €22

J1—J2+73—J4=0

where the =" means the sum over the quadruples 7; such that {71, 73} # {7, 71}-
Since the mass M (u) in (1.2)) is a constant of motion, we make a trivial phase shift and consider an equivalent
Hamiltonian H (u) = Ho(u) — M (u)?,

1
(31) 1) = [ [Vule) dody+ 5 [ Jutep)|* dedy - M(w?
T2 T2
corresponding to the Hamilton equation
(3.2) i0;u = —Au + [u*u — 2M (u)u , (z,y) € T? .
Clearly the solutions of (3.2)) differ from the solutions of (2D-NLS)) only by a phase shiftﬂ Then,

1 1 . o
(3.3) H(u) = |7 ug® - B > lug* + 3 S uptigug g,
Jez? Jez? Ji€z?
J1—72+73—74=0

4In order to show the equivalence we consider any solution u(z,t) of (3.2) and consider the invertible map

—2iM (u)t 2iM (v)t

ur—v=ue with inverse v+—u=wve

Then a direct computation shows that v solves 2D-NLS.
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3.2. The Birkhoff map for the 1D cubic NLS. We devote this section to gathering some properties of the
Birkhoff map for the integrable 1D NLS equation. These will be used to write the Hamiltonian in a more
convenient way. The main reference for this section is [Mas18b]. We shall denote by B?(r) the ball of radius r
and center 0 in the topology of h® = h*(Z).

Theorem 3.1. There exist r. > 0 and a symplectic, real analytic map ® with d®(0) =1 such that Vs > 0 one
has the following

(i) ®: B%(r«) — h®. More precisely, there exists a constant C > 0 such that for all 0 < r < r,

sup (@ —I)(q)[[ne < Cr°

llallns <r

The same estimate holds for ® 1 — 1 or by replacing the space h® with the space (*.
(ii) Moreover, if ¢ € h® for s > 1, ® introduces local Birkhoff coordinates for (NLS-1d) in h® as follows:
the integrals of motion of (NLS-1d) are real analytic functions of the actions I; = |z;|* where (z)jez =

D(q). In particular the Hamiltonian HNLSld = fT |0z q(x |2 dz — M(q)? + %fT |q(ac)|4 dx, the mass
= [ lg(@)]* dz and the momentum P(q) := ffT x)i0,q(x)dz have the form
(3.4) (Hxisia © @) (2) = hussia ((|2m[*)mez) = > m®|zm|* — 5 Z [2m|* +O(|2[°)
meZ mGZ
(Mo®™ ') (2) = > |zm|?,
meZ
(Pod™)(2) =Y mlzl
meZ

(iii) Define the (NLS-1d) action-to-frequency map I + o™$¥4(I), where a2514(T) := ah#l:d, VYm € Z. Then
one has the asymptotic expansion

(3.5) Sy =m? — 1, +

m

where w,, (I) is at least quadratic in I.

Proof. Ttem (i) is the main content of [Mas18b|, where it is proved that the Birkhoff map is majorant analytic
between some Fourier-Lebesgue spaces. Item (i7) is proved in [GK14a). Item (¢4¢) is Theorem 1.3 of [KST17]. O

Remark 3.2. Theorem[3.] implies that all solutions of 1D NLS have Sobolev norms uniformly bounded in time
(as it happens for other integrable systems, like KdV and Toda lattice, see e.g. [BM16, KMMT16|). On the
contrary, the Szegd equation is an integrable system which exhibits growth of Sobolev norms [GG13).

3.3. Adapted variables. The aim of this section is to write the Hamiltonian (3.1]), the mass M (1.2) and the
momentum P (1.3]) in the local variables around the finite gap solution corresponding to

|Zm‘2 = I, m € Sy
Zm :0, mGZ\So

To begin with, we start from the Hamiltonian in Fourier coordinates (3.3)), and set

Gm = Um0y if meZ, ay=wu; if 7= (m,n) €Z*, n#0.
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We rewrite the Hamiltonian accordingly in increasing degree in a, obtaining

*

1 1
_ 2 2 4 — —
H(g,a) = > m®|qm| —5 > |gm| +3 > Gy G Gms Gmy +
meZ mEZ m; €L
mq—mg+mgzg—my=0
*
202 _ _ _ _
+ E |ﬂ |af| +2 E Amy4m, 7507, + Re E : m, A3, 4ms A7,
FEZ2\Z Fi=(my.ng) i=3,4, n;#0 Ti=(my.ng) i=2,4, n;#0
mi—mgtmg—mys=0 mi—mgtmg—my=0
n3—n4=0 na+ng=0

+2Re E Qm, 07,075,073,

Fi=(m;,n;),i=2,3,4, n;#0
mq—mog+m3z—my=0
—nofng—ng=0

*

1 |
+3 > a5,05, 05,07, — 5 > agl

Fi=(mg,n;),i=1,2,3,4, n;#0 JELA\Z
J1—72+73—74=0

= Hnlsld(q) + HH(CL (l) + HIH(Q? a) + HIV(G‘)’

Step 1: First we do the following change of coordinates, which amounts to introducing Birkhoff coordinates
on the line Z x {0}. We set

((zm)mez, (a7)7ez2\2) = ((gm)mez, (a7)7ez2\2)
(gm)mez = ! ((zm)mez), ay=uy J€ z? \Z.
In those new coordinates, the Hamiltonian becomes
H(z,a) =Hysa(27'(2) + H' (@7 (2),0) + HM (@7 (2),0) + H" (a),
where
Huis1a(®71(2)) = haista((|2m[*)mez)-

Step 2: Next, we go to action-angle coordinates only on the set Sp = {my,...,mg} C Z x {0} and rename z,,
for m ¢ Sy as a0y, as follows

(Vi 0, a7) 1<i<a = (2m, a7)mez jez2\z

7EZ2\So
Zm;, - \/ Imj + y’L ei0i7 mi 6 807
Zm = Q(m,0); mEZ\So,

ay = ay, fEZQ\Z.
In those coordinates, the Hamiltonian becomes (using (3.4]))
(3.6) H(Y,0,a) = hasia(Tny + 1, Jng + Vo, (Jan,0)[%) 1gs,)

(3.7) +H" (‘I’_l (V I, + D167, T, + Vae'™, (a(m,o>)m¢so) : (a<m’n))n¢0)
(3.8) + (@‘1 (\/Iml + V1% Ty + Ve, (a<m,o>)m¢so) : (a<m,n>)n¢0)
(3.9

9) + HY (@) Jnzo) -

We first remark that 7:910 is described in the (),0,a) coordinates by ¥ = 0, a = 0. Furthermore, it is
proved in Proposition 4.2 of [MP18] that a neighbourhood of (0,8, 0) corresponds in the original variables to a
neighbourhood of the torus 7310; in particular

(3.10) VI <r? lal

he(z2\So) <1 = dist (u(y,ﬁ,a),ﬁo)Hs(Tz) <ecr

for some ¢ > 0 and any sufficiently small r > 0.
Step 3: Now, we expand each line by itself. By Taylor expanding around the finite-gap torus corresponding to
(V,0,a) = (0,0,0) we obtain, up to an additive constant,
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hnlsld (Iml +y1;--- Imd+yd7(‘am0)| ngSo Zam,hnlsld mps .- md7 Z 0 hnlsld mys« - mda )|CL(m,O)|2
meZ\So
4 2
1
- §(|3’|2 + Y lamal)+O [ IS Vit Y lagmol?
meZ\So Jj=1 mg¢So
3

+0 ZyH' > lamol? :

m¢80

where we have used formula (3.4]) in order to deduce that %(0) = —90,"" where ¢, is the Kronecker delta.

The following lemma follows easily from Theorem (particularly formulae (3.4)) and (3.5))):

Lemma 3.3 (Frequencies around the finite gap torus). Denote

O, huisia (Tng s -+ Jngs 0) = 0™ (s Iy 0) = 17 = Xy (g -, Iy

mJ J
Then,

(1) The map (In,,... In,) + A(In,,... In,) = (Xi(lml,...,lmd))lgigd is a diffeomorphism from a small
neighborhood of 0 of R to a small neighborhood of 0 in R®. Indeed, N\ =Identity +(quadratic in I).
More precisely, there exists e14 > 0 such that if 0 < € < €14 and

~ 1 d
Aloys.o o In) =X, A€ (271)

then (In,,...,In,) = e+ O(2). From now on, and to simplify notation, we will use the vector \ as a
parameter as opposed to (Iy,,...,I,), and we shall set the vector
wi(\) =mf — e\, 1<i<d

to denote the frequencies at the tangential sites in Sy.
(2) Form € Z\ Sy, denoting Qy(X) := 01, hnisid (In, (A), - . ., In, (X), 0), we have

M, with — sup  sup [, (I(N)] < Ce? .

Qm(N) :==m? + <
<m> )\E(%,l)d meZ

With this in mind, line (3.6)) becomes

hnlsld (Im1 +y17'-~7Imd+yda(|a(m,0)|2)m¢50) :w y+ Z Q |a(m0 ’

meZ\So
1
) |VI* + Z ’a(m,O)‘4
meZ\So

+ 0 |I| Zyj+ Z |0J(7n0)|2

m¢50

+0 Z%Jr > Jagmo)

meSU

3
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We now analyze (3.7)). This is given by

*

BD= > [flas? +2 3 Gy Gima 03,7, + Re >

Gm, A7 qms A3y
FEZ2\Z Fi=(my,ng) ,i=3,4, n;#0 Fi=(my,ng) ,i=2,4, n;#0
mq—motmsg—mg=0 mq —motmsg—mg=0
n3—mny=0 no+ng=0

where we now think ¢, as a function of Y, 0,a. By Taylor expanding it at ) = 0 and a = 0,

=:qi% (\:6)
— Iqm
Gm = qm(X; V0, (a(m, ,0))miez\50) = 4m(X; 0,6,0 +Z gy, X 0,0,0);
IGm IGm
(3.11) DI I (X50,0,0)0(m,.0) + =" (A: 0,6, 0)a(m, 0)
m1,0 0 aa (m1,0 ’
m1€Z\S ( 1 ) 1 )

+ Z Qvonlf'rrr%lmg ()‘, e)at(f%ho)a?fnz,o) + O(va ya) a3)7
my,mo€Z\So
0'1,0’2::|:1

where we have denoted (¢()\;6))mez the finite gap torus (which corresponds to Y = 0, a = 0), and

O,

1
mmma (A 0) = 2 dagt 0ad?
1 2

(2;0,6,0).

Therefore, we obtain

*

BD= > 7lasf? +2 3 92, (X 0)35, (X 0)az,az, + Re >

7 (N 0)azd, (N 0)ay,

JET2\Z Fi=(mji,n;),i=3,4, n;#0 Ji=(mg,m;),i=2,4, n; #0
m1—mg+mgz—my=0 m1—mg+mg—my=0
n3—ng=0 ng+ng=0
*
2 Oms_(3:0,6,0)q (20 Gz, + similar cubic terms in (a,a
+ 7 ,0, )qml( )(m1,,0)07, Gz, + similar cubic terms in (a, a)
Fi=(m;,n;),i=3,4, nl#O m4LEZ\So (m5,0)

mq—mo+mgz—my=
ng—nyg=0

+ B2+ EnEY

where (3.7 @) are degree 2 terms (cf. Definition 7 (23) are of degree > 3. More precisely,

*
OGm .
(3.7) 2 9 E & (N 0) (’;Jy% (A;0,60,0)Y;az,a5, + similar terms
Ti=(mi,ni) ,i=3,4, n;#0 ’
mi—mo+msz—myg=0
TL3—714:0

1<i<d
(3.12) -
+ > mtoma gty (5 )0t 0)0 Gy 0) 07,07 + similar terms,

Ti=(mi,n;) ,i=3,4, n; #0
mi—mao—+msz—myg=0
ng—ng=0
o1,00=%1,m],mHEZ\So

01,02
for some uniformly bounded coefficients Lml s,
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Next, we move on to (3.8)), for which we have using equation (3.11))

" =2Re Z qm1 ()\ H)G’JQ a’]sa’h

Ti=(m;,n;) ,i=2,3,4, n;#0
mq—mog+mgz—my=0
—ng+ng—nyg=0

Im
(3.13) +2Re Z L(A; 0,0,0)a(m: 0)a3,a5,az7, + similar terms +(3.8) 23),

(90, ’
Fi=(mini) i=2,3,4, ng£0 - ("10)
mi1—mao+mz—myg=0
—no+ng—nyg=0

B3

where (3.8)) () are terms of degree 2 and (23) are terms of degree > 3.
In conclusion, we obtain

(3.14) HN Y, 0,a) =N +HO (X 0,a) + HY (X 0,a) + HP (X D,0,a) + HED (X)), 0,a),

where

(3.15) N = Zwml Wit Y WWlamolP+ Y 1Plag?

m¢80 7= (nz;w,O)EZ2

*

(3.16) HO(X;0,a) =2 > a, (X 0)a%, (X 0)ag,az,

Ti=(m;,n;),i=3,4, n; #0
mp—mgtmg—my=0
n3—na=0

=g (. L A8 (). .
+ Re > T, (Xs0)az, Gy, (N; 0)az,
Ti=(m;,n;),i=2,4, n; #0
my—mgtmg—mg=0
ny+ng=0

(3.17) HM(\;0,a) =2Re > ' (\;0)az,azaz,
Fi=(m;,n;) ,i=2,3,4, n;#0
mq—mog+mgz—my=0
—ng+ngz—ny=0
*

9 _ _
+ 2 Z Z - "/Lr“ (/\;0,t9,0)qf§1()\;H)a(mé’())aﬁaf4
Ji=(my;,n;) ,i=3,4, n; #0 m EZ\S (mzvo)
mq— 7‘/12+TY]3 m47
ng—ng=0

+ similar cubic terms in (a,a)

1
(3-18) H(Q)()\39aa) =H"Y ((a(m,n))ngéo) -3 |y|2 + Z ‘a(m,0)|4
meEZ\So
2
Zyj + > el +BED? + @E3?
me¢So

where (3.7 ) and (13-8)) ) Wwere defined in (3-12) and (3.13)) respectively. Finally, #(Z3) collects all remainder
terms of degree > 3.
For short we write N as N' = w(\) - Y + D where D is the diagonal operator

0
D= > Qe

J=(m,n)€Z?\So
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and the normal frequencies Qéo) are defined by
(0) |72 if 7= (m,n) withn # 0
(349 R N
Proceeding as in [MP18|, one can prove the following result:

Lemma 3.4. Fiz p > 0. There exists €, > 0 and for any 0 < ¢ < g, there exist 1, < \/e/4 and C > 0 such
that HO 1D H®P) and H(Z3) belong to Agm and Y0 < r < r,

(3.20) HO|9, < Ce, HWDS, < Cver, HPS, < or?, HEDO < C\/g

4. REDUCIBILITY THEORY OF THE QUADRATIC PART

In this section, we review the reducibility of the quadratic part A+ H(® (see (3.15) and - of the
Hamiltonian, which is the main part of the work [MP18]. This will be a symplectic hnear change of coordinates
that transforms the quadratic part into an effectively diagonal, time independent expression.

1. Restriction to an invariant sublattice Z3. For N € N, we define the sublattice Z3 := Z x NZ and
remark that it is invariant for the flow in the sense that the subspace
En ::{CLj:(_lj':O, for ¢Z }
is invariant for the original NLS dynamics and that of the Hamiltonian (3.14). From now on, we restrict our
system to this invariant sublattice, with

(4.1) N > max |m,|.
1<i<d

The reason for this restriction is that it simplifies (actually eliminates the need for) some genericity requirements
that are needed for the work [MP18| as well as some of the normal forms that we will perform later.
It will also be important to introduce the following two subsets of Z3;:

(4.2) S ={(m,n) :meSy, n € NZ, n#0}, Z2=7%\ (S US).

4.2. Admissible monomials and reducibility. The reducibility of the quadratic part of the Hamiltonian
will introduce a change of variables that modifies the expression of the mass M and momentum P as follows.
Let us set

d
M=+ Y g
i=1

(43) ﬁaj = Zmiyi + Z m |a(m,n)|2a

i=1 (m,n)Ez
Py = Z n|a(m7n) |
(7n,n)€Z?v

These will be the expressions for the mass and momentum after the change of variables introduced in the
following two theorems. Notice the absence of the terms Y 1<i<a |@(m; n)|? and Y 1<i<ami|agm, »)|*> from the
neNZ neNZ

expressions of M and 753, above. These terms are absorbed in the new definition of the ) and a variables.

Definition 4.1 (Admissible monomials). Given j = (7i,...,7p) € (Z% \ So)?, £ € Z%, |l € N%, and 0 =
(01,...,0p) € {—1,1}7, we say that (J,E o) is admissible, and denote (j,¢,0) € le, if the monomial m =
eyl q ‘;1 a{ Poisson commutes with M ’Px, 73 We call a monomial ' fyl ... ;: admissible if (j, ¢, 0)

s admissible.
Definition 4.2. We define the resonant set at degree 0,
(4.4) Ro :={(71, 2, 0,01,00)} €Ay : £ =0, 01 =—02, J1 =]}
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Theorem 4.3. Fiz g > 0 sufficiently small. There exist positive pg, Yo, To, 70, Lo (with Lo depending only on
d) such that the following holds true uniformly for all 0 < e < eg: For an Lg-generic choice of the set Sy (in
the sense of Definition , there exist a compact domain O C (1/2,1)%, satisfying [(1/2,1)%\ Oo| < €9, and
Lipschitz (in A) functions {Q7} 572 \s, defined on Og (described more precisely in Theorem below) such that:

(1) The set
_c

(45) C(O) = {)‘ € OO : |w L+ UIQﬁ (>‘75) + UQQﬁ ()‘76)| > <€>To ’

W(it) €\ Ba
has positive measure. In fact |Og \ CO| < i for some ko > 0 independent of €.

(2) For each A € C9 and allr € [0,70], p € [£5, po), there exists an invertible symplectic change of variables
L) that is well defined and majorant analytic from D(p/8,lor) — D(p,r) (here (o > 0 is a constant
depending only on py, max(|mg|?)) and such that if a € h'(Z3, \ So), then

N +HD) o LD, 0,a) =w- Y+ > Qrlasf*.

JEL3\So
(3) The mass M and the momentum P (defined in (2.5))) in the new coordinates are given by
(4.6) MoL® =M, Por®=p,

where M and P are defined in (4.3).
(4) The map L©) maps h' to itself and has the following form

£O: am L(xbe)a, Y=Y+ (a,Q\0,e)a), 0 0.

The same holds for the inverse map (L)~

(5) The linear maps L(X;0,¢) and Q(X;0,¢) are block diagonal in the y Fourier modes, in the sense that
L = diag,,c yn(Ln) with each Ly, acting on the sequence {a(m ny; Q(m,—n)tmez (and similarly for Q).
Moreover, Ly = Id and L, is of the form Id 4+ S,, where S,, is a smoothing operator in the following
sense: with the smoothing norm [-|, _1 defined in below

Sl;pO[Sn © Plim|>mat 1)} -1 S €5

where P{m|>Ky is the orthogonal projection of a sequence (¢ )mez onto the modes |m| > K.

The above smoothing norm is defined as follows: Let S(A;6,¢) be an operator acting on sequences (cx)rez
through its matrix elements S(A; 0, €)., 5. Let us denote by S(A; £, €),, 1 the -Fourier coefficients of S(A; 0, €),, &
For p,v > 0 we define [S(X;6,¢)],.. as:

(4.7) [S(X;0,€)]p = sup Z S k(N 4, )| (k) ey
HCHel <1 keZ
Lezt 0

This definition is equivalent to the more general norm used in Definition 3.9 of [MPI8]|. Roughly speaking, the
boundedness of this norm means that, in terms of its action on sequences, S maps (k)*¢! — ¢!. As observed in
Remark 3.10 of [MP18], thanks to the conservation of momentum this also means that S maps ¢! — (k)="/¢!.

Proof of Theorem[].3 The result follows from [MP18|, by applying first the change of variables in Theorem
5.1 and then the one in Theorem 7.1 to the quadratic part of the NLS Hamiltonian (hence ignoring the terms
HD 7= in formula (5.2) and the terms K1, K(Z2) in formula (7.3) of [MPI8]). Note that in [MPI8] the
results are proved in ~A® norm with s > 1, for instance in the ¢! norm is substituted with the h® one. However
the proofs only rely on momentum conservation and on the fact that h® is an algebra w.r.t. convolution, which
holds true also for ¢'. Hence the proof of our case is identical and we do not repeat it.

We are able to describe quite precisely the asymptotics of the frequencies €5 of Theorem
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Theorem 4.4. For any 0 < ¢ < gy and A € C'?, the frequencies Q7= Q7N e), 7= (m,n) € Z%\So, introduced
in Theorem [{.3 have the following asymptotics:

ws) o) Qj(A’E)+TZT>’ n=0
: AAE) =9 < Om(Ne)  Omn(Ae) ’
QN €) + m? +<m>2+<n)2’ n#0
where
m2, 7= (m,0),m ¢ Sy
Q5N €) := ¢ m? + n2, 7=(m,n)€Z ,n#0
eni(\) +n? 7= (mi,n) € S ,n#0

where T and 7 are the sets defined in (4.2)).
Here the {1;(N\) }1<i<a are the roots of the polynomial

P(t,)\) == Ht+)\ —2ZA I+,

i=1 k#i

which is irreducible over Q(A)[t].
Finally NJ’L(A)? {wm(Aa 5)}m€Z\Soz {em()‘a 5)}m€Z and {@myn(/\v 5)}(m,n)€Z§\,\SO fUIﬁll

1
(49) 3 1%+ sup < ( sup [ ()% 4 up (O ()% 4 sup  [Opa(2)| %) <M
1<i<d e<eo €2 \mez\So meZ (m,n)€L3
n#0

for some My independent of e.

Theorem [4.4] follows from Theorem 2.10 (see also Corollary 7.5) of [MP18§]|, together with the observation
that the set ¢ defined in Definition 2.3 of [MP18§] satisfies ¢ N Z3, = 0 if N > max; |m;|.
We conclude this section with a series of remarks.

Remark 4.5. Notice that the {11;(N\) }1<i<a depend on the number d of tangential sites but not on the {m; }1<i<q.

Remark 4.6. The asymptotic expansion of the normal frequencies does not contain any constant term.
The reason is that we canceled such a term when we subtracted the quantity M (u)? from the Hamiltonian at the
very beginning (see the footnote in Section . Of course if we had not removed M (u)?, we would have had a
constant correction to the frequencies, equal to ||q(wt,-)||32. Since q(wt,z) is a solution of , it enjoys
mass conservation, and thus ||q(wt,-)||22 = ||q(0,-)||3. is independent of time.

Remark 4.7. In the new variables, the selection rules of Remark become (with H expanded as in ):
(MM} =0 & Haope(ile,B)+n(0) =0
{Hvﬁw} =0 < Hape(Tala,B)+ ( ) =0
{H7;ﬁy} =0 < Hape(myle,p)) =
where n({) is defined in (2.3), my(c, B),7(€) in ([2.4), while
ﬁ(a?ﬂ) = Z(O‘f* ﬂf) ;
72

Tola, )= Y mlaz—By).
j’:(m,n)ez
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5. ELIMINATION OF CUBIC TERMS

If we apply the change £(©) obtained in Theorem |4.3[to Hamiltonian (3.14)), we obtain

K\Y.0.a) :=Ho LONY.h,a)=w-YV+ > Qlag* + £V + L& + £,
(51) JEZZ\So
KO =HDor® (j=1,2), K& =300,

As a direct consequence of Lemma and Theorem estimates hold also for K£7), j = 1,2 and K(23),

We now perform one step of Birkhoff normal form change of variables which cancels out K(!) completely. In
order to define such a change of variables we need to impose third order Melnikov conditions, which hold true
on a subset of the set C(©) of Theorem [4.3]

Lemma 5.1. Fiz 0 < €1 < ¢ sufficiently small and 7 > 79 sufficiently large. There exist constants y; >
0,L1 > Lo (with Ly depending only on d), such that for all 0 < ¢ < ey and for an Ly-generic choice of the set Sy
(in the sense of Definition , the set

_c
<£>T1 ’

where Us is introduced in Definition has positive measure. More precisely, |C(O)\ CM| < 5 for some
constant k1 > 0 independent of €1 .

c® .= {A €CY w4+ 0195,(\ ) + 025, (N &) + 0305, (N, €)| > 1 V(7,4 0) e 2[3} ,

This lemma is proven in Appendix C of [MP18].
The main result of this section is the following theorem.

Theorem 5.2. Assume the same hypotheses and use the same notation as in Lemmal[5.1l Consider the constants
Ly, 71, 71 given by Lemma the associated set C(l), and the constants g, po and ro given in Theorem @
There exist 0 < 1 < €9, 0 < p1 < po/64, 0 < ry < rg such that the following holds true for all 0 < ¢ < ey. For
each A € CM) and all 0 < r < ry, 0 < p < p1, there exists a symplectic change of variables L), that is well
defined and majorant analytic from D(p/2,7/2) — D(p,r) such that applied to Hamiltonian K in leads to

(5.2) 0:=Ko 5(1)()\;3)’9,51) =w-Y+ Z Qj()\ag)|aj|2 + Q(2) + Q(ZS) ,
7eZ2,\So
where
(i) the map L) is the time-1 flow of a cubic hamiltonian xV) such that |X(1)|S;12),r/2 < \%

(ii) Q@ is of degree 2 (in the sense of Deﬁm’tion and is given by

1
(5.3) 0@ — @ 4 5{’C(1)7X(1)}7
and satisfies |Q(2)|p/2,r/2 <r?.
(iii) Q=3 is of degree at least 3 and satisfies

3
(5.4) |Q(23)‘C(12) , < r
p/2,r/2 ~> Ve
satisﬁes MO E(l) = .//\\/lj and 75 o L:(l) = ﬁ

1)
Y maps D(p/2,7/2) N h* — D(p,r) Nh', and if we denote (37, 5, a) = LM (),0,a), then

(iv)
(v)

(5:5) 12 —all, < falf:

i
L

To prove this theorem, we state the following lemma, which is proved in [MP18§].

Lemma 5.3. For every p,r > 0 the following holds true:
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(i) Leth, f € .AS,T. For any 0 < p' < p and 0 <r’ <r, one has

|{f’g}|p r’ <U—1C|f|p7’| | ot

where v :=min (1 — %/, p— p'), If U71|f|;(?,r < ¢ sufficiently small then the (time-1 flow of the) Hamil-

tonian vector field Xy defines a close to identity canonical change of variables Ty such that

|ho TS .. < (1+CQIRS, forall 0<p <p, 0<7r' <7r.

(ii) Let f,g € AS, of minimal degree respectively df and d, (see Deﬁnition and define the function

p,r

(5:5) Tsn =3 O aarn = n g

=i

Then G (f; g) is of minimal degree dfi + d, and we have the bound
—~ (@] —i i
[T (fim)ly . < ClW ™ (IFI) lalgy s YO<p <p, 0<r' <.

Proof of Theorem[5.4 We look for LM as the time-one-flow of a Hamiltonian x(Y). With N i=w Y+
ad(x")* ' [{-, xV}]

Zjezﬁv\so QT(A>5)|GJ“|2 and 0 (X(l) )= Z il , we have
k> '
(5.7) KoL® =N+ {N,xP} + £
(5.8) + (s M)+ {ED XD+ T (D5 £
(5.9) +K@ +T (x5 £®) + £ED 0 £

We choose x(!) to solve the homological equation {./\A/'7 XM} + KM =0. Thus we set
KW= 3" Kfj(\e) e afaZal, xP= > xfj(\e)efadaZa

Ji J2 I3 J1 J2 I3
£.j,0€ As £,j,G€ A

with
iK7;(\€)
w- L+ 0105 N\ e)+ o283, (\e)+ 038z, (\e)

ij()\,s) =

Since A € C(V, we have
XM, S =
fr o~ \f
since the terms ¢ appearing in H® (and hence K™) are O(y/€). We come to the terms of line (5.8). First we
use the homological equation {A, x"} + KM =0 to get that

o ) e adGF T DY ad(x )]
G (i) = o - my -y A r k+1 .
k>2 k>2

Therefore, we set Q) as in (5.3) and

— ~ A )]
03 =T (xW; KM + T (xV; K@) 4 £E3) 0 M) — adlx ) M ]
( ) gz (k+1)!

By Lemma E Q%) has degree at least 3 and fulfills the quantitative estimate . To prove (iv), we use
the fact that {M,xM} = {P,xM} = 0 follows since L) commutes with M and ’P hence its monomials fulfill
the selection rules of Remark. By the explicit formula for x(!) above, it follows that the same selection rules
hold for x(*), and consequently £(!) preserves M and P.
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It remains to show the mapplng properties of the operator LD, First we show that it maps D(p/ 2,r/2) —
D(p,r). Let us denote by (,6,a) = LM (),6,a), then (Y,0,a) = (y(s),ﬂ(s),a(s)ﬂs , Where (V(s),0(s),a(s))
is the Hamiltonian flow generated by x(!) at time 0 < s < 1. Using the identity

F0.00).50) = 008 + [ X (306).009.50)) ds

where X, 1) is the Hamiltonian vector field associated with x() above, and a standard continuity (bootstrap)
argument, we conclude that (),8,a) € D(p,r). Similarly, one also concludes estimate (5.5). Finally, to prove
that £ maps D(p/2,7/2) N h* — h', we note that N is equivalent to the square of the A! norm, and
N P . N d(xvOe[c™ I%
WMot = B+ T &) = 7 = 3 MO _ 7 o),
= (k+1)!

and this completes the proof.

6. ANALYSIS OF THE QUARTIC PART OF THE HAMILTONIAN

At this stage, we are left with the Hamiltonian Q given in (5.2)). The aim of this section is to eliminate
non-resonant terms from Q®). First note that Q(®) contains monomials which have one of the two following

forms

i6-¢ [on) g2 03 (e} i6-¢ l0'1 g2 : _
eailaZtailalt  or €7 Yaflalr with I =1.

In order to cancel out the terms quadratic in a by a Birkhoff Normal form procedure, we only need the second
Melnikov conditions imposed in (4.5). In order to cancel out the quartic tems in a we need fourth Melnikov
conditions, namely to control expressions of the form

(6.1) W(A) L+ 0195, (N €) + 0295, (N ) + 0305, (N, €) + 0405, (N e), 05 = 1.
We start by defining the following set 4 C 24 (see Definition ,

(6.2) R, = {(j,ﬁ,a): ¢ =0 and j1,73,75,74 ¢ - form a rectangle
¢=0and J1,72 ¢ .7, 75,74 € % form a horizontal rectangle (even degenerate)
L#£0, 1,72, 73 €S, In €. and |my| < My, where My is a universal constant

=0, 71,72,73, 74 € & form a horizontal trapezoid}

where .7 is the set defined in (4.2]). Here a trapezoid (or a rectangle) is said to be horizontal if two sides are
parallel to the z-axis.

Proposition 6.1. Fiz 0 < &5 < €1 sufficiently small and 7o > 1 sufficiently large. There exist positive
Yo > 0,Lo > Ly (with Ly depending only on d), such that for all 0 < & < g9 and for an Ly-generic choice of the
set Sy (in the sense of Definition , the set

c® .= {)\ eCW w4195\ e) + 0205 (N, €) + 0305 (N, &) + 74Qs, (A, €)| > 7o <£§72 , V(7o) €Uy \34}

has positive measure and |C(1) \C(2)| < es? for some kg > 0 independent of €.

The proof of the proposition, being quite technical, is postponed to Appendix [A]

An immediate consequence, following the same strategy as for the proof of Theorem [5.2] is the following
result. We define g, as the projection of a function in D(p,r) onto the sum of monomials with indexes in R.
Abusing notation, we define analogously g, as the projection onto monomials e*’ eyla‘” ”2 2 with [I| =1 and

(71,72, 4,01, 02) € Ra.
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—T \

L ]
y
>
p

FiGURE 1. The black dots are the points in Sy. The two rectangles and the trapezoid corre-
spond to cases 1,2,4 in &4. In order to represent case 3, we have highlighted three points in S.
To each such triple we may associate at most one £ # 0 and one j; € Z, which form a resonance
of type 3.

Theorem 6.2. There exist 0 < ro < r1, 0 < p2 < p1 such that for all 0 < & < &g, for all X € Cc? and for
all r € [0,72], p € [B2, p2] there exists a symplectic change of variables L3 well defined and majorant analytic
from D(p/2,r/2) — D(p,r) such that

(6.3) QoLAM,0,a)=w-V+ > A e)lagf? + QG + Q=Y
JEZ\So

where

(6.4) Qs = Iy, Q@ + I Q1

with Ry defined in (6.2), Ro defined in (4.4) and

3
2 ~ T
|Q£{e)s|p/27r/2 5 T2 ; |Q(23)|p/27r/2 ,S \ﬁ
Moreover L3 maps D(p/2,7/2) N h* — D(p,r) Nh', and if we denote (Y,0,a) = LO(P,0,a), then
2 —all, < llallg:.

Proof. The proof is analogous to the one of Theorem and we skip it. O

7. CONSTRUCTION OF THE TOY MODEL

Once we have performed (partial) Birkhoff normal form up to order 4, we can start applying the ideas
developed in [CKS™10| to Hamiltonian . Note that throughout this section € > 0 is a fixed parameter.
Namely, we do not use its smallness and we do not modify it.

We first perform the (time dependent) change of variables to rotating coordinates

(7.1) ay = ﬁj‘ 61Q7()\’E)t,
to the Hamiltonian ([6.3]), which leads to the corrected Hamiltonian
(7.2) Qrot(V,0,8,t) = Qo L) (y, 0,{8; ei“f“’f”}fez?v\so) - > 0N 0)IBA%

JEZ3\So
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We split this Hamiltonian as a suitable first order truncation G plus two remainders,
Quot(V.0.8.t) = G(V.0.8) + Tu(¥,0.5,1) + R(V.0,5.1)
with
G(Y,0,8) =w- Y+ QLL(Y.0,8)
(7.3) Tr(D.0,8.1) = QL (¥.0.8; VMg s, ) — QL. 0.8)
R0, 5,1) = QE2 (1,0, {8; ¢ a5, )

where Qggs and Q(Z?’) are the Hamiltonians introduced in Theorem

For the rest of this section we focus our study on the truncated Hamiltonian G. Note that the remainder J;
is not smaller than G. Nevertheless it will be smaller when evaluated on the particular solutions we consider.
The term R is smaller than G for small data since it is the remainder of the normal form obtained in Theorem
[6-2] Later in Section [§] we show that including the dismissed terms 7; and R barely alters the dynamics of the
solutions of G that we analyze.

7.1. The finite set A. We now start constructing special dynamics for the Hamiltonian G with the aim
of treating the contributions of J; and R as remainder terms. Following [CKS™10|, we do not study the
full dynamics of G but we restrict the dynamics to invariant subspaces. Indeed, we shall construct a set
ACZ:=(ZxNZ)\ (S U.¥) for some large N, in such a way that it generates an invariant subspace (for the
dynamics of G) given by

(74) UA = {,Bj‘:Ong}
Thus, we consider the following definition.

Definition 7.1 (Completeness). We say that a set A C Z is complete if Up is invariant under the dynamics of
g.

Remark 7.2. It can be easily seen that if A is complete, Up is also invariant under the dynamics of G + J1.

We construct a complete set A C Z (see Definition and we study the restriction on it of the dynamics
of the Hamiltonian G in . Following [CKS™10|, we impose several conditions on A to obtain dynamics as
simple as possible.

The set A is constructed in two steps. First we construct a preliminary set Ag C Z? on which we impose
numerous geometrical conditions. Later on we scale Ay by a factor N to obtain A C (NZ x NZ) C Z.

The set Ag is “essentially” the one described in [CKS™10|. The crucial point in that paper is to choose
carefully the modes so that each mode in Ay only belongs to two rectangles with vertices in Ag. This allows
to simplify considerably the dynamics and makes it easier to analyze. Certainly, this requires imposing several
conditions on Ag. We add some extra conditions to adapt the set Ag to the particular setting of the present
paper.

We start by describing them. We split Ag into g disjoint generations Ag = Agr U ... U Agg. We call a
quadruplet (71,7, 73,71) € A§ a nuclear family if 71,75 € Aok, J2,7a € Ao k+1, and the four vertices form a
non-degenerate rectangle. Then, we require the following conditions.

e Property I, (Closure): If 71, 72,73 € Ag are three vertices of a rectangle, then the fourth vertex of that
rectangle is also in Ayg.

e Property I, (Existence and uniqueness of spouse and children): For each 1 < k < g and every 71 € Ay,
there exists a unique spouse 75 € Ay and unique (up to trivial permutations) children 75,71 € Ao k+1
such that (71, 72, 75, 74) is a nuclear family in Ag.

e Property IIT,, (Existence and uniqueness of parents and siblings): For each 1 < k < g and every
J2 € Ao k11 there exists a unique sibling 74 € Ao x+1 and unique (up to permutation) parents 71, 73 € Aoy,
such that (71, 72, 73, 74) is a nuclear family in Ao.

e Property IV,, (Non-degeneracy): A sibling of any frequency 7 is never equal to its spouse.
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e Property V,, (Faithfulness): Apart from nuclear families, Ay contains no other rectangles. In fact, by
the closure property I,,, this also means that it contains no right angled triangles other than those
coming from vertices of nuclear families.

e Property VI,,: There are no two elements in Ay such that 73 & 75 = 0. There are no three elements in
Ag such that 71 — 75 + 75 = 0. If four points in Ay satisfy 71 — 75 + 73 — 74 = 0 then either the relation
is trivial or such points form a family.

e Property VIIa,: There are no points in Ay with one of the coordinates equal to zero i.e.

Ao (Z x {0} U {0} x Z) = 0.

e Property VIII,,: There are no two points in Ay which form a right angle with 0.

Condition I, is just a rephrasing of the completeness condition introduced in Definition Properties 11y,
I, IVa,, Va, correspond to being a family tree as stated in |[CKS™10).

Theorem 7.3. Fiz K> 1 and s € (0,1). Then, there exists g > 1, Ag > 1, 1> 0, and a set Ay C Z* with
Ao =Ag1 U...UAgg,
which satisfies conditions 1, — VIIIz, and also
Zjeryg,l |7 2
D genes [T

Moreover, for any A > Ay, there exist g and a function f(g) satisfying

(7.5) 9(1=s)(5—4) > g2,

>

NN

(7.6) e < f(g) < 20HmAT for g large enough,
such that each generation Aoy has 2971 disjoint frequencies 7 satisfying
(7.7) C™'f(g) < 71 < C3%f(g), J€ Ao,
and
2s
(7.8) M < (Ce"

Dgeny 1% T

for any 1 <i <k < g and some constant C > 0 independent of g.

The construction of such kind of sets was done first in [CKS™10| (see also [GKTH, [GKIT, [Gualdl [GHPT6])
where the authors construct sets A satisfying Properties I5-V and estimate . The proof of Theorem
follows the same lines as the ones in those papers. Indeed, Properties VIp-VIII, can be obtained through the
same density argument. Finally, the estimate , even if it is not stated explicitly in [CKS™10], it is an easy
consequence of the proof in that paper (in [GK15, [GK17, [GHP16] a slightly weaker estimate is used).

Remark 7.4. Note that s € (0,1) implies that were are constructing a backward cascade orbit (energy is
transferred from high to low modes). This means that the modes in each generation of Ay are just switched
oppositely No; <+ Mo g—j+1 compared to the ones constructed in |[CKST10]. The second statement of Theorem
considers s > 1 and therefore a forward cascade orbit (energy transferred from low to high modes). For this
result, we need a set Ag of the same kind as that of |CKS™10], which thus satisfies

2s
ZTEAO,Q—I |‘ﬂ > 12(3—1)(g—4) > K2

> reng, 12 2
instead of estimate ([7.5)).

We now scale Ag by a factor N satisfying (4.1) and we denote by A := NAj. Note that the listed properties
Ip, — VIII,, are invariant under scaling. Thus, if they are satisfied by Ag, they are satisfied by A too.

Lemma 7.5. There exists a set A satisfying all statements of Theorem (with a different f(g) satisfying
(7.6) ) and also the following additional properties.

(1) If two points J1,72 € A form a right angle with a point (m,0) € Z x {0}, then
im| >/ f(g) -
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(2) A C NZ x NZ with
4

N = f(g)®.
Proof. Consider any of the sets A obtained in Theorem [7.3] By property VIII, one has m # 0. Define
75 = (m,0). The condition for orthogonality is either

(1) (1 —J2)- (33 —72) =0 or (i) (1 —J3)- (2 —J3) =0.
Taking 7; = (my,n;), i = 1,2, condition (¢) implies (after some computations) that m is given by
_ (n1 —na)ng + (my — ma)ma
mi1 — Meo '

Then since |m; — ma| < 2C f(g)3% and the numerator is not zero, we have
m> ——2 > !
~4Cf(g)3° T (f(9))3/*

Now we consider condition (i7). One gets that m is a root of the quadratic equation

(7.9)

m? — (my 4+ ma)m + (mimg +niny) =0 .

First we note that mi;msa + ning # 0 by property VIII,,, since m = 0 cannot be a solution. Now consider the
discriminant A = (mj + mg)? — 4(mima + ning). If A < 0, then no right angle is possible. If A = 0, then
clearly |m| > 1/2, since once again m = 0 is not a solution. Finally let A > 0. Then

_ M B 4(mimeg + ning)
m = 5 <1:t\/1 (mr + m2)? > .

4(mimao+ning)
(m1+ma2)?

|7] <1 and v < —1 one can easily obtam that either way m satisfies . Now it only remains to scale the set

A by a factor (f(g))*. Then, taking as new f(g), f(g) := (f(g))5, the obtained set A satisfies all statements of
Theorem [7.3] and also the statements of Lemma [Z.5l O

Denoting by v := , the condition A > 0 implies that —00 < v < 1. Splitting in two cases:

7.2. The truncated Hamiltonian on the finite set A and the [CKS™10| toy model. We use the properties
of the set A given by Theorem and Lemma to compute the restriction of the Hamiltonian G in (7.3)) to
the invariant subset Uy (see (7.4)))

Lemma 7.6. Consider the set A C NZ x NZ obtained in Theorem|[7.3 Then, the set
My ={(P,0,8): Y =0, BeUr}

1s invariant under the flow associated to the Hamiltonian G. Moreover, G restricted to My can be written as

(7.10) G| pq, (0:8) = Go(B) + T2(6, )

where

(711) = -z Z |B |4 + 5 Z ﬂﬁ _ﬂzﬂ.ﬁ _ﬁ4
7EA (71.72,73.7a) EA*

7i form a rectangle
and the remainder Jo satisfies
4
5

(7.12) | Falpr ST2(f(8)) 5.
Proof. First we note that, since J) = 0 on My,

g‘MA = QggS‘MA = H3K4 Q(z)‘MA

where Qge)s is the Hamiltonian defined in Theorem M We start by analyzing the Hamiltonian 0® introduced
in Theorem [5.2] which is defined as

0@ — @ 4 = {,Cu) x(”}
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We analyze each term. Here it plays a crucial role that A € NZ x NZ with N = f(g)*/°.

In order to estimate K(2), defined in 7 we recall that A does not have any mode in the z-axis and
therefore the original quartic Hamiltonian has not been modified by the Birkhoff map (this is evident from
the formula for H® in ) Thus, it is enough to analyze how the quartic Hamiltonian has been modified
by the linear change £ analyzed in Theorems and Using the smoothing property of the change of
coordinates £(©) given in Statement 5 of Theorem one obtains

1 L1 L r?
H3K4IC(2)|MA = -3 Z |a,ﬂ + 3 Z ay az,az,a7, + O (N) .

JEA RectanglesCA

Now we deal with the term {(1), x(1)}. Since we only need to analyze g, KM @) we only need to

}‘MA7
consider monomials in (M) and in x") which have at least two indexes in A. We represent this by setting

NN YN

X7 = Xga<a H#A>2

where #A > 2 means that we restrict to those monomials which have at least two indexes in A. We then have
1)
(KD XY =KD X0}

We estimate the size of X;B\ZQ' As explained in the proof of Theorem X;szz has coefficients

/C(l)
(7.13) s = £d.9
38Tyl + o195, (N, €) + 0295, (N, €) + 0305, (A, €)

with 75,75 € A.

We first estimate the tails (in £) of ") and then we analyze the finite number of cases left. For the tails,
it is enough to use Theorem to deduce the following estimate for any p < p;/2, where p; is the constant
introduced in that theorem,

c

19 0 0'1 0'2 o3 < —(p1—p) \/7 (1)
Z X&J g€ Az a5 az € X
le|> VN

&N
< re_(pl_p)w.

p1,T

P

We restrict our attention to monomials with [¢| < v/N. We take 75,75 € A and we consider different cases
depending on 7 and the properties of the monomial. In each case we show that the denominator of is
larger than N.

Case 1. Suppose that J; ¢ .. The selection rules are (according to Remark

nl)+o1+o0e+03=0, m-L+oymi+oems+osm3=0, oing+oons+ognz3=>0
and the leading term in the denominator of (7.13)) is
(7.14) @2 0+ o1 |71)? + 02| | + o3| 7

where 2 = (m?,...,m2). We consider the following subcases:

Al 03 =01 =41, 09 = —1. In this case J — J2 + J5 — v = 0, where v := (=i - £,0). We rewrite (7.14) as
W0 (07— 807+ 1P [+ B =8 @0~ 2(v— 5T~ ).

Assume first 75 # 75. Since the set A satisfies Lemma 1. and |&- ¢ < VN < f(g)'/?, we can ensure
that 75 and 73 do not form a right angle with v, thus

(v 73— ) € 2\ {0},
Actually by the second statement of Lemma 73 — 75 € NZ? and hence, using also |¢| < v/N,

rﬁ2-£+(ﬁ1’-€)2—2(v—ﬁ,,j3—j2)‘ > 9N — N/8 > N.
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Now it remains the case J5 = 75. Such monomials cannot exist in %! in since the monomials
with two equal modes have been removed in (it does not support degenerate rectangles). Nat-
urally a degenerate rectangle may appear after we apply the change £(°) introduced in Theorem
Nevertheless, the map £(?) is identity plus smoothing (see statement 5 of that theorem), which leads to
the needed N~! factor.

03 = 09 = +1, 01 = —1. Now the selection rule reads —J1 + 72 + 75 — v = 0, with again v = (—@ - £, 0).

We rewrite as
@4 @0 = 07 = [P+ B+ B = 0 @07 —2(v = - T2)-
By the first statement of Lemma , (v — T,V — jg,) # 0. By Property VIII, and the second statement
of Lemma [7.5 one has |(J2,73)| > N? and estimate implies |7/, |73] < N3/2. Then
(v =Tov =) 2 102 30)] = (v, T+ )] — v]? > N2/

and one concludes as in A1l.
01 = 03 = 02 = +1. The denominator ([7.14]) satisfies

8 €+ 752 + [ + 1757 = 2N — &% ] = 2N - N/8 > .

This completes the proof of Case 1.

Case 2.

Suppose that 71 € .. The selection rules are

nl)+oa+03=0, @-L+o9my+osmg=0, o1ny+oany+ozng=20

and the leading term in the denominator is

(7.15)

2 - £+ oyn? + 09| | + 03|73

where m2 = (m?,...,m3). We can reduce Case 2 to Case 1.

B2 0y = 03 = +1, 07 = —1. Assume w.l.o.g. that 73 = (m1,n1). Define (=10+ e, and obtain from the

selection rules and that
B-0—m +mo+ms=m-£+mo+m3=0.
Then the leading term in the denominator becomes
i -0~ (o} +n) + |2 + |73/

and one proceeds as in case B1 with £ in place of /.

The cases A2 and C2 are completely equivalent.

In conclusion we have proved that

(7.16)

1) et )
’X#A22|MALT <rN7°.

Item (i) of Lemma [5.3] jointly with estimate (7.16]), implies that, for p’ € (0,p/2] and r’ € (0,7/2]

(1)
2a7—1
<PANTL

C
1
KD xiheo) [anl

This completes the proof of Lemma [7.6] O

The Hamiltonian Gy in (7.11)) is the Hamiltonian that the I-team derived to construct their toy model. A
posteriori we will check that the remainder 75 plays a small role in our analysis.
The properties of A imply that the equation associated to Gy reads

(7.17)

. ) _ _
lﬂf = _ﬁf|ﬂf| + 2ﬂfchil<11 6fchild2 ﬂfspouse + 2/prarent1 prare11t2 stibling

for each 7€ A. In the first and last generations, the parents and children are set to zero respectively. Moreover,
the particular form of this equation implies the following corollary.
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Corollary 7.7 (|[CKST10]). Consider the subspace
Up = {B €Ux : By, = By for all ji1, 72 € Ay, for some k},

where all the members of a generation take the same value. Then, T}A is invariant under the flow associated to
the Hamiltonian Go. Therefore, equation (7.17)) restricted to Uy becomes

(7.18) i, = —bby + 2b, (bi_, +b7,,), k=1,...9,
where
(719) b = ﬂj‘ fO?” any je Ag.

The dimension of U, A is 2g, where g is the number of generations. In the papers m and |[GK15],
the authors construct certain orbits of the toy model which shift its mass from being localized at bs to
being localized at by_;. These orbits will lead to orbits of the original equation undergoing growth
of Sobolev norms.

Theorem 7.8 ([GK15|). Fiz a large v > 1. Then for any large enough g and p = e~79, there exist an orbit of
system ((7.18) and Ty > 0 such that
[b3(0)] > 1 —p lbg—1(To)| > 1 —p

b0 <p  forizz " bi(To)| <p Joritg—1.

Moreover, there exists a constant C' > 0 independent of g such that Ty satisfies
1
0<Ty<Cgln () =Cyg°
I
This theorem is proven in [CKS*10] without time estimates. The time estimates were obtained in .

8. THE APPROXIMATION ARGUMENT

In Sections [4 [f] and [6] we have applied several transformations and in Sections [6] and [7] we have removed
certain small remainders. This has allowed us to derive a simple equation, called toy model in [M]; then,
in Section [7} we have analyzed some special orbits of this system. The last step of the proof of Theorem
is to show that when incorporating back the removed remainders (/3 and R in and J2 in (7.10))) and
undoing the changes of coordinates performed in Theorems and in Proposition l and in he toy
model orbit obtained in Theorem leads to a solution of the original equation (2D-NLS|) undergoing growth
of Sobolev norms.

Now we analyze each remainder and each change of coordinates. From the orbit obtained in Theorem
and using (7.19) one can obtain an orbit of Hamiltonian (7.11)). Moreover, both the equation of Hamiltonian
and (7.18)) are invariant under the scaling

(8.1) b(t)=v b (v3t).
By Theorem the time spent by the solution b”(t) is
(8.2) T = v*Ty < v*Cvg?,

where Tj is the time obtained in Theorem [7.8]
Now we prove that one can construct a solution of Hamiltonian ([7.2)) “close” to the orbit 8 of Hamiltonian

(7.11) defined as
B (t) = v b, (vt) for each JE€ Ay
B7(t) =0 for each J&A,

where b(t) is the orbit given by Theorem Note that this implies incorporating the remainders in ([7.3]) and
(7.10)).

(8.3)
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We take a large v so that (8.3) is small. In the original coordinates this will correspond to solutions close
to the finite gap solution. Taking J = J1 + J2 (see (7.3) and (7.10)), the equations for 5 and ) associated to
Hamiltonian ([7.2)) can be written as

j} - _69\7(y79aﬂ) _aeR(y707ﬁ)

Now we obtain estimates of the closeness of the orbit of the toy model obtained in Theorem and orbits

of Hamiltonian ([7.2)).

Theorem 8.1. Fiz 0 < s1 < s2 < 1. Consider a solution (,0,8) = (0,00, 5" (t)) of Hamiltonian (7.11)) for
any 0y € T4, where B (t) = {B5(t) }yezz \s, is the solution given by (8.3). Assume

(8.5) f(@)* <v < f(e)™

Then there exists o (depending on s1, s but independent g and vy) such that any solution (V(t),0(t), B(t)) of

with initial condition B(0) = B° € £*, Y(0) = Y° € R* with ||3° — B (0)||pn < =174 and |Y°] < p=2-4°
and any 0(0) = 0, € T9, satisfies

(8.4)

< V_l_a, |y<t)| S Z/_Q_U,

5i{t) — B5(1)||, <

for 0 <t < T, where T is the time defined in (8.2).

The proof of this theorem is deferred to Section Note that the change to rotating coordinates in (7.1)
does not alter the ¢! norm and therefore a similar result as this theorem can be stated for orbits of Hamiltonian
(6.3) (modulus adding the rotating phase).

Proof of Theorem[I.4 We use Theorem to obtain a solution of Hamiltonian undergoing growth of
Sobolev norms. Then the same property will hold true for the corresponding solution of the Hamiltonian ,
by applying the inverse of the Birkhoff map ® in Theorem which leaves untouched the modes a(, ) with
n # 0. We consider the solution (Y*(t),0"(t),a*(t)) of this Hamiltonian with initial condition

Y*=0
0* =6,
(8.6) . .
ay =v" bi(0) for each 7€ Ay,
ay=0 for each 7¢& Ay

for an arbitrary choice of 6y € T?. Since this initial condition has finite support, it follows by applying (the
inverse of ) the Birkhoff map ® in Theorem that the corresponding initial condition in the original coordinates
uy belongs to h® for all s > 0. Then the well-posedness properties of equation imply that the solution
u(t,x) with this initial condition belongs to Ny>oH*(T?,C) for all times. Also, note that the distance of «(0)
from the torus 7g is measured by the amplitude of {a3} (see (3 (3:10)).

We need to prove that Theorem [8.1] applies to this solutlon w1th v satisfying (8.5)). To this end, we perform
the changes of coordinates given in Theorems [4.3| n and [6 . 6.2, keeping track of the El norm.

For £Y), j = 1,2, Theorems E and |6.2] imply the following. Consider (),6,a) € D(p,r) and define
ma(Y,0,a) ;= a. Then we have

(8.7) )

mal(V,0.2) =a| | < llalf.

This estimate is not true for the change of coordinates £(®) given in Theorem . Nevertheless, this change is
smoothing (see Statement 5 of Theorem [4.3). This implies that if all 7€ supp{a} satisfy |j| > J then

(5.5) |rat® (v.60.2) =a)| | < T allo.
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Thanks to Theorem (more precisely (7.7))), we can apply this estimate to with J = Cf(g). Using the
fact that ||a*|,, < v~ 'g2® and the condition on v in (8.5) (which implies f(g)~' < v~'), one can check

Hﬂa[ﬂo) (0.0%a) —a'||  SvTa2f(@) 7t S v

We define (jﬂv*, 5*,5*) the image of the point under the composition of these three changes. We apply
Theorem to the solution of with this initial condition. Note that Theorem is stated in rotating
coordinates (see ([7.1])). Nevertheless, since this change is the identity on the initial conditions, one does not
need to make any further modification. Moreover, the change leaves invariant both the ¢! and Sobolev
norms. We show that such solution (Y*(£), 0% (t),a*(t)) expressed in the original coordinates satisfies the desired
growth of Sobolev norms.

Define

Therefore, we can conclude

< 1/73/2.
20

Ta (E(Z) o LM o £O (0, 0*,a*)) —a*

S; = Z 7% fori=1,...,g.
JeA;
We first estimate the initial and final Sobolev norms of the solution (V*(¢), 6*(t), a*(t)) in terms of the constants
S;. That is, we prove

1 v2
(8.9) 3V S <[ O} <2785 and [a(T)[F. 2 S

The initial condition of the considered orbit given in has support A (recall that J = 0). Therefore,

g
e =D I b (0)

i=1 JEA;

la”(0)

Then, taking into account Theorem [7.8]

[la* O3 — v~285| < 3285 + vy S,
i#£3

Si
<v728s | 3u+p? Z o
— S3
1#3
From Theorem [7.3] we know that for i # 3,
Si
S3
Therefore, to bound these terms we use the definition of p from Theorem Taking v > % and taking g large
enough, we obtain the first estimate .
(

To obtain the second estimate in (8.9) (final Sobolev norm), note that

< %9,

ez > P a2 Sgor_inf ax(1)]
]ﬁeAgfl JENAg -1

(8.10) la*(T)]|

Thus, it is enough to obtain a lower bound for

az(T)
a* in normal form coordinates and use Theorem We split [a3(T)| as follows. Define (V5 (1), 0%(t),a*(t))

the image of the orbit with initial condition (8.6) under the changes of variables in Theorems and
Proposition and in (7.1]). Then,

ax(T)| > |B4(T)| -
The first term, by Theorem satisfies |8%(T')| > v~' /2. For the second one, using Theorem we have

for 7€ Ag—1. To obtain this estimate we need to express

(1) = BHT)VOT|

as(T) — as(T)|.

an(T) - ﬁ;(T)eiSlf(A,e)T’ <ylo,
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Finally, taking into account the estimates (8.7)) and (8.8]), the third one can be bounded as

(D)l
71
Now, by Theorem and Theorem (more precisely the fact that |71 2 f(g) for 7€ A),

|a3(T) = a3(T)| < |[@*(T) = a* (D)l < 2™ (D)7 +

|G2(T) — ax(T)| < '

(taking a smaller o if necessary). Thus, by (8.10)), we obtain the second estimate in ({8.9).

The last step to prove Theorem [I.2] is to choose suitable v and g in terms of the parameters K > 1 and
0<dx.

To measure the growth of Sobolev norms, note that implies

N 2
12" (Dllhe o Sa-1 o L ya-s)g-1)

la*(0)[;. — 85 16

Thus, taking g ~ In(K/J), one obtains the growth of Sobolev norm

. 2
(D)2, . K
2~ 52
la*(0)fy. ™ 0
To control the initial Sobolev norm, we need that ||a*(0)||is ~ v7283 ~ §2. Note that this estimate and the

ones just obtained imply ||[a*(T 2> K2. To estimate [|a*(0 23, it is enough to choose a suitable v (as a
h h

~

function of g). To this end, note that by Theorem S5 satisfies
CT12%(f(9))* < 83 < C293°(f(g))>".
Thus, one can take 1% ~ §~2S3, which satisfies
fl@)" Sv s om'202382 f(g)°

Then, choosing the parameters sq, s introduced in Theorem [B.1] such that 0 < s; < s < sy < 1, one has that,
taking g large enough (recall that we have chosen g ~ In(K/§), which we can take arbitrarily big by, if needed,
enlarging K'), the chosen v belongs to the range admitted for v in Theorem This gives

C718% < la* (0)]2. < C8°

for some C' > 0 independent of §. Note that in the reasoning above to obtain small initial Sobolev norm h® it
has been crucial that s € (0,1).

Remark 8.2. In case we ask only the €2 norm of a*(0) to be small we can drop the condition s < 1. Indeed
la*(0)]|¢= < v=12%g which can be made arbitrary small by simply taking g large enough (and v as in (8.5))).

The time estimates can be easily deduced by , , and Theorem which concludes the proof
of the first statement of Theorem
For the proof of the second statement of Theorem [I.2] it is enough to point out that the condition s < 1
has only been used in imposing that the initial Sobolev norm is small. The estimate for the £2 norm can be
obtained as explained in Remark
|

8.1. Proof of Theorem To prove Theorem we define

§=pB-p8"(t)
We use the equations in to deduce an equation for £. It can be written as
(8.11) i£ = Zo(t) + Z1()E + Z1(DE + 21 ()Y + Za2(E,D,1),
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where
Z4(t) =057 (0,0, 8”) + 05R(0,0, ")
241(t) =05590(B") + 0557(0,6, 87)
Z1(t) =055G90(8") + 0557 (0,0, 8")
(8.12) 27 (t) =0y5G0(8") + 9,57 (0,6, B")
Z5(t) =05G0(8" + €) — 35G0(8”) — 055G0(8")€ — 035G0(B")E

03T (V.0,5” +€) — 057(0,0,5”) — 0;5.7(0,0,8)¢ — 9557 (0,0, 8*)E
— 9y57(0,60,8") + 05R(Y, 0,8 +€) — 9R(0,6, 5).
We analyze the equations for £ in and ) in .

Lemma 8.3. Assume that (8”,Y), (8" +&,Y) € D(r2) (see ([2.1)) where ro has been given by Theorem [6.3
Then, the function |||l satisfies

d _ _ _a _
Sl <Cvigiaie + CvTige® (f(a)7F +1f(a)2)
+Cv2g?2%[¢ |l + Cvt 28| Y| + Cv ™20 €]l + CliEllen V] + ClYI?
for some constant C > 0 independent of v.

Proof. We compute estimates for each term in :8.12). For Z,, we use the fact that the definition of R in (7.3))
and Theorem imply [|05R(0,0,8")[» < O( |3[/7:). Thus, it only remains to use the results in Theorems
(using (8.1)) and Theorem to obtain

185R(0,0, ")l < Cr—*ga2s.

To bound %](O, 0, 8¥), the other term in Zy, recall that 7 = J1 + J2 (see (7.3]) and (7.10)). Then, we split
into two terms QBJ(O, 0,5") = %]1(0,9,5”) + aEJQ(H, BY) as

05{G (0.0, (B3 sz s, ) = G(0,60.8")}
05 { QRL (0,6, (Bre ™) a5, ) — QR (06,8}
(8.14) Ja(60,8") = 05{G (0,0, (BB sz 5, ) = Go (B2 1 5, ) |

To bound ([8.13] -7 recall that QRes defined in ([6.4) is the sum of two terms. Since g, Q®) is action preserving,
the only terms contributing to are the ones coming from g, Q@) Since " is supported on A, it follows

from (6.2) that

9571(0,0,8") =

(8.13)

815) 050,05 = S (e ) s 5

) J'1,§2,J‘3€é\ )
17112 = 17212 —1731% —131¢=0 JeA

In order to bound the oscillating factor, we use the formula for the eigenvalues given in Theorem [£.4] to obtain
that, for 71,75, 73,7 € A, one has

N
f(9)?

et (07 =0 905, =) _ 1) Sy —Qp + Qg — Q1 S

Hence, for ¢ € [0, T], using the estimate for QReS given by Theorem
18571(0,6, 8")[ler < Ctf(a) 28" |l < Ctv~g*2°0 f(g) >
To bound ([8.14)), it is enough to use (7.12)) and (7.6 to obtain
4y _ _a
10572(0. 8")ler < Cf(g) 5118”7 < Cv™2g°2°2 f(g)
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For the linear terms, one can easily see that
121 ()elln < CIB" IR NIENln < Cr2g?2%0 ¢l
and the same for ||Z{(t)g”el. Analogously,
127 YN < ClB" [l | Y] < Crv~ 128y,
Finally, it is enough to use the definition of Z5, the definition of R in (7.3) and Theorem to show
1220 < N8Nl lENZ + 18”15 IV + 1€l | V] + 18”1 €l + 11
<Cv g2 V€l + Crv2g® 2% i€l | V] + Crv 2 2% €l + VP2
O

Lemma 8.4. Assume that (8”,), (8" +&,Y) € D(r2) (see (2.1)) where o has been given by Theorem [6.3
Then, the function |Y| satisfies

d _ _
VIS CvTPgP2 4 P2 ¢
+CvT 2?13 + Clléllen V] + Cv—Pg?2% | y)?
for some constant C' > 0 independent of v.

Proof. Proceeding as for f , we write the equation for ) as

(8.16) V= Xo(t) + X1 (1) + X[ ()€ + X ()Y + Xa(&, D, 1),
with

Xo(t) = — 097(0,0,6%) — 9R(0, 0, 5).

Xi(t) =007 (0,6, B”)

X[(t) =05,7(0,0,5")

X[ (t) =0y07(0,0,8")

Xy(t) == 00T (V,0,B" + &) + 00T (0,6,8")

— 0yR(Y,0,5" + &) + 0sR(0,0, 8").

We claim that X (¢) and X](t) are identically zero. Then, proceeding as in the proof of Lemma one can
bound each term and complete the proof of Lemma,

To explain the absence of linear terms, consider first dz9 7 (0,6, 5”). It contains two types of monomials:
those coming from R4 (see (4.4])) which however do not depend on 6, and those coming from R4 (see (6.2)). But
also these last monomials do not depend on 6 once they are restricted on the set A (indeed the only monomials
of R4 which are 6 dependent are those of the third line of (6.2]), which are supported outside A). Therefore
859j(0,67ﬁy) =0 (and 50 aﬁej(oa 97 BV) and 8y9j(07 0761/))

O

We define

M = [|g]ler + v|Y].

As a conclusion of these two lemmas, we can deduce that
M<C (u_4g4249 + v 3g3238 (f(g)_% + tf(g)_2)> + Cv2g%2%9 M + v~ 1g29 M.
Now we apply a bootstrap argument. Assume that for some T* > 0 and 0 < t < T™* we have
M(t) < Cy=17/?

(the constant o will be determined later).
Recall that, by assumption, for ¢ = 0 we know that it is already satisfied since

(8.17) M(0) < v~ 1o,
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A posteriori we will show that the time 7" in (8.2)) satisfies 0 < 7" < T and therefore the bootstrap assumption
holds. Note that, taking g large enough (and recalling (|7.6) and (8.5))), the bootstrap estimate implies that
(8Y,Y) and (BY +&,Y) satisfy the assumption of Lemmas and With the boostrap assumption then, we
have

M<C (V_49424g + v %g72%0 (f(g)_% + tf(g)_z)) +Cr?g?2° M.
Applying Gronwall inequality on obtains,
M < O (M(0) + v~ 20t + 3?2 (1f(a) F + 12 (g) %) ) e 0"

us, using ([3.2)), the estimates for 71y in eorem |7. . an . note that 1t implies j(g)”" <v™ "),
Th ing (8.2), th i for Ty in Th 7.8, (8.17) and (8.5) hat it impli <yl
M<C (M(O) + v 2g02% 4 1/7195239f(g)7% + 1/97239]“(9)*2) eCa'2*
<C (l/—l—4a' + V—29624g + V—9/59523g + V—3g723g) 609422u

Now, taking A large enough (see Theorem , there exists o > 0 such that for ¢ € [0,7], provided g is
sufficiently large,

M(t) <v 177,
This implies that 7" < T™*. That is, the bootstrap assumption was valid. This completes the proof.

APPENDIX A. PROOF OF PROPOSITION
We split the proof in several steps. We first perform an algebraic analysis of the nonresonant monomials.

A.l. Analysis of monomials of the form ei?* az' a2’ a7’ aZt. We analyze the small divisors (6.1) related to

these monomials. Taking advantage of the asymptotics of the eigenvalues given in Theorem .4} we consider a
“good” first order approximation of the small divisor given by

g3

(A.1) WA) - L+ 0195, (N €) + 02Q5, (N, &) + 03025, (N, €) + 04Q5, (N, €).
Note that this is an affine function in € and therefore it can be written as
(A1) = k], + €F] ,(N).
We say that a monomial is Birkhoff non-resonant if, for any € > 0, this expression is not 0 as a function of \.

Lemma A.1. Assume that the my’s do not solve any of the linear equations defined in (A.D) (this determines
Lo in the statement of Theorem . Consider a monomial of the form e%* ajl ai? al? all with (j,4,0) € Ag.
If (j, ¢, 0) &€ Ry, then it is Birkhoff non resonant.

Proof. We write explicitly the functions X{, and F{ ,(A) as

(A.2) 7, = w4 0105 (N, 0) + 02 Q, (X, 0) + 0305 (X, 0) + 0495 (X, 0)
7o) = 0. (W) - 4+ 018 (0 2) + 020 (&) + 00805, (A, 2) + 0l (0, 9)) |
(A.3) = AL+ 0105 (A) + 0205, (A) + 0305, (A) + 0497, (A)

As in [MPI8], K{, is an integer while the functions J7(\) belong to the finite list of functions J{(\) €
{0, {Mz‘O\)}lgigd} defined in Theorem Clearly to prove that the resonance (A.1)) not to hold identically, it
is enough to ensure that

cannot occur for (j,¢,0) € Ay \ Ry. We study all the possible combinations, each time we assume that (A.4)
holds and we deduce a contradiction.
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Ji € Zforany 1 <i < 4. In case £ # 0, then F{,(A\) = —A - £ is not identically 0. Now take £ = 0. By

conservation of Py, ’ﬁy we have that E?:l 0;3; = 0 and K{, = 0 implies E?Zl :|7;|> = 0. Then, using
mass conservation (see Remark , since £ = 0, one has 2?21 o; = 0 and therefore the j;’s form a
rectangle (and thus (j,0,0) belongs to Ry).

J1:J2,73 € Z, Ju € . Then F{,(A) = —A -+ o3 p;(A) for some 1 < i < d. If F{,(A) = 0 then
wi(A) = oA - £ is a root in Z[\ of the polynomial P(t,A) defined in Theorem however P(t, ) is
irreducible over Q(M\)[t], thus leading to a contradiction.

N,J2 €Z, 73,74 € .. Wlo.g. let 75 = (m;,n3), Ja = (mg,ny) for some 1 <4,k < d. Then

To(A) = =Xl 4 o3 () + oapr(N)

Case ¢ # 0. Then F{,(A) = 0 iff p1;(\) = —0304pk(A) + o3 - £. This means that p,(A) is a common
root of P(t,\) and P(—os04t + 03X - ¢, \). However this last polynomial is irreducible as well, being
the translation of an irreducible polynomial. Hence the two polynomials must be equal (or opposite).
A direct computation shows that this does not happen (see Lemma 6.1 of [MP18] for details).

Case ¢ = 0. Then F{,(\) = 0 iff u;(\) = —o304p(N).

- If i # k and 0304 = —1, then P(t,\) would have a root with multiplicity 2. But P(¢, \), being an
irreducible polynomial, has no multiple roots.

- If i # k and 0304 = 1, then P(¢,\) and P(—t,A) would have p;(A\) as a common root. However
P(—t,\) is irreducible on Z[\] as well, and two irreducible polynomials sharing a common root
must coincide (up to a sign), i.e. P(t,A\) = £P(—t,A). A direct computation using the explicit
expression of P(t,A) shows that this is not true.

- If i = k and o304 = 1 then p;(\) = 0 would be a root of P(t,A). But P(t,\) is irreducible over
Z[A], does it cannot have 0 as a root.

-If i = k and o304 = —1 (w.lo.g. assume o3 = 1, 04 = —1), by mass conservation one has
o1 +09 =0 an(~i by conservation of 731 one has oymy + oams = 0, thus m; = my. Then by
conservation of P, we get n1 — nz +n3 —ny = 0, which together with 0 = K{, = n{ —n3 +nj —n}
gives {n1,n3} = {n2,n4}. One verifies easily that in such a case the sites 7,’s form a horizontal
rectangle (that could be even degenerate), and therefore they belong to Ry.

N,72. 73 € L, €Z. Wlo.g. let 71 = (m,,n1), 72 = (m,,n2), J3 = (mi;,n3) for some 1 < iy,1iq,i3 < d
and ni,nz,n3 # 0. Then

ToA) = =Xl o1pi, () + ooptiy (N) + o346, (A) -

By conservation of mass n(¢) + o4 = 0, hence ¢ # 0. Assume Fj,(A) = 0. This can only happen
for (at most) a unique choice of £(:9) ¢ Z2 uniquely, i := (i1,42,73). By conservation of P, we have
>k mké,(;’g) +o4my4 = 0. These two conditions fix my = mff’a) uniquely. In particular if my is sufficiently

large, we have a contradiction.
I €S, V1 <r <4. Then

ig()\) =—-A- L+ o1 ()\) + oo, ()\) + o3, ()\) + o4pti, ()\) .

If ¢ £ 0, the condition Fil(/\) = 0 fixes £(b9) € Z2 uniquely, i := (i1, 4o, 43, 14). By conservation of P, we

have the condition
S o
k

defining a hyperplane, which can be excluded by suitably choosing the tangential sites mj (recall that
the functions 1;(A) are independent of this choice, see Remark [£.5)).

If £ =0, we have > o,n, = > on% = 0. Then {n1,n3} = {n2,n4}. One verifies easily that in
such case the sites 7,.’s form a horizontal trapezoid (that could be even degenerate).

O
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A.2. Analysis of monomials of the form e'?* yla;’ll a?;. In this case, since the factor }* does not affect the

Poisson brackets, admissible monomials (in the sense of Definition [4.1)) are non-resonant provided they do not
belong to the set R introduced in Definition

Lemma A.2. Any monomial of the form €%‘a o az?Yi with (3,4, 0) ¢ Ro admissible in the sense of Definition
is Birkhoff non-resonant.

Proof. We skip the proof since it is analogous to Lemma 6.1 of [MP18]. O

A.3. Quantitative measure estimate. We are now in a position to prove our quantitative non-resonance
estimate. Recall that, by Theorem the frequencies Q3(\,e) of Hamiltonian (5.1) have the form (4.8).
Expanding Q3(\, ¢) in Taylor series in powers of € we get that

(A.6) W(A) L+ 0105, (N €) + 0295, (N, €) + 0305, (N, €) + 0405, (N, €) = T, +e Fiz(/\) + &2 GEZ(A, e),
where XY, is defined in (A.2) and F{,(A) is defined in (A.3). We wish to prove that the set of A € ¢t such that

(A7) | ( ) + 019]1 ()‘ 5) + UQQJQ ()‘ E) + 039]3(/\ 5) + U4QJ4 ()‘ E)| > ‘€<Z;2‘rz ) V(J,& 0-) €Ay \%4

has positive measure for 7o and € small enough and 75 large enough. We treat separately the cases |¢| < 4Mg
and |£| > 4My.
A3.1. Case |[¢| < 4My. We start with the following lemma.

Lemma A.3. There exist k € N, such that for any . > 0 sufficiently small, there exists a compact domain
C. C Op, with |Og \ Ce| ~ v&/* and

mln{|F;£(>\)| :>\€CC, (évjv )GQ[4\3R4a |£|<4M05 [_O} >FY(‘>O

Proof. See Lemma 6.4 of [MP18]. The estimate on the measure follows from classical results on sublevels of
analytic functions. |

We can now prove the following result.

Proposition A.4. There exits €. > 0 and a set C. C Op such that for any € < €., any A € C¢, one has

4
(A.8) wA) L+ Q5 (N e)| > V(. lo) e A\ Ry, | < 4My.
=1

Moreover, one has that |Og \ C.| < aglf where o, do not depend on ..

Proof. By the very definition of My in (4.9) and the estimates on the eigenvalues given in Theorem one has
SUPxeo, [F§o(A)| < 8Mp and sup,cp, [G7,(A)] < 4Mo. Assume first that K7, € Z \ {0}, then if . is sufficiently
small and for € < e, one has

1
[(A6)| > [KS,| — e8Mg — & Mo > .

Hence, for such ¢’s, is trivially fulfilled VA € Oq. If instead K"e =0, we use Lemma with v, = 10Mpe,
to obtain a set C. C Oo, such that for any A € C. and any (j,¢,0) € Ay \ Ry with |£] < 4M

|(A6)| > e — e24Mo > =:Ce.
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A.3.2. Case |[¢| > 4My. In this case we prove the following result.

Proposition A.5. Fiz e, > 0 sufficiently small and 7, > 0 sufficiently large. For any € < e, there exists a set
Cs C Og such that |Og \ Cy| S € (with o, k independent of . ), and for any A € Cy and |¢| > 4My one has

3

<£>T*

4
(A.9) wA) L+ (N e)| >
=1

for some constant v, depending on e,.

To prove the proposition, first define, for 1 <¢ < d and 0 < k£ < d, the functions
epi(A) ifk=0
epi (V) ifl1<i<k<d
eu (V) ifl<k<i<d
0 ifl<i=k<d
The right hand side of (A.6) is always of the form

w()‘) L+ K+ Wlﬁil,kl ()‘) + 772?1‘2,@ ()‘) + 7]3i:|\i3,’f3 ()‘) + 774i:'\i4,’f4 ()‘)

Fir(\) =

4 n ®m1 (/\75) n ®m2 ()‘76) @ms (>‘7€) ®m4 ()\,6)
11 12 13 14
(m1)? (ma)? (ms)? (ma)?
(A.l()) +7 ®m17n1 ()‘76) + 1 977127”2 (/\’5) n @m3,n3 (/\75) n ®m47"4 ()‘76)
21 22 23 24
(m1)? + (n1)? (m2)? + (na)” (ms)? + (ns) (ma)® + (na)?
Wiy (A, €) Wiy (A €) Wi (A €) Wiy (A €)

+n31 (my) N32 (ma) 133 () 734 (ma)

for a particular choice of K € Z, m; € Z,n; € NZ\ {0} and n,,n;; € {—1,0,1}. Therefore it is enough to show
(A.9) where the left hand side is replaced by (A.10).

Proof of Proposition[A.] If the integer K is sufficiently large, namely |K| > 4 || max( 2), then the quantity
in the left hand side of (| - is far from zero. More premsely one has

4
((AI0)] = [K] = JwN)] €] — Z Fi |

> — m?) |¢] — - — > M .
_4112?<Xd( 214 1I£1a<xd(l)|€| 6|€| 45M0 4e*My > My

01

E')mr , € @mr,nr s . Wm, s
Z\ Z| )|>2 _Z| <T(nj)|

Ny r=1

So from now on we restrict ourselves to the case |K| < 4 \€| max (m?). We will repeatedly use the following
<d

result, which is an easy variant of Lemma 5 of [P5s96].
Lemma A.6. Fiz arbitrary K € Z, m; € Z,n; € Z\ {0}, nj,nj;» € {—1,0,1}. For any o > 0 one has
meas({\ € Op : |(A10)| < ea}) < 16alf|~" .

The proof relies on the fact that all the functions appearing in (A.10)) are Lipschitz in A, for full details see
e.g. Lemma C.2 of [MP1§].
Now, let us fix

€*M0
100
We construct the set C, by induction on the number n defined by

=|mal+- 4 |n3al <12

which is nothing but the number of nonzero coefficients in (A.10) . For every 0 < n < 12 we construct (i) a
positive increasing sequence 7, and (i7) a sequence of nested sets C™ = C™ (4, 7,) such that

(A.11) Vo =
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(1) There exists C' > 0, independent of £ and 7, s.t.
(A.12) meas(Op \ C°) < Cv,, meas(C™\ C") < Cr,
(2) For A € C™ and |¢| > 4My one has

(A.13) (ED| > %

Then the proposition follows by taking C, := C'2, 7, = 712, so that one has |Og \ C,| < 13C, ~ 74, provided
% is small enough.

Case n = 0: Define the set

G?{lk,nf(,}/*’7-0> {)‘EOU : |A1 | < < ;'TJ and Uik =0 V],j/} )
where K € Z with |K| < 41r£1a2<d(m12) |£|, i= (il,ig,ig,i4) S {1, . ..d}4, k= (kl,kg,k3,k4> S {07 . 7d}4, L eZs
with |€] > 4My, n = (7]1,772,773_,17_4) € {-1,0,1}*. By Lemma with a = v, (£)"™ we have

167,
<€>7'0+1 :
Taking the union over all the possible values of K, 1i,k, 7, ¢ one gets that

meas (G s 10 (1,70)) <

meas U G(}(,i,k,n,e(’YﬂTO) < C(d) 7« Z N < O
|Z|Z4M0

€| >4Mg, ik,
|K|<4 max; (n2) | €]

which is finite provided 79 > d + 1. Letting
co = Oo \ U G?{,i,k,n,e(%a 70)

[e]>4amg, ik,n
|K|<4 max;@?) |£]

one has clearly that meas(Qp \ C°) < C, and for A € C° we have

4
W)+ K 30 0| 2
r=1

for any admissible choice of ¢, K, i, k,7n. This proves the inductive step for n = 0.

Case n ~» n+1: Assume that (A.13] m ) holds for any possible choice of 11, ...,734 S.t. 11|+ +|nza| <n <11
for some (7;)7_;. We prove now the step n + 1. Let us fix 7,41 > d + 1 + 67,,. We shall show that for each
|¢| > 4My, the set

EYx
(A14) Gt = {xeen (B < e il +o =0+ 1)

C(d)7x

has measure < W. Thus defining

Cn+1 Cn\ U Gn 7*37n+1)

|£]>amMg

we obtain the claimed estimates (A.12)) and (A.13). To estimate the measure of (A.14)) we split in three cases.

Case 1: Assume that
I m; s.t. Jm| > (O™
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(of course we also assume that one of the coefficients 11, 72:,73; is not null). W.l.o.g. assume it is my4. Then
we treat all the terms in (A.10) which contain my4 as perturbations, and we estimate all the other terms using
the inductive assumption. Here the details: first we have

Om, (A €) Omani (A €)
(ma)® (ma)” + (na)®
By the inductive assumption (A.13)) and (]A.ll[) for any A € C" one has

O, ( )\ €) 3 mj,nj (A €) @, (A e)|  Mpe?
‘-’ > ’w £+K+Zm ik ( +Z M= 3 Z 2] Vot +Z773] (my) ‘ G

]> j=1

Mo 52
— <£>TTL :

Wiy (A, €)
(ma)

e Moe? _ e € Yx
KA O A R (O
provided 7,41 > 7, + 1. Therefore, in this case, there are no A’s contributing to the set (A.14]).

Case 2: Assume that

In st g2 > ()™
(and again we also assume that one of the coefficients 7,; is not null). W.l.o.g. assume it is n4. Similarly to the
previous case, we treat the term in (A.10) which contains n4 as a perturbation, and we estimate all the other
terms using the inductive assumption. More precisely we have

Omyna (A €)
(ma)® + (na)”
so by the inductive assumptlon ) and m

Mo 82
> <€>7—n )

/\e

‘A.m’ >lw\) -0+ K + § 0iFi, 5, (\) + E My — ””
j=1 J
€ Yx € Yx
> >
IO

provided 7,41 > 7, + 1. Also in this case, there are no A’s contributing to the set (A.14)).

> mJ,nJ /\ wmj()‘ 5) . MO€2
Z B + (nid)? <ngj> *Z I ) 0™

J=1

Case 3: We have

mal s i < (O™
for all the m;,n; that appear in ED with nonzero coefficients. Furthermore, recall that we are considering
just the case |K| < 4 max;(m?) |¢|. Thus we are left with a finite number of cases and we can impose a finite
number of Melnikov conditions. So define the sets

GTIL(—;}k,n,Z,m,n(’y*yTn—‘rl) = {)\ ec” : |(AI0)| < rn+1 , Il + -+ |nsal = n + 1}'
By Lemma[A.6| with o = 7/ (€)™ we have
(A.15) meas (G?Q‘i}k’n,e’m’n('yﬂm_ﬂ)) < wlfljﬂ ,
and taking the union over the possible values of K,i,k,n, m,n one gets that
Gyt = U U G K iknemn(Ye Tnt1)-
Pk Imgls ng2<()n

| K| <4 max; @?) |£]

Estimate (A.15]) gives immediately

1467,
meas(GZH) S C(d) Y <€> C(d) Y

(07 S e
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which is what we claimed.

We can finally prove Proposition [6.1

Proof of Proposition[6.1. Fix 7. = v, =: 7o sufficiently small, and put 5 := min(e,, &), T := 7, and C(? :=
C.NC,. Propositions and guarantee that for any A € C(?), estimate (A7) is fulfilled. Finally one has
CONCD] 9" 70 ~ ™. 0

APPENDIX B. LIST OF NOTATIONS

We give a list of notations and parameters. We also specify the relations between the parameters needed to
prove the first statement of Theorem [1.2
e d € N - Dimension of the torus 7g
So C Z x {0} — Set of (Birkhoff) modes where the torus 74 is supported. It has cardinality d.
I=(Iy,,...,I,) € RY, — Actions which define the torus T4 .
€ € R — Size of the actions [.
s € (0,1) — The index for the Sobolev norm H*® in the first statement of Theorem [I.2
0 < 1 — It measures the initial distance from the torus TSIO (in the Sobolev norm H?) in the first
statement of Theorem
e K > 1 — It measures the final Sobolev norm in the first statement of Theorem [T.2
r € R — Size of the neighborhood of 0 where the several steps of Birkhoff normal form are performed
(see (2.1)).
p € R — Width of the analyticity domain in the angles 6 (see (2.1))).
A€ (%, 1)d — Parameter used to modulate the actions I (see Lemma .
w(\) € R? — Tangential frequencies of the torus (see Lemma [3.3).
N € N - It is introduced in and defines the set lattice Z x NZ where equation is
restricted. It will be chosen depending on g (see below).
e Q5(), ) - Normal frequencies of the torus 74 (see Theorem .
e A CZ x NZ — Set where the solution undergoing growth of Sobolev norms is essentially supported (see
Theorem |7.3]).
e g € N — Number of generations of the set A. In Section 8] it is chosen g ~ In(K/0).
e f(g) — It gives the size of the modes in A (see and (7.7)).
e 1 € R — It measures the errors in the toy model orbit (see Theorem. It satisfies p = =78 for some
v> 1.
e Ty € R — Transition time for the toy model orbit (see Theorem . It satisfies Ty ~ g2.
e v € R — Scaling applied to the toy model solution. In the case s € (0,1) (first part of the statement of
Theorem [1.2) it satisfies f(g)** < v < f(g)*2 for some 0 < 57 < s < sp < 1.
e T € R — Transition time for the orbit in the first statement of Theorem (see also (8.2). It satisfies

E
T ~1v2%g? < e(%)” for some 8 > 1.
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