ULRICH SUBVARIETIES AND THE NON-EXISTENCE OF LOW RANK ULRICH
BUNDLES ON COMPLETE INTERSECTIONS

ANGELO FELICE LOPEZ AND DEBADITYA RAYCHAUDHURY

ABSTRACT. We characterize the existence of an Ulrich vector bundle on a variety X C PV in terms of
the existence of a subvariety satisfying some precise conditions. Then we use this fact to prove that a
complete intersection of dimension n > 4, which if n = 4 is very general and not of type (2,2), does not
carry any Ulrich bundles of rank 7 < 3 unless n = 4,r = 2 and X is a quadric.

1. INTRODUCTION

It is a well-known principle, in algebraic geometry, that the geometry of a given variety X is often
governed by its subvarieties. In a similar fashion, also vector bundles on X give important information
on its geometry. In many cases these two aspects have met, giving rise to deeper understanding. A
celebrated example of this is the Hartshorne-Serre correspondence.

It is the first purpose of this paper to highlight another instance of the above in the case of Ulrich
vector bundles.

Let X C PV is a smooth irreducible variety of dimension n > 1. A vector bundle £ on X is called
Ulrich if HY(&(—p)) = 0 for all i > 0 and 1 < p < n. While the importance of Ulrich vector bundles
is well-known (see for example [ES1, Be2, CMRPL] and references therein), the main general problem
about them is their conjectural existence.

With this in mind, the starting point of this research was to study which subvarieties of X one can
associate to an Ulrich bundle. This is of course not a new idea, as it has been proposed several times by
many authors (in fact already for aCM bundles), see for example [AK, Bel, Be2, C, CH, CKL, HH] and
references therein. A more systematic approach was recently given in [CFK], where the existence of an
Ulrich bundle on a threefold X was related to the existence of a curve on X satisfying some properties.

Our first task has been to generalize, essentially in the same way, the above result [CFK, Thm. 3.1]
to any n-dimensional variety. In order to state it, we need to introduce some notation.

Let Z C X be a Cohen-Macaulay, pure codimension 2 subvariety and let D be a divisor on X. The
short exact sequence

0= Jz/x(Kx + D) = Ox(Kx + D) = Oz(Kx + D) — 0
determines a coboundary map
Yz,p : H"?(0z(Kx + D)) — H" " (Jz/x(Kx + D))
whose dual, by Serre duality, is
(1.1) V2.0 Bxto, (Tz/x (D), Ox) = H(wz(~Kx — D)).

Moreover, assume that either Z is as above or is empty. For any subspace W C Ext%QX (Jz/x(D),Ox)
and for any line bundle £ on X, one can define a natural map (see (4.2))

Szwe: H" N (Jz/x(D)® L) = W* @ H"(L).
Then we have
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Theorem 1. Let X C PN be a smooth irreducible variety of dimension n > 2, degree d > 2 and let D
be a divisor on X. Then (X,0x (1)) carries a rank r > 2 Ulrich vector bundle £ with det £ = Ox (D)
if and only if there is a subvariety Z C X such that:

(a) Z is either empty or of pure codimension 2,
(b) if Z # 0 and either r =2 or n <5, then Z is smooth (possibly disconnected),
(¢) if Z#0 and n > 6, then Z is either smooth or is normal, Cohen-Macaulay, reduced and with
dim Sing(Z) =n — 6,
and there is a (r — 1)-dimensional subspace W C Ext%gx (Jz/x(D),Ox) such that the following hold:

(i) If Z # 0, then v p(W) generates wz(—Kx — D) (that is the multiplication map
V2 p(W) ® Oz = wz(—Kx — D) is surjective).
(ii) HO(KX +nH — D) =0.
(iif) H*(Jz/x(D — H)) = 0.
(iv) If n > 3 then H’(JZ/X(D pH)) =0 for1<i<n-—-2,1<p<n.
(v) (=) 'x(Tz/x(D = pH)) = (r — )x(Kx + pH), for 1 <p <n.
(vi) Oz.w,—nH : H"il(jZ/X (D—nH)) - W*® H"(—nH) is either injective or surjective.

Moreover the following exact sequences hold
0=W"®O0x = &= Jz/x(D) =0

and, if Z # ),
0—=0x(-D) =& -W®0x »wz(—Kx — D) — 0.

With this result at hand, one can start exploring the existence problem for Ulrich bundles in geometric
terms, by using subvarieties. We thus give the following

Definition 1.1. Let 7 > 2 and let X € PV be a smooth irreducible variety of dimension n > 2, degree
d > 2 and let D be a divisor on X. An Ulrich subvariety of X is a subvariety Z C X carrying a
(r — 1)-dimensional subspace W C Ext, (Jz/x (D), Ox) such that properties (a)-(c) and (i)-(vi) of
Theorem 1 hold.

A priori, an Ulrich subvariety can be empty. In that case the conditions of the theorem hold with
Jz/x = Ox. On the other hand, several simple hypotheses can be given to check that Z is nonempty,
irreducible and to apply the conditions in Theorem 1, see Remarks 4.3 and 4.4.

Now, Theorem 1 says that a variety X carries an Ulrich bundle if and only if X contains an Ulrich
subvariety. Hence the question becomes: when do Ulrich subvarieties exist on a given X7

According to the references given before, several examples can be given. To give an explicit, probably
well-known example (see, e.g. [Bel, Prop. 8.2], [CF, Thm. 2.1]), consider a smooth hypersurface
X c P of degree d > 2 and dimension n > 2. Then we prove in Corollary 5.3 that, in rank 2
(if n = 2 we also need to assume that det& = Ox(d — 1)), an Ulrich subvariety of X is a smooth
(n —2)-dimensional arithmetically Gorenstein subvariety Z C X, irreducible when n > 3, with minimal
free resolution

0= Opnt1(—2d + 1) = Opnsi (—d) ¥ = Opnia (—d + 1) — 7 i — 0.

As a consequence, for example if n > 5, one sees very quickly that an Ulrich subvariety cannot be
contained in a smooth hypersurface of degree d. More generally, we recover in the case of Ulrich bundles,
in a unified way, several facts known for aCM bundles (see [Bel, Prop. 7.6(b)], [CM, Thm. 1.3], [KRR1,
Main Thm.]), [KRR2, Thm. 1.1(2)(b)], [HK, Prop. 3.2], [KRR2, Thm. 1.1(1)])(as a matter of fact, by
[Bel, Prop. 7.6(b)], (i) below holds also for X general).

Corollary 1. Let n > 2 and let X C P"*! be a smooth hypersurface of degree d > 2. Then X does not
carry rank 2 Ulrich vector bundles if any of the following holds:

(i) X is very general, n =2 and d > 16.
(ii) X is general, n =3 and d > 6.

(iii) X is general, n =4 and d > 3.

(iv) n > 5.
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Previously, these results have been proved, as far as we know, using the crucial fact that, in rank 2,
if a hypersurface X carries an Ulrich subvariety, then it is Pfaffian. But as soon as one considers other
simple varieties, such as complete intersections, or higher rank, this algebraic property is not available
any more and the question of existence of low rank Ulrich bundles has remained open, so far (except
when X is a hypersurface and r» = 3 [RT1, RT2, Tr], or a complete intersection of degrees d; > 0 and
r =2 [BR], or a complete intersection of low degree [C, Fi] and r = 2; see also [HH, Er, Mal, Ma?2]).

Using Theorem 1, we show that, in low-rank, there are no Ulrich subvarieties on complete intersec-
tions. In fact, we have

Theorem 2. Let ¢ > 1,n >4 and let X C P""¢ be a smooth complete intersection of hypersurfaces of
degrees (di,...,d.) with d; > 2,1 < i < c. Assume that one of the following holds:

(a) n>5, or

(b) n =4, X is very general and is not of type (2,2).
Then X does not carry Ulrich vector bundles of rank r < 3, unless n = 4,7 = 2 and X C P° is a
quadric.

Note that, in the case n = 4, X of type (2,2) of Theorem 2, Ulrich bundles of rank 2 do exist by
[£S2, Thm. 5.5].

In a forthcoming paper [LR3] we will apply Theorem 1 to study low rank Ulrich bundles on Veronese
varieties.

2. NOTATION AND CONVENTIONS

Throughout the paper we work over the complex numbers.
We henceforth establish the following

Notation 2.1.
e X C PV is a smooth irreducible variety of dimension n > 1.
H €|0x(1)] is a very ample divisor.
d = H" is the degree of X.
If Y C PV is a closed subscheme, [y is its saturated homogeneous ideal.
We say that X is subcanonical if —Kx = ix H, for some ix € Z.
We write aCM for arithmetically Cohen-Macaulay and aG for arithmetically Gorenstein.
= WD) lomtD) gy > 1,0 € Z. Note that (h = (—nm(tmh

[ )
[
[ )
[ ]
[
* m! m

We use the convention (Ti)
and x(Opn (£)) = (7).

m
3. GENERALITIES ON ULRICH VECTOR BUNDLES

We will often use the following well-known properties of Ulrich bundles.

Lemma 3.1. Let X C PV and let £ be a rank r Ulrich bundle. We have:

(i) € is globally generated.

(ii) &€ is aCM.

(iii) 1 (E)H™ ' = L[Kx + (n+ 1)H]H" L.

(iv) &y is Ulmch on a smooth hyperplane section Y of X.

(v) det & is globally generated and it is non trivial, unless (X, H,E) = (P™, Opn (1), Ogr).

(vi) Ho(g*) =0, unless (X, H,&) = (P, Opn (1), Ofy).

(vii) Ox(l) is Ulrich if and only if (X, H,l) = (P™,Opn(1),0).

(vil) If n > 2, then c(E)H" 2 = J[c1(€)? — c1 () Kx|H" 2 + LK% + c2(X) — MS"HHQ]H”_Q.
(ix) x(E(m)) =rd(",").

Proof. See for example [LR1, Lemma 3.2] for (i)-(iv) and (viii), (ix), [Lo, Lemma 2.1] for (v), [CFK,
Lemma 2.1] for (vi) and [ACLR, Lemma 4.2] for (vii). O

The following construction will be fundamental in the paper.

Lemma 3.2. Let n > 2, let X C PV and let £ be a rank r > 2 Ulrich bundle with det€ = Ox (D).
Then there is a subvariety Z C X such that:
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(a) Z is either empty or of pure codimension 2.
(b) If Z # 0, then [Z] = ca(E).
(¢) If Z # 0 and either r =2 or n <5, then Z is smooth (possibly disconnected).
(d) If Z # 0 and n > 6, then Z is either smooth or is normal, Cohen-Macaulay, reduced and with
dim Sing(Z) = n — 6. Moreover, if Sing(Z) # 0, then [Sing(Z)] = c3(€)? — c2(E)ea(€) € AS(X).
(e) There is an effective Cartier divisor Y € | det(E)|, possibly empty, such that Z C'Y,Sing(Z) C
Sing(Y)NZ. Also, if Y # 0, then'Y is smooth if n < 3, while, if n > 4, then'Y is either smooth
or dim Sing(Y) = n — 4 and [Sing(Y)] = c2(£)? — c1(E)e3(€) € AYX).
Also, the following hold:
(i) IfZ # 0, thendeg(Z) = $D?H"2—1DKxH" 2~ 2¢(3n2+5n+2)+ 5 K% H" 24+ Lo (X)H" 2.
(ii) There is an exact sequence

(3.1) 0— Oi’?(r_l) — &= Tzx(D) =0

(with the convention that Jy/x = Ox if Z =10).
(iii) If D = uH, we have for any m € Z:

x@ztm) = (" 5 )" a0 (T T ) x( g () -(r- DT (=)

n
(with the convention that x(Oz(m)) =0 if Z =10).

Moreover assume that Z is nonempty and smooth. Then there exists a rank r — 2 vector bundle Fz on
Z sitting in the exact sequence

(3.2) O—>}‘Z—>8(—D)|Z—>N§/X—>0

and satisfying:
(iv) If r =2, then Fz =0, that is Ny x = &z and wz = Oz(Kx + D).
(V) If?‘ = 3, then -FZ = wZ(—KX - 2D).
(vi) If r > 4, then det(Fz) = wz(—Kx — (r — 1)D) and we have an exact sequence

(3.3) 0 — w, (Kx) = Oz(=D)®Y = Fyr — 0.

(vii) If r =2 orr >4, then c2(Z) = c2(X) |z — c2(&) |z + K% - KzKx|z.
(viii) If r =3, then
2(Z) = e2(X) 1z — 2(E) 1z — 1(E)fy + Kz K x|z — KX 5 + 2K7¢1(E) 17 — 2K x| 7¢1(E) 2.

Proof. By Lemma 3.1(i) we can choose a general subspace V' C H°(€) such that dimV = r — 1, thus
giving rise to a general morphism ¢ : V@ Ox — &. It is well known (see for example [Ba, Statement
(folklore)(i), §4.1] and [ACGH, Ch. VI, §4, page 257]) that there is an exact sequence

where Z = D, _s(¢p) is the degeneracy locus, so that Z is either empty or is of pure codimension 2 and
in the latter case [Z] = c2(€). Moreover, Sing(Z) = D,_3(p) that is either empty or of codimension
6. Hence Z is smooth if » = 2 or if n < 5, while, if Sing(Z) # ), then dimSing(Z) = n — 6 when
n > 6 and in that case Z is normal, Cohen-Macaulay and reduced (see for example [Tt, Prop. 2.4]).
Also, if Sing(Z) # ), then [Sing(Z)] = c3(€)? — c2(&)ea(E) by Porteous’ formula (see for example [EH,
Thm. 12.4]). This proves (a)-(d) and (ii). To see (e) choose a general subspace V' c HY(&) such that
dimV’ =r and V C V'. Then we get a general morphism ¢’ : V@ Ox — & and setting Y = D, _1(¢’)
we see that Y € |det(€)| and Z C Y. As above, we have that Sing(Y) = D,_a(¢’), thus it has the
required properties. This proves (e). As for (i), since [Z] = c3(€), we have that deg(Z) = co(E)H™ 2 is
given by Lemma 3.1(viii). To see (iii), we use the exact sequences

0= Jz/x(m) = Ox(m) = Oz(m) =0, 0= Jxpn(m)— Opn(m) = Ox(m) =0
and the one obtained from (3.1)

0= O D (m —u) = E(m —u) = Ty/x(m) = 0.
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We get, using Lemma 3.1(ix),

x(Oz(m)) =
= x(0Ox(m)) — x(JTz/x(m)) = x(Opn (m)) = x(Tx/pn (m)) — X(E(m — u)) + (r — x(Ox(m —u)) =
= X(Opn (m)) = x(Txpv (m)) = x(E(m —w)) + (r — x(Opx (m —u)) = (r = Dx(Tx/pn (m — u)) =
= (") (T =TT ) - agem) — (= Dx( e o~ ),

This proves (iii). To see (iv)-(vi), we use that J/x ® Oz = N7 x- By (3.1) we find the exact sequence

0= Ox(~=D)?" Y = £(-D) = Tz/x = 0
so that, tensoring by Oz, and we have another exact sequence
Oz(~=D)*""V) — £(=D);; = Ny, x = 0.

Setting Fz = Ker{&(—D)|z — N}/X}, we get (3.2) and setting G = Ker{Oz(—D)®—1) — Fy} we
also have the exact sequence

0—G— Oz(—=D)2C=Y 5 Fy 0.

Since 5(—D)|Z,N§/X and Oz(—D)®=1 are all locally free, we see that the same holds for F, and

G. Hence Fz has rank r — 2 and G is a line bundle. This proves (iv) and also (v)-(vi) by taking
determinants. Finally (vii) and (viii) follow computing Chern classes from (3.2), (3.3) and the exact
sequence
0—=T7z = Txiz = Ng/x = 0.
O

Next, we study the ideal of Z as in Lemma 3.2. Even though this lemma will not be used in the
sequel, it gives some properties of the ideal of an Ulrich subvariety that could be useful in future papers.

Lemma 3.3. Letn>2,d> 2, let X C PN and let € be a rank r > 2 Ulrich vector bundle on X with
det & = Ox(u). Let Z be a nonempty subvariety associated to € as in Lemma 3.2. If

(1) j}i'/]P)N (u) is globally generated, and

(i) H (Ixpn(u)) =0,
then Jzpn (u) is globally generated. If

(ili) Ix is generated in degree u,

(iv) HY(Ox (1)) =0 for1 > 1, and

(v) X is projectively normal,
then Iz is generated in degree u and not in lower degree.

Proof. Since € is 0O-regular, by Castelnuovo-Mumford [Lal, Thm. 1.8.5] we have that

(3.4) H°(&) ® H(Ox (1)) — H°(E(1)) is surjective for every I > 0.
Assume (i)-(ii). The exact sequence
(35) O%jx/PN(U) ﬁjz/PN(U) ﬁjZ/X(u)—)O

is exact in global sections by (ii). From (3.1) and Lemma 3.1(i) it follows that Jz x(u) is globally
generated. Hence we also have a surjective morphism

H(Jz/x () @ Opy — Tzyx ().

Therefore we get by (i) a commutative diagram
0 —— H°(Jx/pn (1) © Opy —— H(Tz/pn (1)) @ Opy —— HO(Tz/x (1)) © Opy — 0

i X |

0 Txpn (u) Tz (u) Jz/x (u)

showing that f is surjective, hence that J,/pny (u) is globally generated.
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Now assume (iii)-(v). Fix [ € Z with [ > 1. The exact sequence
0= Tx/mpn (1) = Opn (1) = Ox(1) = 0
and (iv) show that
(3. (T on (1)) = 0.

Also, (iv) and (3.1) imply that we have a surjection H(E(l)) = H°(Jz/x(u+1)). By (3.4) and the
commutative diagram

HO(€) ® HY(Ox (1)) HO(E(1))

| i

HY(J7)x(u)) @ H'(Ox (1)) — H°(Tz/x (u+1))

we deduce that the map H°(Jz/x(u)) ® HY(Ox (1)) = H%(Jz/x (u+1)) is surjective. Thus, by (v), so
does the map H°(Jz/x(u)) @ H*(Opn (1)) = H*(Jz/x(u+1)). Thus, in the commutative diagram

0 0
HO(Tx o () @ HO(Opn (1)) — HO(Tye o (1 + 1))
HO( Ty pn () @ HO(Opn (1)) — HO(T o (u + 1))

H°(J7/x(u)) @ H°(Opn (1)) ——= H(Jz/x (u+1))

0 0

we have that f’ is surjective by (iii), hence so does f. Therefore I is generated in degree u. Finally,
tensoring (3.1) by Ox(—1), we get that H%(Jz/x(u—1)) = 0, hence tensoring (3.5) by Opx (—1) shows
that HO(jX/]PN (u—1)) = Ho(jz/PN (u — 1)), that is every hypersurface of degree v — 1 that contains
Z must contain X. It follows that Iz is not generated in degree u — 1, for otherwise Z would be cut
out scheme-theoretically by hypersurfaces of degree u — 1. O

4. ULRICH OF RANK 71 > 2 AND CODIMENSION 2 SUBVARIETIES

In this section we will prove Theorem 1. We will then give several remarks that help and simplify
its applications.

Let Z C X be a Cohen-Macaulay, pure codimension 2 subvariety and let D be a divisor on X. The
short exact sequence

0= Jz/x(Kx +D) = Ox(Kx + D)= Oz(Kx +D) =0
determines a coboundary map
vz.p : H"2(Oz(Kx + D)) — H""{(Tz/x (Kx + D))
whose dual, by Serre duality, is
Vo.p : Exty (Tz/x (D), Ox) = H(wz(—Kx — D)).

Moreover, assume that either Z is as above or is empty, in which case Jz/x = Ox. For any subspace
W C Ext%,)x (Tz/x(D),0x) = H" Y(Jz,x(Kx + D))*, we obtain a surjection

ow : H* ' (Jz/x(Kx + D)) - W*.
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Since, by Serre duality,
Exty, (Jz/x (D), W* ® Ox) = Hom(H" ' (Jz/x(Kx + D)), W*)

we get an extension

(4.1) 0=W"®O0x = &= Jz/x(D)—0
associated to ¢y . This also allows to define, for any line bundle £ on X, the map
(4.2) dzwre H"fl(jZ/X(D) QL) —=W"® H"(L)

so that, in particular, oz w K, = dw.
Note that Homo (Jz/x,Ox) = Ox by [I'r, Lemma 7(i), Ch. 2], hence Homo, (Jz/x(D),Ox) =
Ox(—D). Also, when Z # (), we have that

Wy = El‘t%X(OZ,wx) = gl‘téf)x(jz/anX) = EIL‘t%QX(jZ/X, Ox)(Kx)

so that &I:t}gx(JZ/X(D)), Ox) Z wz(—Kx — D). Thus, dualizing (4.1), we get an exact sequence

(4.3) 0= Ox(—D) = & - W®0x = wz(—Kx — D) = Extp (€,0x) = 0
and a commutative diagram
(4.4) W ® Ox wZ(—Kx—D)

——

V2 p(W) @ Oz

that shows, in particular, that

(4.5) Im{W — H(wz(~Kx — D))} = v.p(W).

Also, if & is locally free, then (4.3) becomes

(4.6) 0—-O0x(—D) =& -W®0x »wz(—Kx — D) —0.
Moreover, consider the map

(4.7) &=z p-Kkx—ni: H"*(O0z(D —nH)) = H" Jz/x(D —nH))

and the multiplication map

(4.8) wzw :’y},D(W)®HO(KX+nH) — H%wyz(nH — D)).

Setting § = 0z w,—nm, we have a commutative diagram
H" N(Jy/x(D —nH)) =~ W* @ H"(-nH)
H"2(0Oz(D —nH))

that dualizes to

V3 L ®id
(4.9) W © HO(Kx +nH) —"— 5 p(W) @ HY(Kx +nH) " H(w;(nH - D)) .

lg* /
H" YJz/x(D —nH))*

Now we prove our first main result.

Proof of Theorem 1. Let £ be a rank r Ulrich vector bundle on X with det £ = Ox(D).
Let Z be a subvariety associated to £ as in Lemma 3.2. Then Z satisfies (a)-(c) by Lemma 3.2. Also,
as in the proof of Lemma 3.2, we have an exact sequence

0=V®0x =& — Tzx(D)—0
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so that, setting W = V*, we get (4.1) and, when Z # (), dualizing it gives (4.6). Since H"(E(Kx)) =
HY(E*) = 0 by Lemma 3.1(vi), we get by (4.1) a surjection

H" YJzx(Kx + D)) » H*(W*® Ox(Kx)) = W*

and therefore an inclusion W € H" (7 x(Kx + D))* = Exty (Jz/x(D), Ox).

We now show that (i)-(vi) hold.

First, (i) follows by (4.4) and (4.6). Next, (4.1), the fact that £ is Ulrich and Kodaira vanishing
imply that

(4.10) H'(Jz/x(D —pH))=0fori€{0,...n—2,n},1<p<n.
and
(4.11) Sz w,—pH : H"_l(jZ/X(D —pH)) - W*® H"(Ox(—pH)) is an isomorphism for 1 < p < n.
Now (4.10) gives (iii) and (iv), while, together with the exact sequence
0— Jz/x(D—nH) = Ox(D—-nH) = Oz(D—-nH) — 0

we get that H"(Ox (D —nH) = 0, that is (ii) by Serre duality. Moreover (4.10), (4.11) and Kodaira
vanishing imply (v), while (4.11) for p = n gives (vi).

Conversely, assume that we are given a subvariety Z C X as in the statement of the theorem and a
(r — 1)-dimensional subspace W C Ext}QX(jZ/X (D), Ox), such that the conditions (i)-(vi) hold. Then,

as explained before the theorem, there is a sheaf € arising as the extension (4.1). Our first aim is to
prove that £ is locally free. As is well known, this will follow from

(4.12) Extly (E,0x) =0 for i > 0.

If Z = 0, we have that Extly (JTz/x(D),Ox) = 0 for i > 0, hence (4.12) follows by applying
Homo, (—,Ox) to (4.1). If Z # 0, by (i) and diagram (4.4) we have that the map W @ Ox —
wz(—Kx—D) in (4.3) is surjective and therefore SZL‘t%/)X (€,0x) = 0. Moreover Extégx (Jz/x(D),0x) =
Eaty, (Tz/x,Ox)(=D) = 0 for i > 2 by [Fr, Lemma 7(iv), Ch. 2]. Hence, applying Homo, (—, Ox)
to (4.1), we get Smt’bx (£,0x) =0 for i > 2. Thus (4.12) is proved and & is locally free.

To see that £ is Ulrich, let p € {1,...,n} and set 6, = dzw,—pr. Now (4.1), Kodaira vanishing, (iii)
and (iv) imply that HY(E(—p)) = 0 for 0 < i < n — 2. Moreover, since Z is either empty or of pure
codimension 2, we have that H"(Jz/x(D — pH)) = H"(Ox (D — pH)) = H(Kx 4+ pH — D) = 0 by
(ii). Therefore (4.1) and Kodaira vanishing give the exact sequence

0 H'\(E(=p)) — H" (T (D — pH)) e H"(Ox (—pH)) —= H"(E(—p)) — 0.

We will now prove that (4.11) holds. This will imply that H"1(&(—p)) = H*(£(—p)) = 0, hence that
& is Ulrich. To see (4.11), we first observe that

(4.13) W' (Tzyx (D = pH)) = (r = A" (Ox (~pH)).

In fact, we have proved above that H"(Jz/x (D — pH)) = 0, hence, using (iii)-(v), Kodaira vanishing
and Serre duality

W' Tzyx (D = pH)) = (=1)""'X(Tz/x(D = pH)) = (r = Ox(Kx +pH) = (r — 1)h"(Ox (~pH))

that is (4.13). It follows by (4.13) and (vi) that 6, is surjective, hence so is ¢, by the commutative
diagram

(4.14) H™ YTy x(D — nH)) — W* @ H(Ox (—nH))
H"Y(J 5 (D — pH)) —"= W* & H(Ox (~pH)).

Hence (4.13) shows that J, is an isomorphism, so that (4.11) holds. Thus we have proved that £ is
Ulrich. Also (4.1) implies that £ has rank r and det £ = Ox (D). O
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Remark 4.1. Tt follows by Definition 1.1 that the subvariety Z associated to £ as in Theorem 1 (and
also in Corollaries 5.1, 5.2 and 5.3) is an Ulrich subvariety. In particular, by construction, Z satisfies
all properties in Lemma 3.2.

We now give a few remarks (some similar to [CFK, Lemma 3.3]), allowing to understand and use
the properties of Ulrich subvarieties. To simplify the next statements, we will give the following

Definition 4.2. Let n > 2,d > 2,7 > 2 and let D be a divisor on X. A pair (Z,W) satisfies (x) if
() # Z C X is a subvariety satisfying conditions (a)-(c) of Theorem 1, and W is a (r — 1)-dimensional
subspace W C Ext%gx (JT7/x(D),Ox).

Remark 4.3. Let » > 2, let X C PV be a smooth irreducible variety of dimension n > 2 and degree
d > 2 and let D be a divisor on X. Given a pair (Z, W) satisfying (*), we consider the maps 77 ;, in
(1.1) and pzw in (4.8).
(i) If H?(~D) = 0, X is subcanonical, Z C X is a nonempty Ulrich subvariety and W is the
associated (r — 1)-dimensional subspace, then
V2.p(W) = H(wz(~Kx — D)).

(ii) Suppose that H'(—D) = H*(—D) = H"2(D—nH) = H" }(D—nH) = 0 and (Z, W) satisfies
(). Then, the condition (vi) in Theorem 1 is equivalent to pzw being either injective or
surjective.

(it) If r = 2, H'(Jz/x(Kx +nH)) = H(—D) = 0,(Z, W) satisfies (x), Z is irreducible if n > 3,
and, if n = 2, the multiplication map p : 73 (W) ® HY(Oz(Kx +2H)) — H(wz(2H — D)) is
either injective or surjective, then the condition (vi) in Theorem 1 holds.

(iv) Assume that n > 3, D = uH for some u € Z and X is subcanonical. Given (Z, W) satisfying
(*), we have v , /(W) C H%wyz(ix —u)) and the multiplication map

1 Vgun(W) @ H(Oz(n — ix)) = H(wz(n — u)).
Then:
(iv-a) If Z C X is a nonempty Ulrich subvariety, then v (W) = H Ywz(ix —u)) and pu is
either injective or surjective. ‘
(iv-b) Ifu > 0,n —u—ix < —1and H'(Jz/x(n —ix)) =0 for i = 0,1. Then the condition (vi)
in Theorem 1 holds if and only if u is either injective or surjective.
Proof. To see (i), observe that Theorem 1 gives an Ulrich bundle £ sitting in the exact sequence (4.6).
Then HY(*) = H" 1(&(—ix)) = 0 by Lemma 3.1(ii). Now consider the splitting of (4.6) as
0—0x(-D) =& —Q—0
and
09 —->W®0x »wz(—Kx —D)—0.
We get that H'(Q) = 0, hence, using (4.5), we see that v} (W) = H(wz(—Kx — D)) and (i) is
proved. As for (ii), observe that since H" 2(Kx + D) = H" (Kx + D) = 0, we have that vz p is an
isomorphism, hence so is 7} . Moreover, H"2(D—nH)=H""YD —nH) = 0 gives that the map «
(see (4.7)) is an isomorphism, hence so is a*. Therefore (ii) follows by diagram (4.9). To see (iii), since
H!(—D) = 0 we have that vz p is surjective, hence Vz.p is injective and dim(y7 H(W)) = dim W = 1.
If n > 3, since Z is irreducible, it follows that the multiplication map
pivzp(W)® HO((’)Z(KX +nH)) — Ho(wz(nH — D))

is injective. The same holds if n = 2 and p is surjective since H(wz(nH — D)) and Yz p(W) ®
H°(Oz(Kx +nH))) have the same dimension, namely the cardinality of Z. Thus, in all cases, we have
that p is injective. Also HO(jZ/X(KX +nH)) =0, so that the restriction map

H°(Kx +nH) — H(Oz(Kx +nH))

is injective. Since puzw factorizes as

(415)  ~5p(W) @ H(Kx +nH) —> 75 p(W) © HYOz(Kx + nH)) -~ H(wz(nH ~ D))
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we get that pzw is injective. Now diagram (4.9) shows that 0* is injective, hence § = dzw _ny is
surjective. Thus (iii) holds. To see (iv-a), let £ be the Ulrich bundle given by Theorem 1. We have by
Lemma 3.1(iii) that u = W Since, as is well-known, (n+1—ix)H = Kx+ (n+1)H is effective,
we get that n+1—iyx > 0, hence n—u—iy < —1. Therefore H (£(Kx+nH—D)) = H(£(n—u—ix)) =0
for i = 0,1 by Lemma 3.1(ii) and (4.1) implies that H*(Jz/x(Kx 4+ nH)) = 0 for i = 0,1. Hence the
restriction map HO(Ky +nH) — H°(Oz(Kx +nH)) is an isomorphism. Note that H’(—uH) = 0 for
j = 1,2 by Kodaira vanishing because u > 0 by Lemma 3.1(v). Hence v, (W) = H%wz(ix — u))
by (i). Moreover, for j = n — 2,n — 1, we have that H/(D — nH) = H" 7(Ox(n —u —ix)) = 0
by Kodaira vanishing, hence we conclude the proof of (iv-a) using (ii) and the factorization (4.15).
As for (iv-b), by Kodaira vanishing, H'(—D) = H'(—uH) = 0 for i = 1,2, H/(D —nH) = 0 for
j =n—2,n—1 and we conclude applying (ii) and the factorization (4.15) since, as above, the restriction
map HY(Kx +nH) — H°(Oz(Kx +nH)) is an isomorphism. This proves (iv-b), hence (iv). O

Next, we give some conditions that allow to show that Z # () and irreducible.

Remark 4.4. Let r > 2, let X C PV be a smooth irreducible variety of dimension n > 2 and degree
d > 2 and let D be a divisor on X. Let Z C X be a subvariety.
Then Z # () if one of the following holds:
(i) There is an (r — 1)-dimensional subspace W C Ext}QX(jZ/X(D), Ox) and h*(—=D) <r —2.

(ii) There is an (r — 1)-dimensional subspace W C EX‘G}QX (Jz/x(D),Ox) and D is semiample with
numerical dimension v(D) > 2.

(iii) Z is an Ulrich subvariety and p(X) = 1.

(iv) Z is an Ulrich subvariety and the associated Ulrich bundle £ as in Theorem 1 is such that
(X, H,&) # (P(F), Op(r) (1), 7*(G(det F)), where F is a very ample rank n vector bundle on a
smooth curve C and G is a rank 2 vector bundle on C such that H z(g) = 0 for ¢ > 0, where
m:P(F)—C.

Moreover we have

(v) If Z is an Ulrich Gorenstein subvariety, X does not contain lines, Pic(X) =2 ZH and n > 6,3 <
r <n —1, then Z is nonempty and smooth.

Let Z C X be a nonempty Ulrich subvariety and let £ be the associated Ulrich bundle as in Theorem

1. Then Z is irreducible if one of the following holds:
(vi) H?*(-D) = H'(&(—D)) = 0.
(vii) c1(€)® # 0 ! and either ¢;(€) = uH for some u € Z or r = 2 and X is subcanonical.
(viii) n > 3 and &€ is (n — 3)-ample (that is, by [LR2, Thm. 1], &5y does not have a trivial direct
summand for every linear space M C X C PV of dimension n — 2).
Moreover we have:
(ix) If Z is smooth and irreducible, then [Kz(—Kx — D)]"~! = 0.

Proof. To see (i), assume that Z = (). Then we have the contradiction
r—1=dimW < dimExty (Jz/x(D),0x) = h' (D).

Now (ii) follows by (i), since h!(—D) = 0 by [Mu, Thm. 2]. As for (iv), assume that Z = (). We know
that det & is globally generated and non trivial by Lemma 3.1(v). It follows by (ii) that v(det&) =1
and therefore the image of ®¢ : X — G(r — 1,PH?(E)) is a curve and any nonempty fiber is a
linear P"~! ¢ X C PV by [LS, Thm. 2]. It follows by [BS, Prop. 3.2.1] and [Lo, Lemma 4.1] that
(X, H,&) = (P(F), Opr)(1), 7" (G(det F)), where F is a very ample rank n vector bundle on a smooth
curve C and G is a rank 2 vector bundle on C such that H*(G) = 0 for 7 > 0. This proves (iv). To see
(iii) and (v), let € be the associated Ulrich bundle as in Theorem 1, so that ¢;(£) = D > 0 by Lemma
3.1(v). Let A be the ample generator of Num(X). Since D = uA for some u € Z, we have that u > 0,
hence H'(—D) = 0 by Kodaira vanishing and Z # () by (i). This proves (iii). As for (v), we have that
Z # 0 by (iii) and H'(—D) = H?(—D) = 0 by Kodaira vanishing. Therefore vz p is an isomorphism,
hence so is 73 p. Thus, dimvy ,(W) =r — 1 and v H(W) = Hwyz(—Kx — D)) by Remark 4.3(i).

IThe cases ¢1(€)® = 0 can be classified as in [LS].
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It follows by property (i) in Theorem 1 that |wz(—Kx — D)| is base-point free of dimension r — 2.
Suppose now that Z is singular. Since Sing(Z) = D,_3(p) (see proof of Lemma 3.2), it follows by [D,
Cor. 3.4(c)] that Pic(Z) = ZOz(1). Also, Z is Gorenstein and we deduce that wz(—Kx — D) = Oz(a)
for some a € Z. Since H'(E(—D)) = 0 as € is aCM by Lemma 3.1(ii), we get that Z is irreducible
by (vi). Now, h®(Oz(a)) = r —1 > 2, hence a > 0. Therefore Oz(a) is very ample and defines an
embedding of Z in P"~2. Hence n — 2 = dim Z < r — 2, a contradiction. This proves (v).

Now assume that Z C X is a nonempty Ulrich subvariety and let £ be the associated Ulrich bundle
as in Theorem 1.

Under the hypotheses (vi) and (viii), we first show that Z is connected. In fact, if H*(—D) =
H'(£(—D)) = 0, we deduce from (4.1) that H'(Jz/x) = 0, hence that Z is connected. If n > 3 and
€ is (n — 3)-ample, then Z is connected by [Tu, Thm. 6.4(a)]. Now, either Z is smooth, therefore
irreducible or n > 6 and dim Sing(Z) = n — 6. In the latter case, Z is again irreducible by Hartshorne’s
Connectedness Theorem [HI1, Thm. 3.4], [Eis, Thm. 18.12]. Hence (vi) and (viii) are proved. As
for (vii), observe that if ¢1(€)® # 0, then v(D) > 2, hence H?(—D) = 0 by [W, Thm. 1.3] and [R,
Thm. 2] (see also [La2, Rmk. 11.2.20]), because D is globally generated, hence nef and abundant.
Now, if ¢1(£) = uH, then HY(£(-D)) = H'(£(—u)) = 0 by Lemma 3.1(ii). Also, if » = 2 and X is
subcanonical, then HY(£(—D)) = HY(£*) = H" 1 (£(—ix)) = 0 by Lemma 3.1(ii). Thus (vii) follows
by (vi). As for (ix), recall that 77 (W) is a sublinear system of |wz(—Kx — D). Since |v; ,(W)| is
base-point free by property (i) of Theorem 1 and dim |y} H(W)| < dim [W| =r — 2, it follows that
[Kz(—Kx — D)]"~1 = 0. This proves (ix). O

5. APPLICATION TO ARITHMETICALLY (GORENSTEIN VARIETIES

In this section we will see how Theorem 1 can be applied to arithmetically Gorenstein varieties. This
will in turn give more specific properties of the corresponding Ulrich subvariety.

Corollary 5.1. Let X C PV be a smooth irreducible aG variety of dimension n > 2 and degree d > 2.
Then (X,0x(1)) carries a rank r > 2 Ulrich vector bundle £ with detE = Ox(u) if and only if

U= W € Z and there is an aCM subvariety Z C PV, contained in X, such that
(a) dimZ =n — 2 and Z is irreducible if n > 3,
(b) if r =2 orn <5, then Z is smooth,
(c) ifn > 6, then Z is either smooth or is normal, Cohen-Macaulay, reduced and with dim Sing(Z) =
n — 6,
and, ifn = 2, there is a (r—1)-dimensional subspace W C Ext%gx (JTz/x(u), Ox), such that the following
hold:
(1) |lwz(ix — u)| is base-point free of dimension v —2 if n >3 or vy (W) generates wz(ix — u)
if n=2.
(2) H(Jz/x(u—1)) = 0.
(3) x(Oz(u—p)) =x(Ox(u—p)) + (=1)"(r = x(Ox (p — ix)), for L <p < n.
(4) If n > 3, the multiplication map H(wz(ix —u)) @ HY(Oz(n —ix)) — H(wz(n —u)) is either
injective or surjective. If n =2, then dzw,_om : H (Jz/x(u—2)) = W* @ H*(—2H) is either
injective or surjective.

Moreover the following exact sequence holds
(5.1) 0— 0% 5 Ty x(u) 0.

Proof. Assume that £ is Ulrich with det & = Ox(u). Then u = W € Z by Lemma 3.1(iii) and
u > 0 by Lemma 3.1(v). Let (Z, W) be as in Theorem 1. In particular (5.1) holds. Also, (2) is Theorem
1(iii) and (3) is equivalent to Theorem 1(v). As H'(Ox(—u)) = 0, it follows by Remark 4.4(i) that
Z #0. If n > 3, we have that H?(Ox(—u)) =0 and H*(£(—u)) = 0 by Lemma 3.1(ii), hence Remark
4.4(vi) gives that Z irreducible. Also, when n > 3, since H" 2(Ox(u —ix) = H" 1(Ox(u—ix)) =0,
we have that vz,n is an isomorphism, hence so is 77 ,5. Now Remark 4.3(i) implies that W =
Vouun(W) = H O(wgz(ix — u)), hence the latter is base-point free by Theorem 1(i) and of dimension
r — 1. Thus we get (1). Also (4) follows by Theorem 1(vi) and Remark 4.3(iv-a). It remains to prove
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that Z is aCM. As is well known, this holds if n = 2. If n > 3, for any j € Z, we get by (5.1) the exact
sequences

0= O0x(j —w®" D = £ —u) = Tz/x(j) — 0.

Fix i € {1,...,n — 2} and j € Z. We have that HY(E(j —u)) = 0 by Lemma 3.1(ii) and also that
H" 1 (Ox(j —u)) = 0 since X is aCM, hence H'(Jz/x(j)) = 0. Now the exact sequence

(5.2) 0= Txypn (4) = Tzen () = Tz/x(3) = 0

shows that Z C PV is aCM.

Vice versa, assume that we have a smooth irreducible aCM subvariety Z c PV, with Z C X,
such that (a)-(c) hold and, if n = 2, a (r — 1)-dimensional subspace W C Extbx(jz/x(u),(’)x),
such that (1)-(4) hold with u = w € Z. Forn > 3, let W = ExtéX(JZ/X(u),(’)X). Since
H"2(Ox(u —ix) = H" 1 (Ox(u — ix)) = 0, we have that 77,y is an isomorphism, hence so is
V> 50 that v, g (W) = H°(wz(ix —u)). Then Theorem 1(i) holds by (1). Since, as is well-known,
(n+1—ix)H = Kx + (n+ 1)H is effective and non trivial, we get that n + 1 — ix > 0, hence
u>0,n—u—ix < —1. Therefore H*(Kx +nH — D) = H*(Ox(n —u—ix)) = 0, thus Theorem 1(ii)
holds. Next, (2) is Theorem 1(iii) and (3) is equivalent to are Theorem 1(v). Since both Z and X are
aCM, we get from (5.2) that H'(Jz/x(j)) = 0 for 1 <i < n —2 and for every j € Z, hence Theorem
1(iv) holds. Finally, since u—1 > n—iy, we have that H°(Jz/x(n—ix)) = 0 by (2). Therefore, when
n > 3, we get that the condition (vi) in Theorem 1 is equivalent to (4) by Remark 4.3(iv-b). It follows
by Theorem 1 that Z and W give rise to a rank r > 2 Ulrich vector bundle £ with det £ = Ox(u) and
satisfying (5.1). O

In the case of rank 2, Corollary 5.1 and the properties of an Ulrich subvariety drastically simplify as
follows.

Corollary 5.2. Let X C PN be a smooth irreducible aG variety of dimension n > 2 and degree d > 2.
Then (X,0x (1)) carries a rank 2 Ulrich vector bundle € with det £ = Ox (u) if and only if u = n+1—ix
and there is a smooth aG subvariety Z C PV, irreducible when n >3, with Z C X,dimZ =n—2,wy =
Oz(n+1—2ix) such that the following hold:

(a) H(Jz/x(n—ix)) = 0.
(b) x(Oz(n+1—ix —p)) =x(Ox(n+1—ix —p)) + (=1)"x(Ox(p —ix)), for 1 <p <n.
Moreover the following exact sequence holds

(5.3) 0—0x —=&—=Jzx(n+1—ix)—0.

Proof. Given £ Ulrich of rank 2 with det £ = Ox(u), it follows by Corollary 5.1 that u =n+1 —ix
and there is a smooth aCM subvariety Z C PV, irreducible when n > 3, with Z ¢ X,dimZ = n — 2.
By Lemma 3.2(iv) we have that wy = Oz(n+1—2ix), hence Z is aG (see for example [DPZ, Prop. 3],
[Mi, Prop. 4.1.1]; when n = 2 this can be proved also by [Mi, Prop. 4.1.10], showing that Z has the
Cayley-Bacharach property and symmetric h-vector). Next, (a) and (b) are (2) and (3) of Corollary
5.1.

Vice versa, assume that v = n + 1 — ix and that a subvariety Z as in the statement and satisfying
(a) and (b) is given.

We will check that (1)-(4) of Corollary 5.1 hold. Note that (a) and (b) are (2) and (3) of Corollary
5.1. As for (1) and (4), we consider two cases.

First, suppose that n > 3. Since wz(2ix —n — 1) = Oy is base-point free, (1) and (4) hold.

Next, assume that n = 2. Note that ix < 3, for otherwise, as is well known (X, H) = (P?, Op2(1))
contradicting the fact that d > 2. By [HSS, Prop. 2.1 and 2.2] we have that 3 — 2ix = reg(Jz/p~) — 2.
Therefore Z has the Cayley-Bacharach property with respect to |Opn (3 — 2ix)| by [Mi, Thm. 4.1.10].
Since X is projectively normal, we get that Z has the Cayley-Bacharach property with respect to
|Ox (3 — 2ix)|. Now [GH, Prop. (1.33)] gives the existence of a rank 2 vector bundle £ on X and a
section s € HY(E) such that Z = Z(s) and det £ = Ox (3 —iy). Thus, setting W = (s)* we have that
the exact sequence (4.1) holds and we get an exact sequence

0—Ox(ix —3) =& = Tzyx =0
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that implies that H°(£*) = 0. Hence, as in the proof of Theorem 1, we deduce that W C
Extéx (Jz/x(3 —ix),Ox). Therefore, as in the beginning of Section 4, dualizing (4.1) we get (4.6).
Hence diagram (4.4) shows that VZ.(3—ix) (W) generates wyz(2ix — 3) and therefore (1) of Corollary
5.1 holds. Moreover this gives that the multiplication map

15 aeior (W) @ H(Oz(2 —ix)) = H(wz(ix — 1)) = H(Oz(2 - ix))
is surjective. Therefore (4) holds by Remark 4.3(iii). O

Next, we specialize to the case of rank 2 in hypersurfaces. The following is a slight improvement of
[Bel, Prop. 8.2] (see also [CF, Thm. 2.1] for the case n = 2).

Corollary 5.3. Let n > 2, let S = C[Xo,..., Xpy1] and let X C P be a smooth hypersurface of
degree d > 2. Then (X,0x(1)) carries a rank 2 Ulrich vector bundle £, with detE = Ox(d — 1) if
n = 2, if and only if there is a smooth (n — 2)-dimensional aG subvariety Z C X, irreducible if n > 3,
such that Iz has the following minimal free resolution

(5.4) 0— S(—2d+1) = S(—d)®=Y 5 §(—d+1)®Z=1) L 1, 0.

Proof. Note that ix =n+2—d, hence n+1—1ix = d— 1. By Lefschetz’s hyperplane theorem we
have that Pic(X) = ZH if n > 3. Let £ be rank 2 Ulrich vector bundle, so that det& = Ox(d — 1)
if n > 3 by [Lo, Lemma 3.2]. Thus Corollary 5.2 applies and we have a smooth, irreducible if n > 3,
(n — 2)-dimensional aG subvariety Z C X with wz = Oz(2d —n — 3). It follows by [BE, §3, page 466]
that I has the following minimal free resolution

0— S(—f) = P S(~bi) » @ S(~aj) = Iz >0
i=1 j=1
where a1 < ... < ag,b; = f—a;,1 <i < sand wy = Oz(f —n—2), so that f = 2d — 1 by [HSS,
Prop. 2.2]. By Corollary 5.2(a) we have that H°(Jy/x(d —2)) = 0 and the exact sequence

(5.5) 0 — Opnt1(—2) — jz/]pm+1(d —-2)— jz/X(d -2)—=0

shows that (Iz)g_2 = HO(jZ/Pn+l(d —2)) = 0. Therefore a; > d — 1.

We now claim that a; =d—1for all 1 <i <s.

The exact sequence (5.3) and [Be2, (3.1)] show that h%(Jz/x(d — 1)) = 2d — 1, hence the exact
sequence

0— Opn+1(—1) — jz/pn+l(d — 1) — jz/X(d — 1) —0

shows that dim(Iz)4—1 = ho(jZ/Pn+1(d — 1)) = 2d — 1. Therefore we have that a; = ...a99-1 =d — 1,
hence, in particular, ag = d — 1. It follows by [HTV, (c), page 63] that b; > asyo—; for 1 <1i < s, hence
b >a9=d—1for 1 <i<s. Thus

d—lzalgai:2d—1—bi§d—1

thatisag; =d—1forall 1 <i<s.

Hence we have proved that a; = d — 1 for all 1 < ¢ < s and it follows that b, = d for all 1 <i < s.
This proves that (5.4) holds.

Vice versa, assume that we have a smooth irreducible (n — 2)-dimensional aG subvariety Z C X such
that (5.4) holds. Hence HO(jZ/Pn+1(d —2)) =0, and then H%(Jy/x(d —2)) = 0 by (5.5). Also, (5.4)
gives that x(Oz(d — 1 — p)) satisfies Corollary 5.2(b). Thus the latter corollary applies and we get a
rank 2 Ulrich vector bundle £. O

We deduce Corollary 1 from this. A nice feature of this is that for n > 5, the proof that an Ulrich
subvariety cannot exist is just one line!

Proof of Corollary 1. Let n > 2 and let X C P"*! be a smooth hypersurface of degree d > 2. For
n = 2 assume also that Pic(X) = ZH. If there exists a rank 2 Ulrich bundle £ on X, then X contains a
subvariety Z as in Corollary 5.3 since, for n = 2, we have that det & = Ox(d — 1) by [Lo, Lemma 3.2].
Moreover, we note that X contains a family (isomorphic to PH?(£)) of dimension 2d — 1 of such Z’s:
In fact, since H%(£(—1)) = 0, as in [H3, Prop. 1.3] we have that the map PH?(€) — Hilb(X) sending
[s] € PHO(E) to Z = Z(s) is injective. It follows by (5.4) that Jzpn+1(d — 1) is globally generated,
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hence [OS, Thm. 1.4] gives that n < 4. This proves (iv). As for (i)-(iii), let U, C |Opn+1(d)| be the

open set of smooth hypersurfaces. Assume that the statement of the corollary is false. Then we have:

(a) (3 < n < 4) for every nonempty open subset U C Uy, there is an X € U carrying a rank 2
Ulrich bundle;

(b) (n = 2) for every set of countably many proper closed subvarieties W; C Uy, there is an

X € Ugpn\ U W; carrying a rank 2 Ulrich bundle.
€N
Let Hg,, be the Hilbert scheme of subschemes Z C P"! with Hilbert polynomial

P(m) = <m+—|7:LILl> _(2d_1)(m—d+n+1) B <m—2d+—|—1n~|—2>.
n n n

If3<n<4, let %Zl,n be the union of irreducible components of H,,, containing a point that represents
a smooth irreducible (n — 2)-dimensional subvariety Z that is zero locus of a general section of a rank
2 Ulrich vector bundle on a smooth hypersurface of degree d in P"*!. In particular Iz has a resolution
as (5.4) by Corollary 5.3. If n = 2, let 7-[:1,2 be the family of locally closed 0-dimensional subschemes of

P? consisting of graded Gorenstein C[Xo, ..., X3]-algebra quotients with Hilbert function
(5.6) h(m) = h%(Ops(m)) — (2d — 1) (Op2(m — d + 1)) — h°(Ops (m — 2d + 1)).

Note that #/,, is irreducible (see for example [JK, KMR]) and it contains, by Corollary 5.3, a point
that represen‘és a smooth O-dimensional subvariety Z that is zero locus of a general section of a rank 2
Ulrich vector bundle on a very general smooth hypersurface of degree d in P3.

Consider the incidence correspondence

IT={([Z),X):2' C X} CHy, xUsn

together with the two projections my : Z — M}, 72 : T — Ugy. We first prove that my is dominant.

Assume that it is not and let W = mo(Z). If 3 <n < 4, let U = Uy, \ W, if n = 2 let W; be the
components of the Noether-Lefschetz locus NL(d) C Ug2 and consider the proper closed subvarieties
{W,W;,i € N} of Ugp. Now, by (a) and (b), there is X € U or X € Ugp \ W U J;cy Wi carrying a
rank 2 Ulrich bundle and with Pic(X) = ZH, hence as said at the beginning of the proof, X contains
a subvariety Z with [Z] € H;,,. But then X lies in the image of 72, a contradiction.

Since 7 is dominant, we can decompose Z = Y1 U...UY;UY, 11 U...UY; into irreducible components
such that Y; dominates Uy, if and only if 1 < j < s. For each j € {1,...s}, let U; be the dense open
subset of Ug,, such that any fiber of 72|y, over the points in U; has dimension dimY; — dim Ug.

Now, for 3 < n < 4, consider the nonempty open subset

m Udn\ U 7T2 CUd’n.

Jj=s+1
By (a), there is X € U that carries a rank 2 Ulrich bundle &, hence as said at the beginning of the
proof, we have that PH?(£) C 7, ' (X). Since m; '(X) NY; = for s +1 < j < t, we deduce that

S

PH(E) C | J(mapy,) 1(X)

j=1
hence that there is a jo € {1,...s} such that
(5.7) PH®(E) C (m2)y;,)~ HX).
Since X € Uj,, we deduce that
(5.8) dim Uy, + 2d — 1 < dim Y.

Next, for n =2, let V; = Ugo \ Uj for 1 < j <'s, let V’—7T2( j) for s +1 < j <t and let W; be the
components of the Noether Lefschetz locus NL(d) C Ud’Q Con51der the countably many proper closed
subvarieties {V},1 < j <'s; VJ/,S +1<j<t;W;,i € N} of Uga. By (b), there is X € Uy2 not lying in
any of these subvarieties, carrying a rank 2 Ulrich bundle £ and with Pic(X) = ZH, hence as said at



ULRICH SUBVARIETIES AND LOW RANK ULRICH BUNDLES ON COMPLETE INTERSECTIONS 15

the beginning of the proof, we have that PH?(&) C W;l(X). Now, exactly as before, we deduce that
there is a j; € {1,...s} such that

(5.9) PH"(E) C (may,, )~ (X).
Since X € Uj,, we deduce that
(5.10) dimUg,, +2d — 1 < dimYj,.

Let now Y € {Y},,Y]}, }. We give an upper bound on its dimension. By (5.7) and (5.9), we have that Y’
contains a pair ([Z], X) where Z is a smooth, irreducible if 3 < n < 4, (n — 2)-dimensional subvariety
that is zero locus of a general section of a rank 2 Ulrich vector bundle on X. Let [Z'] € m(Y) be
general. Since Z is aCM, so is Z’ by semicontinuity and we have, again by semicontinuity, that

(d:j——; 1> = ho(jZ/P“+1(d)) + h2(Oz(d)) > ho(jZ’/[Pn+l(d)) + WO (d)) = (d—;j_jlh 1>

so that ho(jZ//Pn+1(d)) = ho(jz/lpn+1(d)). Therefore, using (5.4) when 3 < n < 4 and (5.6) when

n =2, we get

(5.11) W Tz jprsi (d) = W T z/pns1(d)) = (n +1)(2d — 1).
Moreover, when 3 <n <4, (5.4) gives
d+n

12 0 —1)) = —2d+1
(5.12) -1 = (177) ~ 2+
while, when n = 2, (5.6) gives
(5.13) hd—1) = <d§2> —2d 4 1.
Since 7, *([Z']) is an open subset in PHO(Jy jpn+1(d)), (5.11) gives that
(5.14) dim(7; 1 ([Z'])) < (n+1)(2d — 1) — 1.

If 3 < n <4, it follows by [KMR, Thm. 2.6], (5.4) and (5.12) that

hY (N /pni1) = (2d — 1)[@1?) —2d+ 1]+ <2d2_1> <Zﬁ) —(2d — 1)(21?) =
= (2d — 1)[(n +2)(d — 1) — 2d + 1].

and then semicontinuity gives

dim (Y) < dim Tjzm (V) < dim TyzqHy,, = B (N pnsr) <

< BU(Ngpni1) = (2d = 1)[(n+2)(d — 1) — 2d + 1].
If n =2, we get by [KMR, Rmk. page 79] and (5.13), that dimm(Y) < dim#H;;, = (2d — 1)(2d — 3).
Therefore, in both cases, we find that
(5.15) dimm (V) < (2d - 1)[(n+2)(d — 1) — 2d + 1].
Now, using (5.14) and (5.15), we get
dimY = dim(7;1([Z])) 4 dim(71(Y)) < nd(2d — 1) — 1.

It follows by (5.8) and (5.10) that

(d;:?jl) 142d—1=dimUy, +2d— 1< nd@2d—1) -1

a contradiction for the given values of d and n in (i)-(iii). This proves (i)-(iii) and ends the proof of the
corollary. O

We end the section with the following sample result. It shows that, in the case of hypersurfaces, in
many cases, Ulrich subvarieties must be singular and in fact non-Gorenstein.

Corollary 5.4. Let n > 6,7 > 3 and let X C P""! be a smooth hypersurface of degree d > 2n. Let
Z C X be an Ulrich subvariety and suppose that one of the following holds:
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(i) X is general, n > 7.
(ii) X s very general and n = 6.
Then Sing(Z) # 0 and dim Sing(Z) = n — 6. Moreover, if r <n — 1, then Z is not Gorenstein.

Proof. Note that Z is as in Corollary 5.1. First, assume that Z is smooth. We have that Pic(Z) =
Z0Oz(1) by Barth-Larsen’s type theorems (see for example [H2, Thm. 2.2]) if n > 7 and by [A, Prop. 8] if
n = 6. On the other hand, in both cases (i)-(ii), we have that X does not contain lines, hence the Ulrich
bundle associated to Z as in Corollary 5.1 is ample by [LS, Thm. 1]. It follows by [Ein, Thm. 2.2(b)]
(or [D, Cor. 3.4(c)]) that p(Z) > 2, a contradiction. Thus Sing(Z) # @) and dim Sing(Z) = n — 6 by
Corollary 5.1. Finally, assume that » < n—1. We know that Pic(X) = ZH by Lefschetz’s theorem and
then Z is not Gorenstein by Remark 4.4(v). O

6. COMPLETE INTERSECTIONS

The goal of this section is to study Ulrich vector bundles on complete intersections. We first compute
the necessary quantities related to Ulrich bundles on them and to Ulrich subvarieties.
We henceforth establish the following notation.
Let s > 1,n > 2 and let X C P""* be a smooth complete intersection of hypersurfaces of degrees
S

(di,...,ds) with d; > 1,1 <4 < s and degree d = [[ d; > 2. Let
i=1
s ) 0 ifs=1
S:Zdiandsz Z didj ifs>2-
i=1 1<i<j<s
Lemma 6.1. Let s> 1,n> 3,7 >2 and let X C P"™° be a smooth complete intersection of hypersur-

faces of degrees (dy,...,ds) withd; > 1,1 <i < s and degree d = H d; > 2. Let H € |Ox(1)|. Let £ be

a rank r Ulrich vector bundle on X and let Z C X be the assoczated Ulrich subvariety, as in Theorem
1. Then Z is irreducible, of dimension n — 2, smooth when r =2 or when n <5 and:

(i) Kx=(S—s—n—1)H.

(i) c2(X) = [(n+§+1) +5(S—s—n—-1)— 5] H2
(iii) c1(€) = 5(S — s)H.
(iv) deg(Z) = 24 [(3r — 2)S% — 6(r — 1)sS + 3(r — 1)s2 — s — 25"].
(v)
x(Oz(m)) :(m;-f:— s> n (_1)n+1rd<5(5 — s)n— m — 1> (1) — 1) <§(S —ns)+—sm - 1)+

u nd-s diy +...+d;, —m-—1 di, +...+d;, +5(§—s)—m—1
N e R
k=1

1<i1 <. <ip<s
Moreover suppose that one of the following holds:
(1) n>5, or
(2) n = 4, X is hyperplane section of a smooth complete intersection X' C P°*S and £ = E‘X,
where €' is a vector bundle on X', o
(3) n=4, X is very general and (dl,..., s) € {(2,1,...,1),s>1;(2,2,1,...,1),8 > 2} (up to
. %/—/ ~——
permutation). s-1 5-2
Then
(vi) c2(€) = eH? with e = o [(3r — 2)5% — 6(r — 1)sS + 3(r — 1)s* — s — 25| € Z.
(vii) If r =3, then
1
co(Z) = — §[4952 — 10458 — 32(n 4 1)S + 525% + 32ns + 355 + 4n* 4+ 12n + 8 + 65" | Hz+
+ (45—48 —-—n— 1)K2Hz.

Proof. (i) and (ii) follow from the tangent and Euler sequence of X C P"5. By Lefschetz’s theorem
(see for example [H2, Thm. 2.1]), we have that Pic(X) = ZH. Now the properties of Z and (iii) follow
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by Corollary 5.1, while (iv) follows by (i)-(iii) and Lemma 3.2(i). Also, (v) follows by Lemma 3.2(iii)
together with the Koszul resolution of Jx pn+s. As for (vi), we claim that under any of the hypotheses
(1), (2) or (3), the following holds:

(6.1) Je € Z such that c3(E) = eH.

In fact, if n > 5, we have by Lefschetz’s theorem (see for example [H2, Thm. 2.1]) that H*(X,Z) = ZH?.
Hence (6.1) holds under hypothesis (1), and under hypothesis (2) we have that c2(£') = e(H')? on X',
for some e € Z and H' € |Ox/(1)|]. Hence also c2(€) = C2(5|/X) = eH?, so that (6.1) holds under
hypothesis (2). Also, under hypothesis (3), we know again by Noether-Lefschetz’s theorem (see for
example [S, Thm. 1.1]) that every algebraic cohomology class of codimension 2 in X is in ZH?2. Since
[Z] = c2(€) by Lemma 3.2(b), we have that (6.1) holds under hypothesis (3).

Now, using (iv), we deduce by (6.1) that

e= ;—4[(37“ —2)82 — 6(r — 1)sS + 3(r — 1)s2 — s — 28]
that is (vi). Finally (vii) follows by (i)-(iii), (vi) and Lemma 3.2(viii). O

We now prove our second main result.

Proof of Theorem 2. We can assume, from the start, that X is not a quadric, since it is well-known
that a quadric does not carry any rank 3 Ulrich bundle (all Ulrich bundles are direct sums of spinor

bundles, that have rank 2LnT_1J) and that there are rank 2 Ulrich bundles, namely the spinor bundles,
only if n = 4.

Set s = cif ¢ > 4, while s = 4 if 1 < ¢ < 3 and, in the latter case, we see X C Pt a5 smooth
complete intersection of hypersurfaces of degrees (di,...,ds) with d; = 1,c¢+1 < j < 4. In this way
we also have that X C P""¢ is a smooth complete intersection of hypersurfaces of degrees (di,...,ds)
with s >4,d; > 1,1 <i<sandd=][[;_,d; >2.

Assume that we have an Ulrich vector bundle of rank r on X. If n > 5, taking hyperplane sections
and using Lemma 3.1(iv), it will be enough to show that, on the 4-dimensional section of X4 of X,
there are no Ulrich bundles of rank r < 3.

With an abuse of notation, let us call again X the above 4-dimensional section. Hence we have that
X C P**$ is a smooth complete intersection of hypersurfaces of degrees (di,...,ds) with s > 4,d; >
Ll1<i<sandd=1][]_,d; >2.

Let £ be an Ulrich bundle of rank r on X. Since Pic(X) = ZH by Lefschetz’s theorem, it follows by
Lemma 3.1(vii) that » > 2. Let Z C X be the associated smooth irreducible surface, as in Lemma 6.1.

Observe that, under hypothesis (a) of the theorem we have that condition (2) of Lemma 6.1 holds,
while under hypothesis (b) of the theorem we have that condition (3) of Lemma 6.1 holds. In any case,
we deduce that Lemma 6.1(vi)-(vii) hold.

Suppose first that r = 2.

Setting Hz = H)z, Corollary 5.2 gives

(6.2) Ky = (28— 2s — 5)Hy
and Lemma 3.2(vii), (6.2) together with Lemma 6.1(i), (ii) and (vi) give
1
(6.3) o(Z) =1 [120 + 1155 4 27s% — 1205 — 54sS + 325% — 105'] H3.

By Lemma 6.1(v) we see that

x(0z) =1 —2d<5_j_ 1> + (_1)S<S—s_ 1>+

s+4

u dii +...+d;, —1 dii +...4+d;, +S—s—1
_1k+s 11 ik i1 ik '
DYCIAD S [ R N PR |

1<i1<..<i<s

In the notation (A.1) of the appendix, this is just
(6.4) X(Oz) = fs20(d1, ..., ds).
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On the other hand, Noether’s formula Z, x(Oz) = & [K% + c2(Z)] gives, using (6.2), (6.3) and Lemma
6.1(iv), that
5d
x(Oz) = m[4554 — 180535 + 2885252 — 21655 + 645 419853 — 612525 — 36525 + 700552 + 72555’
—2885% — 40525 4 1815 — 43255 — 14055’ + 33652 4 14455’ + 4(S’)? — 845 — 1685’].

In the notation (A.9) of the appendix, this is just
(6.5) X(Oz) = gas(di, ..., ds).
Then, (6.4) and (6.5) give that
gas(di, ..., ds) — fe20(di,...,ds) =0.
In the notation of the appendix, this means, by Lemma A.9(1), that
mis(s)(di,...,ds)gsg(di,...,ds) =0

or, equivalently,
dq&g(dl, e ,ds) =0
contradicting Lemma A.10.
This concludes the proof in the case r = 2.
Next, assume that r = 3.
By Riemann-Roch we see that

(66) KzHz = —QX(OZ(l)) + 2X(Oz) + deg(Z).
Now Lemma 6.1 gives, in the notation (A.1) and (A.9) of the functions in the appendix, that
(6.7) X(Oz(m)) = fszm(di,...,ds) and deg(Z) = é5(dy,...,ds)

and therefore, in the notation (A.9), (6.6) becomes
(68) Ky;H; = —2f5’371(d1, e ds) + 2f373’0(d1, ... ,ds) + 5s(d1, ... ,ds) = hs(dl, ... ,ds).
On the other hand, we have by Remark 4.4(ix) that [Kz — 5(S — s — 2)Hz]? = 0, so that, using (6.8)
and the notation (A.9), we get
2
K2 —5(S—s—2)KyHy — Z5(S s —2)2deg(Z) =

25
=5(S — 5 —2)hs(dy,...,ds) — Z(S — 5 —2)20,(dy, ..., ds) = ks(dy, ... ds).

(6.9)

Next, we get by Lemma 6.1(vii), using also the notation (A.9), that
(6.10)

1
co(Z) = (48 —4s —5)KzHy — §[4952 —104sS — 1608 + 65’ + 525% + 1635 + 120]HZ =
1
= (45 — 45 — 5)hy(dy, ..., ds) — é[4952 — 10458 — 160S + 65’ + 525 + 1635 + 120]65(d1, . . ., ds) =
= Cs(dla cee ds)

Hence (6.9), (6.10) and Noether’s formula, using also the notation (A.9), give

ks(dl, ... ,ds) + Cs(dl, .. ,ds)
12

611)  M02) = (K} +ex(2)) = = X, dy).

Thus we get, by (6.7) and (6.11) we have that

Xs(di, ... ds) — fsso0(diy...,ds) =0
that is, using Lemma A.9(2),

mis(s)(di,...,ds)gso(dr,...,ds) =0

or, equivalently,
dq&g(dl, Ce. ,ds) =0

contradicting Lemma A.10.
This concludes the proof in the case r = 3 and therefore also ends the proof of the theorem. U
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APPENDIX A. SYMMETRIC FUNCTIONS ASSOCIATED TO COMPLETE INTERSECTIONS

Given a smooth complete intersection X C P¥*4 of hypersurfaces of degrees (dy, ..., ds), a rank r > 2
Ulrich vector bundle £ on X and an Ulrich subvariety Z, we have some natural symmetric functions
of (di,...,ds) as in Lemma 6.1 and in the proof of Theorem 2. In this section we will lay out the
necessary calculations related to them. Several calculations have been performed by Mathematica.
The corresponding codes can be found in [LR].

Definition A.1. Given integers s > 1,7 > 2, m, consider the polynomials in Q[z1, ..., zs] given by

m+s+4 > Tii+...+x;, —m—1
<m>=< s+ d )+Z<—1>’“+s > ( o )
k=1

1< <. < <s

and
S

bo(ze, 5 = —r(ili[lxi)(g(i;% :) T 1).

Next we set
r S
fsrm = as(m,x1,...,25) + (r — L)as(m — Q(sz —8),Z1,...,Ts) + bs(x1, ..., 26).
i=1

Explicitly we have

S r > P — _ -1
fs,r,m=<m:ji—4>T(Hl‘i)(2(i1x 5) —m )+

i=1 4
(i)
z zi—s)—m-—1 5 ; i —m—1
+(_1)5(74_1)<2 2 i > +Z(_1)k+s Z <le+...+xzi m >+
s+4 k=1 1<ir <..<ip<s s+

=D (DM Y

k=1 1<1 <. <1 <s

S
s <xi1—{—...+mik—|—g(2xi—s)—m—1>
i=1 .
s+4
We observe that the Koszul resolution of Jx ps+1 gives

(A.1) X(Ox(m)) = as(m,dy,...,ds)

hence also
T T
x(Ox (m — 5(2 di — 5))) = as(m — 5(2 di —s),dy,....ds).
=1 =1

The following properties of these function will be useful.

Lemma A.2.

(1) form is symmetric in x1, ..., Ts.

(2) For any 1 <k < s, the following identity holds in Q[z1,...,xk]:
(A.2) frem(@t, .. 2k) = form(@r, .., 28, 1,00, 1).
Proof. Tt is clear that bg(x1,...,xs) is symmetric and satisfies bg(z1,...,zr) = bs(x1,..., 2%, 1,...,1)
for any 1 < k < s. Let # € S; be a permutation. We have by (A.1) that as(m,dy,...,ds) =
xX(Ox(m)) = as(m,dry,---,dx(s)), hence the polynomial as(m,x1,...,2s) — as(m, Tz1),- -, Tr(s))
vanishes on all (dy,...,ds) and therefore it is zero. Thus a(m,z1,...,zs) is symmetric and so is

S
a(m — (> x; — s),21,...,25). It follows that f ., is symmetric and (1) is proved. Also, again by
i=1

(A1),
as(di,...,dg,1,...,1) = x(Ox(m)) = ag(di,...,dg)
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and

k k k
as(m—;(;di—k),dl, cdi 1, 1) = X(ox(m—;(gdi—k))) - ak(m—r(;di—k),dl, .

d
2 ) k)
=1 =1
and therefore
fs,r,m(dla “ee 7dka ]-a DRI 1) = fk,r,m(dl) ) dk‘)
Hence the polynomial fg,m(z1,..., 2k, 1,...,1) — frrm(x1,...,2x) vanishes on all positive integer
(di,...,ds), thus it is zero and this proves (2). O

Lemma A.3. z; | fo,m foralll1 <i<s.

Proof. By symmetry, it is enough to show that z1 | fsym. We view fs,m = ~v(z1) where vy €

Q[z2, . .. xs][x1], so that it is enough to prove that v(0) = 0. Now

S

7(0) = (m+ ° +4) +(=1)%(r — 1)<g(i2xi m)mme 1)+

s+4 s+4
S
B . r .
-1 rzi+s(dzi—s)—m—1
+y (- <x’ " )4—(7“—1)(1 =1 ) -
i—1 s+4 s+4
S
it tx, —m—1
-1 k+s Liy ik
e B ()
k=2 1<ii<..<ip<s
S
s Tig +oooFx, + 5> xi—8)—m—1
+(r—=1)) (=1)kts Z ( " R )
k=2 1<i1 <. <ip<s s+4

Since we are setting z; = 0, in the sum in the second line the term with ¢ =1 is
S

thus it cancels with the term in the first line

s+4

(m+s+4> +(_1)s(r_1)<§(1252wi—s)—m—1>'
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Hence we get

S
i +...+z;, —m—1
IDNCTNED S (R B I

k=2 1<i1 <. <ip<s
S
s T+, 5 (X wi—s)—m—1
+ (7“— 1) (_1)k+s Z < i1 ik 2 = i ) _
k=2 1< <. <ip<s s+4

S

a:i—l—g(in—s)—m—l)

i=2 +
s+4

=S () e
+§::2(_1)k+5 Z <mi2+...;—fiz—m—1>+

2<in<...<ip<s

S
s Tig+ ooz, + 5> xi—8)—m—1
+r=DY (- ( o >+
k=2 2<is<...<i<s s+4

S
kts T+ ..o+ x, —m—1
DD DI G R
k=2

2<ir <...<ip<s

S
> Ty + ootz +5(xi—s) —m—1
UREIDSCVAEEDY (11 RS >:
k=2 2<i1 <. <ip<s s+4
i S
s o — xi+5(> xi—s)—m-—1
:ZI(—l)SJrl (xl " 1> +(r—1)< = ) +
i=2 s+4 s+4

+ Zs:(—l)”s <$ i 1> +(r—1) <% ! 5@1—4@ e 1) N

10=2

S
kts Tig+ ...+ @y, —m—1
D NETD DI G
k=3

2<in<...<ip<s

S
s Tig+ .oz, + 5> xi—s)—m—1
Hr=DY (e ( o >+
k=3 92<in<.. <ip<s s+4

S

Z kts Z Tip + ..ot x;, —m—1
2.1 < s+4 +

k=2

2<ir <...<ip<s

S
5 Tig + .oz, + 5O xi—s)—m—1
Hr=D) (M Y ( " = )
k=2 2<i1<...<ip<s s+4

23
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While the first two sums above cancel with each other, notice that in the last two sums the case k = s
is not possible, hence, rescaling it, we get

7(0) :i(—l)k” Z <mi2 t+... jfzi —m — 1>+

k=3 2<in<...<ip<s
S
s Tig+ ooz, + 5> xi—s)—m—1
+ (7, _ 1) Z(_l)k+s Z < i2 i 2 = i >+
k=3 2<in<...<ip<s s+4
S
ke14s Tiy + ootz —m—1
Pt S (e
k=3 2<i1<..<ip_1<s
S
s Tip +oooFx, 50 @i—s)—m—1
D S L Aete SR >R R
k=3 2<ir <. <ip_1<s s+4
and the latter is 0. ]

We will now express the symmetric polynomials f;, ,, in terms of monomial symmetric polynomials.
For this we will use some properties of them, for which we refer for example to [Eg, §1].

Definition A.4. Let s > 1 be an integer and let z1,...,xs be indeterminates. Given a partition
A={A,..., A} with Ay > Ao > ... > A\ > 1, if k£ < s we let my(s) be the monomial symmetric
polynomial in x4, ...,z corresponding to A, while if £ > s we set m(s) = 0.

We will also write my(s) = my,.x,. We denote by {1¥} the partition {1,...,1} of k and we set
myo(s) = 1. For example

mp(s) = Zx? for h > 1 and mys(s) = sz
i=1 i=1

We will consider below the following Q-basis of the vector space of symmetric polynomials with
rational coefficients and of degree at most 4 in s variables:

(A3)  {ma(s), ms1(s), maa(s), ma11(s), mi111(s), m3(s), ma1(s), mi11(s), ma(s), mi1(s), mi(s), 1}.
We will need some elementary relations among the my(s)’s.

Lemma A.5. The following identities hold:

(1) m1(s)? = ma(s) + 2mi1(s).

3= mg(s) + 3moy (S) + 6m111(s).

= m4(3) + 4dmsy (S) + 6m22(s) + 12m211(3) + 24m1111(s).
mn(s) = mgl(S) + 3m111(s).

mi1(s) = ms1(s) + 2maa(s) + 5ma11(s) + 12mi111(s).
2 = maa(s) + 2ma11(s) + 6mar11(s).

3(5)) = ma(s) + mai(s).

21(8) = m31(s) + 2maa(s) + 2ma11(s).

111(s) = ma11(s) + 4ma111(s).

2(8) = m3(8> + mo1 (S)

mg(s) = m4(s) + 2m31(s) + 2m22(s) + 2m211(s).

= m4(5) + 2m22(s).

’ITLH(S) = m31(8) + m211(8).

)
»

V)
'S
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»
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»w W

V)

V)

3533333333333
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Proof. Follows by straightforward computations. O

The next lemma will be very useful.
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Lemma A.6. Let G = G(x1,...,xs) be a symmetric polynomial in s > 4 variables with deg G < 4.
Then there are a; € Q such that
(A.4)

G =aymy(s) + aamsi(s) + azmaa(s) + asmoi1(s) + asmiii1(s) + agma(s) + armai(s) + agmyii(s)+

+ agma(s) + aromii(s) + arimi(s) + aiz

and the following identity holds:
(A.5)

G(x1, 29,23, 24,1,...,1) = army(4) + agmsi(4) + asmaa(4) + aamai1(4) + asmaii1(4)+

+ [as + (s — 4)aglms(4) + [a7 + (s — 4)aslma1(4) + [as + (s — 4)as]mi11(4)+

s—4

+ |:CL9 + (s —4)(az +a7) + < 5 >a4} meo(4) + |:a10 + (s —4)(as + ag) + <3 ; 4) agi ma1(4)+

+lan 4 (s— ) (as +ar+awo) + (* =) 2as+as) + (* 7 ) as| mi(@) + arot
2 3

4 —4 —4
+(3_4)(a1+a6+a9+a11)+<82 >(2a2+a3+2a7+a10)+<53 )(3a4+a8)+<s )a5'

Proof. The fact that G can be written as (A.4) follows by using the basis (A.3). Then (A.5) follows by
the straightforward identities:

mi(s)(x1, 22, 3,74, 1,...,1) =m;(4) +s—4,1<i<4

mai(s)(z1, 2, T3, T4, 1,...,1) =mai1(4) + (s — 4)ma(4) + (s —4)m1(4) + (s — 4)(s — 5).

We can now express some fs ., in terms of monomial symmetric polynomials.

Lemma A.7. For all s > 4 the following identities hold:

(1) fs20 :m?i;és) [66m4(s) + 225mg1 (s) + 320maa(s) + 600mayy (s) + 1125ma111(s)
— 75(3s + 4)mg(s) — 150(4s + 5)mai(s) — 225(5s 4+ 6)mq11(s)+

75(15s% + 355 + 14)
D) m11<8>

+10(30s2 + 735 + 35)ma(s) +
75s(s + 1)(5s + 12)

ma(s) + 2(37553 + 16505 + 15055 — 698)].
(2) fs,3,0 :77?952(;) [1683WL4(8) + 606Om31(s) + 8770m22(s) + 16860m211(8) + 324OOM1111(8)

— 60(101s + 95)ms(s) — 60(281s + 255)maq1(s) — 3600(9s + 8)m111(s)
+10(843s% + 14965 + 490)ma(s) + 60(270s% + 4695 + 140)myy (s)
— 605(90s2 + 2295 + 125)m (s) + s(1350s> + 447052 + 33055 — 698)].




26 A.F. LOPEZ, D. RAYCHAUDHURY

nig;g) [1683my(s) + 6060m3;(s) + 8770maz(s) + 16860mar1 (s) 4+ 32400m1111(s)

—60(101s + 133)ma(s) — 60(281s 4 357)ma1(s) — 720(45s + 56)my11(s)+
+10(843s% + 21085 + 994)ma(s) + 60(270s% + 6615 + 284)myy (s)
— 605(90s2 + 3255 + 263)m; (s) + s(1350s° + 6390s> + 72655 — 1418)].

(3) fs,3,1 =

Proof. Let f € {fs20, fs3,0, fs;3,1}. Since Q[z1,...,z,] is a UFD, using Lemma A.3, we see that there
exists a ps = psym € Q[z1,. .., z,] such that

mys(S)
360

mys(s)

F= 1920

Ds iff = fs,Q,Oa and f =

ps in the other cases.

Moreover all py’s are symmetric by Lemma A.2(i) and have degree at most 4 since deg f < s+4. Thus,
we can express all ps’s through the basis (A.3) as follows:

Ps =a1my(s) + agmsi(s) + azmaa(s) + aamaii(s) + asmiini(s) + asms(s)+

A6
(A.6) + armai(s) + agmii1(s) + agma(s) + aromai(s) + arimi(s) + a2

with a1,...,a12 € Q.
Now observe that, applying Lemma A.2(2), we have in Q[z1, ..., x4] the similar identity

(A.7) pa(x1, ... x4) = ps(x1,.. . xq, 1.0, 1).
On the other hand, direct calculations show that:

mqa(4
;gg ) [66m4(4) + 225m31(4) + 320maa(4) + 600may1(4) + 1125m1111(4)

— 1200m3(4) — 3150ma21(4) — 5850m111(4) + 8070mao(4) + 14775m11(4)
— 24000m (4) + 27861]

4
721942(0) [16837714 (4) + 6060m31 (4) + 8770m22 (4) + 16860m211(4) + 3240017“111(4)

— 29940m3(4) — 82740ms1(4) — 158400m111(4) + 199620my(4) 4 380160m11 (4)
— 595440m (4) + 681768]

4
721942(0) [1683Wl4 (4) + 606077131(4) + 8770masy (4) + 16860?71211(4) -+ 324007711111(4)
— 32220m3(4) — 88860ma1 (4) — 169920m111(4) + 229140m(4) + 434880m11 (4)
— 720720m (4) + 865128)].

f4,2,0($17 €2,3, $4) =

fazo(x1,x2, 23, 24) =

faz1(z1, 22,23, 24) =

so that

P12 =66ma(4) + 225ms31(4) + 320maz(4) + 600ma11(4) + 1125m1111(4) — 1200ms(4)
— 3150ma; (4) — 5850m111(4) + 8070ma(4) + 14775m11(4) — 24000m (4) + 27861
pa,30 =1683my4(4) + 6060ms; (4) + 8770maz(4) + 16860ma11(4) + 32400m1111(4)
— 29940m3(4) — 82740ma1 (4) — 158400m111(4) + 199620m4(4) + 380160m11(4)
— 595440m; (4) + 681768
pa31 =1683my(4) + 6060ms; (4) + 8770maa(4) + 16860ma11(4) + 32400m1111(4)
— 32220m3(4) — 88860ma1(4) — 169920m111(4) + 229140m4(4) + 434880m11(4)
— 720720m; (4) + 865128.

(A.8)

Now replacing x5 = ... = z, = 1 in (A.6) and using (A.5) for G = ps we get an expression for
ps(x1,...,24,1...,1) in terms of the basis (A.3) whose coefficients must coincide, by (A.7), with the
ones in (A.8). Solving the corresponding linear system in the a;’s, we get (1)-(3). O
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Consider now the following polynomials in Q[z1,...,zs]:
(A.9)
_5mae(s) ypa 15043 28852 2916 8 4 64my(s)* + 19855 — 61252
gas = 7798 [45s s°mq(s) + s“m1(s) smi(s)” + 64mq(s)* + s s*mq(s)

— 365%m11(s) 4+ 700smy (5)% 4+ 72sm1(s)mi1(s) — 288my(s)> — 40my (s)*my1(s) + 181s?
)

— 432sm(s) — 140smq1 () 4 336my(s)* 4+ 144my (s)ma1(s) + 4my1(s)? — 84s — 168my1(s)]

s :mlg(s) [7m1(s)? — 12smy(s) — 2my1(s) 4 65% — 5]

he =—2fs31+2fs30+ ds

25
ks =5(mq(s) — s — 2)hs — Z(ml(s) — 5 —2)%5,
1
cs =[4m1(s) — 4s — 5)hs — g[49ml(,s)2 — 8(13s + 20)my (s) 4+ 6my1(s) + 525 + 1635 + 120]6,
/ _ks + Cs
Xs =70

Then we have

Lemma A.8. For all s > 1 the following identities hold:
(1) g :57;171;;5) [64m4(s) + 216ms1 (5) + 308maa(s) + 576ma11 () + 1080m1111(s)
— 72(3s + 4)ms(s) — 144(4s + 5)mai(s) — 216(5s + 6)m111(s)+
+ 4(725% 4 1755 + 84)ma(s) + 36(155% 4 355 4 14)my1(s) — 36s(s + 1)(5s + 12)mq (s)+
+5(3s —1)(3s 4+ 7)(5s + 12)].
(2) 6s = m%(s)[?mg(s) + 12m11(s) — 12smy(s) + 652 — 3]

(3) hy :mlg(s) [19m3(s) + 51mai (s) + 96ma11(s) — (515 + 35)ma(s) — 12(85 + 5)mu(s)+

+ 35(165 + 19)m1(s) — s(165% 4+ 27s — 5)]
Smas(s
;2( ) (8) + 422WL211(8) =+ 816m1111(s)

— 2(758 + 76)7713(8) — 2(2118 + 204)m21(s) — 48(178 + 16)m111(s)—|—
+ (2115 + 4015 + 140)mq(s) 4 2(2045> + 377s 4 120)m11(s)
— 25(685 + 1855 + 108)m (s) + s(s + 2)(345% + 535 — 10)].

(4) ks = [41m4(s) + 150m31(8) + 218mag

(5) Cs :mgzl((g) [265m4(s) + 924m31(3) + 1330777,22(8) + 2524771211(8) + 480()m1111(s)
— 4(231s + 190)m3(s) — 4(631s + 510)ma (s) — 960(5s + 4)m111(s)+
+ 2(6315% 4+ 9865 + 280)ma(s) + 4(600s% + 9295 + 240)m1(s)

— 45(2005% + 4495 + 210)m1(s) + 5(200s> + 578s% + 3635 — 80)]

(6) X/s :m,;;(SS) [6757714(8) + 2424ms3q (S) + 351077122(5) + 6744’/TL211(5) + 1296Om1111(5)

—24(101s + 95)ma(s) — 24(281s + 255)ma (s) — 1440(9s + 8)my11(s)+
+ 2(16865% + 29915 + 980)ma(s) + 24(270s% + 469s + 140)m11 (s)
— 245(905% 4+ 2295 + 125)m1(s) + s(540s> + 1788s% + 13235 — 280)].

Proof. Immediate from Lemmas A.5 and A.7.

We now wish to compare all of the above functions.

In order to do this, for any b € Z, define the polynomial g, € Q[z1,...,xs] by

gsp = bma(s) + 10maa(s) — 10sma(s) + s(bs — b+ 5).
We have
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Lemma A.9. For all s > 4 the following identities hold:
(1) 94,58 — fs,2,0 = 711352(05) gs,8-
(2) X; - fs,S,O = Trglgz((‘)g) qs,9-

Proof. Immediate from Lemmas A.7 and A.8. O

We will also need the following crude estimate:
Lemma A.10. Let b € {8,9} and let s > 2 be an integer. Then for all integers d; > 1,1 < i < s with

II di > 2 we have that gsp(d1, ..., ds) > 0.
i=1

Proof. We proceed by induction on s. Since the case s = 2 is easily verified, we assume that s > 3.
Note now the identity:

Gs+1b = Gsp + b g + 1022, [ma(s) — s — 1] — 10ma(s) + 10s — b + 10.

Set

ry(t) = bt + 1062 [ma(s)(dy, . . ., ds) — s — 1] — 10ma(s)(dy, . . . ,ds) + 105 — b+ 10
so that
(AlO) QS+17b(d17 e 7ds+1) = QSJ)(dlv o 7ds) + rb(ds+1)-

There are two possible cases.

The first one is when [[7_; d; > 2, whence ¢ (dy, . .., ds) > 0 by induction hypothesis. Observe that
in this case (d/dt)ry(t) > 0 when ¢ > 1 and (1) = 0. It follows that 74(ds11) > 0 for all ds4q1 > 1, and
consequently gsi15(di,...,dsr1) > 0 by (A.10).

The second case is when [[7 ;d; = 1, in which case (di,...,ds) = (1,...,1). We have that
gsp(1,...,1) = 0and ry(dst1) = bdl, | —10d%,; —b+10 > 0 since ds1q > 2. Thus gyr15(d1, ..., ds1) > 0
by (A.10), which completes the proof. O

REFERENCES

[Eg] E. S. Egge. An introduction to symmetric functions and their combinatorics. Stud. Math. Libr., 91. American Math-
ematical Society, Providence, RI, 2019, xiii+342 pp. 24

[LR] Mathematica codes available at http://ricerca.mat.uniroma3.it/users/lopez/Mathematica-for-c.i..pdf
https://rcdeba.github.io/research.html. 21

ANGELO FELICE LOPEZ, DIPARTIMENTO DI MATEMATICA E FI1SicA, UNIVERSITA DI RoMA TRE, LARGO SAN LEONARDO
MURIALDO 1, 00146, ROMA, ITALY. E-MAIL angelo.lopez@uniroma3.it

DEBADITYA RAYCHAUDHURY, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ARIZONA, 617 N SANTA RITA AVE.,
TucsoN, AZ 85721, USA. EMAIL: draychaudhury@math.arizona.edu


http://ricerca.mat.uniroma3.it/users/lopez/Mathematica-for-c.i..pdf
https://rcdeba.github.io/research.html

	1. Introduction
	2. Notation and conventions
	3. Generalities on Ulrich vector bundles
	4. Ulrich of rank r 2 and codimension 2 subvarieties
	5. Application to arithmetically Gorenstein varieties
	6. Complete intersections
	References
	Appendix A. Symmetric functions associated to complete intersections
	References

