ON THE CONNECTEDNESS OF SOME DEGENERACY LOCI AND OF ULRICH
SUBVARIETIES

VALERIO BUTTINELLI*, ANGELO FELICE LOPEZ AND ROBERTO VACCA**

ABSTRACT. We study connectedness of degeneracy loci D,_j(¢) of morphisms ¢ : (’)??(Hl_k) — &,

where £ is a rank r globally generated bundle on a smooth n-dimensional variety X and k& < 3. For
k < 2 we give a characterization of connectedness in terms of vanishing of Chern classes. Moreover we
prove that they are connected, for k¥ < min{2,7 — 1,n — 1}, if £ is V-big. In the case of Ulrich bundles
more precise results are given, both in general and in the case of surfaces.

1. INTRODUCTION

Let ¢ : E — F be a morphism of vector bundles on a smooth complex variety X. A fundamental
theorem of Fulton and Lazarsfeld [Fula] establishes, under the hypothesis that Hom(E, F) is ample,
that the degeneracy loci of ¢ are nonempty if they have non-negative expected dimension and are
connected if they have positive expected dimension. A few years later, Tu [Tu] and Steffen [Ste] proved
a similar result assuming g-ampleness of Hom(E, F'). Several results have been proved since then, see
for example [D, FU, Lay, LN].

In the absence of some kind of ampleness property, things are more complicated. For example, when
Hom(E, F) is just big and globally generated, degeneracy loci can be disconnected [LN] also when they
have positive expected dimension (even in the Ulrich case, see Example 10.1 inspired by [LN]).

In this paper we consider, for 1 < k < min{r, n}, injective morphisms

p: OFT e
where £ is a rank r globally generated bundle, and their degeneracy loci
D,_;(p) ={z € X :rankp(x) <r — k}.

which, as is well known, when ¢ is general, are nonempty if and only if ¢ (&) # 0.

We first give a small generalization, in this case, of [FulLa, Thm. II(a)] in terms of stable base loci
(that measure the positivity of £): if B4 (€) # X, then D,_i(¢) is not empty, see Proposition 4.3.

The next natural question to ask is that if one can determine connectedness of D,_x(p) (as a matter
of fact, since degeneracy loci are normal, equivalently their irreducibility).

We can give an answer for some k’s, as follows.

Theorem 1.
Let X be a smooth irreducible projective variety of dimension n. Let £ be a rank r globally generated

bundle on X such that c,(£) # 0 for some integer k and let s = h°(E*), so that r > k + s. Consider

morphisms @ : O??(Hlfk) — & such that the degeneracy loci D,_(p) are reduced of pure codimension

k. Also, consider the following conditions:

(i) ex+1(E) =0.
(ii) The degeneracy loci D,_i(p) as above have at least r + 1 — k — s connected (or irreducible)
components.
(ili) The degeneracy loci D,_(p) as above are disconnected.
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If k € {1,2} we have: (i) implies (ii), (iii) implies (i), and if r > k+ s+ 1, then (i), (ii) and (iii) are
equivalent. If k =3 and H'(Ox) = 0, then (i) implies (7).
Moreover, under one of the following conditions, for k € {1,2}, the degeneracy loci D,_i(p) as above
are connected:
(iv) k <min{r —1,n — 1} and B4 (€) # X (that is € is V-big).
(v) ¢ is a general morphism and D,_(p) is singular.

Note that, for any k, the number of connected components is constant, as soon as we require that
D,_j(¢p) is reduced of pure codimension k, see Proposition 6.1.

We point out that the inequality » > k + s + 1, needed to get disconnectedness in (ii), is sharp, see
Remark 6.7. Also observe that, in many cases, we can show that the number of connected components
is exactly 7 +1 — k — s (see Lemmas 6.5, 6.6 and Remark 6.10).

We are especially interested in the case when & is an Ulrich vector bundle on a smooth variety
X C PV, namely & satisfies the vanishings H*(£(—p)) = 0 for 1 < p < dim X. Ulrich bundles have
emerged as an important class of vector bundles to be studied (see for example [Be, ES, CMRPL]).

In the case k = 2 when & is an Ulrich bundle, the degeneracy loci D,_2(¢) are known as Ulrich
subvarieties (see [LR1] or Definition 5.4) and their existence is equivalent by [LR1, Thm. 1] to the
existence of Ulrich bundles, which is still a widely open and considerably studied problem.

We first give the following classification of Ulrich bundles with empty Ulrich subvarieties.

Theorem 2.
Let X C PN be a smooth irreducible variety of dimension n > 2, degree d > 2 and let £ be a rank
r > 2 Ulrich bundle on X. The following are equivalent:

(i) All Ulrich subvarieties associated to € are empty.
(i) There exists an empty Ulrich subvariety associated to &.
(iii) c2(E) = 0.
() (X,0x(1),E) is a linear Ulrich triple over a curve (see [LMS] or Definition 5.3).

Next, as a consequence of Theorem 1, we give a characterization of connectedness of Ulrich subvari-
eties.

Corollary 1.
Let X C PN be a smooth irreducible variety of dimension n. Let £ be a rank r > 3 Ulrich bundle on
X with c2(E) # 0. Then the following are equivalent:
(i) e3(&) =0.
(ii) The Ulrich subvarieties associated to € have at least r—1 connected (or irreducible) components.
(iii) The Ulrich subvarieties associated to € are disconnected.

Moreover, under the following conditions, Ulrich subvarieties Z associated to € are connected:

(iv) X is not covered by lines L C X such that &1, is not ample and n > 3.
(v) Z is singular and general (that is Z = D,_s(p), with ¢ a general morphism).

In the case of surfaces, Ulrich subvarieties are 0-dimensional smooth subschemes and we can classify
completely the connected cases, which correspond to ¢3(€) = 1.

Theorem 3.

Let S € PV be a smooth irreducible surface of degree d > 2 and let € be an Ulrich bundle on S with
c2(€) # 0. Then the Ulrich subvarieties associated to € are connected if and only if (S, Og(1),E) is one
of the following:

(i) (Q,00(1),8" ®8"), where Q is a smooth quadric in P? and S',S" are the two spinor bundles
on Q.
(i) (T, O0r(1), Or(T)%2), where T is a smooth cubic in P3 and T C T is a twisted cubic.
(iii) (Z,0x(1),0%(Co + £)®2), where X is a smooth non-degenerate cubic in P*.

We also study some standard cases on 3-folds (see Proposition 9.1) and give some connectedness
criteria and several examples with vanishing of Chern classes, see sections 6 and 10.

Finally, in section 11, we prove some results for rank 2 bundles. We have a characterization when
H'(Ox) =0, see Lemma 11.1 and several connectedness or disconnectedness criteria, see Lemma 11.2.
These show that, when H'(Ox) # 0, the connectedness scenery appears to be kind of unpredictable.



ON THE CONNECTEDNESS OF SOME DEGENERACY LOCI AND OF ULRICH SUBVARIETIES 3

2. NOTATION
Unless otherwise specified, we henceforth establish throughout the paper the following.
Notation 2.1.

X is a smooth irreducible projective variety of dimension n > 1.
p(X) is the Picard number of X.
v(L) is the numerical dimension of a nef line bundle £ on X.
A¥(X) is the group rational equivalence classes of (n — k)-cycles on X.
Moreover, when X C PV:
H € |Ox(1)] is a very ample divisor.
d = H" is the degree of X.
X is subcanonical if Kx = —ix H for some ix € Z.
For 1 <i<n-—1,let H; € |H| be general divisors and set X,, := X and X; = HiN...NHy,_;.

We work over the complex numbers.

3. DEFINITIONS AND PRELIMINARY RESULTS

We will need the following statement on vanishing of cohomology.

Lemma 3.1. Let A be a divisor on X with h°(A) > 2 and let H = hA, with h > 1. Let F,G be two
vector bundles on X. We have:

(i) If H°(G(2A)) = HY(G(A)) = 0, then HY(G) = 0.
(i) If H(F(—H)) = HY(F(-2H)) = 0, then H*(F(—jA)) = 0 for all j > 2h.

Proof. Since h°(A) > 2, we can choose B € |A| and then the exact sequence
0—>(9X—>A—>A|B—>()
implies that A|p is effective. To see (i), observe that the exact sequence
0—G(A) = G(24) = G(24)p — 0

implies that H°(G(2A)5) = 0. In particular we have that dimB > 1 and, since H*(G(A)5) C
H°(G(2A),5) = 0, we deduce that H°(G(A)p) = 0. Then, the exact sequence

0—=G—G(A) —=G(A)p—0

implies that H'(G) = 0. This proves (i). We now show (ii) by induction on j. If j = 2h, then
H'(F(—jA)) = 0 by hypothesis. If j > 2h + 1, set G = F(—jA). Then, by induction,

HY(G(A)) = H'(F(~(j — 1)4)) = 0.
Also, since —j +2 <1 —2h < —h we have that
H°(G(24)) = H*(F((—j + 2)4)) € H(F(~hA)) = 0.
Therefore (i) implies that H'(F(—jA)) = 0 and this proves (ii). O

Given a vector bundle £ on X, one can measure of the positivity of £ via stable base loci. We recall
the relevant definitions (see for example [BKKMSU, Def.’s 2.1 and 2.4]).

Definition 3.2. The base locus of £ is Bs(€) = {z € X : HY(£) — &(x) is not surjective}. The stable
base locus of € is B(E) =[),,~oBs(S™E). Let A be an ample line bundle on X. The augmented base
locus of £ is

m>0

B.(6)= [ B((S€)(~pA)).
p/qe(@>0
The bundle € is V-big if B4 (€) # X.

The definition of B (€) does not depend on the choice of A [BKKMSU, (2.5.1)].
A very useful geometrical vision of vector bundles can be given via degeneracy loci.
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Definition 3.3. Let ¢ : £ — F be a morphism of vector bundles of ranks e, f on X. For any k € Z
with 0 < k& < min{e, f} we denote the k-th degeneracy locus of ¢ by Dy (p), that is

Di(p) ={x € X :rankp(z) < k}.

Remark 3.4. Degeneracy loci have a natural scheme structure, given locally by the vanishings of the
(k4 1) x (k4 1) minors of the matrix defining ¢(x). Equivalently [Las, §(2.1)], the ideal sheaf of Dy ()
is the image of the morphism A*T1€ @ AFH1F* - Oy induced by A**lp.

In the following lemma we collect some known results.

Lemma 3.5. Let £, F be vector bundles on X of ranks e, f respectively and such that £* Q@ F is globally
generated. Let ¢ : € — F be a general morphism. Let k € Z be such that 0 < k < min{e, f}. If

Dy(p) # 0, then Di(p) is reqular in codimension e+ f — 2k, normal, reduced, Cohen-Macaulay, of pure
codimension (e — k)(f — k) and Sing(Dg(p)) = Di—1(p).

Proof. Tt follows from [Ba, Statement (folklore)(i), §4.1] that Dy(¢) is of pure codimension (e—k)(f—k)
and Sing(Dg(¢)) = Di—1(¢). Then, Di(¢) is Cohen-Macaulay by [ACGH, Ch. IT, Prop. (4.1)]. If Dy ()
is smooth we are done. Otherwise, [Ba, Statement (folklore)(i), §4.1] implies that Sing(Dy_1(p)) # 0
is of pure codimension (e +1 —k)(f +1 — k). In particular n — (e — k)(f — k) > e+ f—2k+1 > 2.
Now codimp, () Dr—1() = e+ f — 2k + 1 > 2 so that Dy(y) is regular in codimension e + f — 2k
and is Ry. Moreover, for any € Di(¢) and any prime ideal p of A := Op, (), We have that A, is
Cohen-Macaulay by [H1, Thm. I1.8.21A(b)]. Hence depth Ay, = dim A, =n — (e — k)(f — k) > 2, so
that A is So. Then A is normal by [H1, Thm. I1.8.22A] and reduced by [ST, Lemma 10.153.3, Tag
031R], whence so is Dg(¢p). O

4. GENERALITIES ON GLOBALLY GENERATED BUNDLES
We collect here some simple but useful results about globally generated bundles.

Lemma 4.1. Let £ be a rank r > 1 globally generated bundle on X. For any 1 < i < mn, let H be a
very ample divisor on X. We have:

(i) c1(&) =0 if and only if c1(£)'H" " = 0.

(i) ¢i(€) =0 if and only if c;(E)H™* = 0.
Moreover, let k € Z be such that 1 < k < min{r,n}. Let ¢ : Og’?(rﬂ_k) — & be a general morphism.
Then the following are equivalent:

(ii)) Dy_x(0) = 0.

(iv) ¢(€) =0 fori>k.

(v) (&) =0.
Also, if any of (iii)-(v) does not hold, then D,_(¢) has pure codimension k and ci(E) = [Dy—i(p)] €
AF(X).

Proof. To see (i), one implication being obvious, assume that ci(£)’H"% = 0. Since & is globally
generated, it follows that det £ is globally generated and (det £)'H"™~% = 0 implies that ¢1(€)" = 0 by
[FuLe2, Cor. 3.15] (see also [FuLel, Prop. 3.7]). This proves (i). Suppose now that D,_(¢) # (). Then
D,_1(¢) has pure dimension n—k > 0 by Lemma 3.5, so that cx(€) = [D,_x(¢)] € A¥(X). This proves
the last assertion of the lemma, once proved the equivalence (iii)-(v), that we now show. If (iii) holds,
we have that ¢ has constant rank r + 1 — k and we get an exact sequence

0 0% e s Foo

where F is also a vector bundle, of rank k — 1. But then, for any ¢ > k£ we have
i r+1—k
a(€) = 3 (O Mery(F) = elF) = 0.
=0
Hence (iii) implies (iv). Clearly (iv) implies (v). Now assume (v). If D,_x(¢) # 0 we get a contradiction
both if n — k = 0, since 0 = ¢ () = [Dy—x(p)], while D,_(p) is O-dimensional and nonempty and if
n —k > 0, since we would have that 0 < H*D,_(¢) = H*c,(£) = 0. This proves that (v) implies (iii),
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hence the equivalence (iii)-(v) and also proves the last assertion of the lemma. It remains to prove (ii).
One implication being obvious, we assume that ¢;(§)H"~% = 0. If i = n we are done, so assume that
i < n—1. Setting k = 14, if ¢;(€) # 0, we get that D,_;(¢) is nonempty of pure codimension i and
ci(€) = [Dr—i(p)], giving the contradiction 0 < H"¢D,_;(p) = H" c;(€) = 0. This proves (ii) and
concludes the proof of the lemma. O

In the sequel, we will be interested in the vanishing of some Chern classes, which we now study.

Lemma 4.2. Let £ be a rank r globally generated bundle on X C PN. We have:
(i) If c1(€)F = 0 for some t > 1, then ¢;() =0 for all i > t.
(i) Ift > 1 and c1(E) # 0 (in particular if c;(€) #0), then HI(—det&) =0 for 0 < j <t —1.
(iii) Let s = hO(&E*). If s > 1, then £ = OF° @ & with & globally generated of rank r — s and
hO(EF) = 0. Moreover, if c;,(€) # 0, then r > k + s.

Proof. Assume that ¢1(€)t = 0. The conclusion (i) being obvious if n < t — 1, suppose that n > t.
Then ¢1(€x,)" = c1(E)'H"" = 0, hence ¢(6)H" ™" = ¢1(§x,) = 0 by [DPS, Cor. 2.7]. Therefore
¢t(£) = 0 by Lemma 4.1(ii) and then (i) holds by the same lemma. To see (ii), first observe that if
ci(€) # 0, then ¢1(€)" # 0 by (i). Hence, to prove (ii), we can assume that c1(£)" # 0, and we have,
in particular, that n > t. Set det& = Ox (D). We prove that H/(Ox(—D)) =0for 0 < j <t —1 by
induction on n. If n = t, we know that D > 0, hence D is big and nef and therefore H’ (Ox(—D)) =0
by Kawamata-Viehweg’s vanishing theorem. If n > ¢ + 1, note that cl(S‘X%l)t = c1()'H # 0, for
otherwise also ¢1(£)!H"~! = 0, implying, by Lemma 4.1(ii), the contradiction c;(£)! = 0. Then, in the
exact sequence
0—Ox(-D—-H)— Ox(-D) — Ox, ,(-D) =0

we have that H/(Ox, ,(—D)) = H’(—det(&x, ,)) = 0 by the inductive hypothesis and also
HI(Ox(—D — H)) = 0 by Kodaira vanishing. Hence we find that H/(Ox(—D)) = 0, proving (ii).
Finally, the first part of (iii) is well-known (see for example [SU, Proof of Lemma 3] or use [O2, Lemma
3.9] and induction). Now, when ¢ (€) # 0 we have that ¢ (£1) = ¢x(€) # 0 and therefore r —s > k. 0O

We observe that V-bigness implies non-vanishing of Chern classes, hence also non-emptiness and
connectedness (via Theorem 1).

Proposition 4.3. Let k be an integer such that 1 < k < min{r,n}. Let £ be a rank r vector bundle on
X with BL(E) # X. We have:

(i) If € is nef, then cx(E) # 0.
(ii) If £ is globally generated, then H°(E*) = 0.

(iii) If € is globally generated, then D,_r(p) # 0 for any injective morphism ¢ : (’)g’?(rﬂ_k)

—£&.
Proof. We will use Q-twisted bundles and their Chern classes, see [Laz2, §6.2, 8.1, 8.2]. We first observe
that if F () is a Q-twisted nef bundle on X, then ¢ (F(9)) is nef. Indeed, this follows from [DPS, Proof of
Prop. 2.1 and Cor. 2.2], since the proof works for R-twisted nef vector bundles. Alternatively, for any k-
dimensional irreducible subvariety Y C X, the restriction (F(6))|y is still nef by [Laz2, Thm. 6.2.12(v)].
Then, it is enough to apply [Laz2, Thm. 8.2.1] to obtain that c(F(0))-Y = cx((F(5))|y) > 0, as desired.
We now use Seshadri constants €(€; x), in particular [FM, Rmk. 3.10(c)]. To see (i), let ¢ B4 (€) and
let w : X — X be the blowing up of X at z, with exceptional divisor E. It follows from [F'M, Prop. 6.9
and Rmk. 3.10(c)] that e(£;x) > 0, hence it is easy to see that we can find t € Q¢ such that the
Q-twisted vector bundle (p*E)(—tE) is nef. If follows from the observation above, that ¢, ((1*E)(—tE))
is nef. Let Z be any irreducible subvariety with x € Z C X, dim Z = k and consider its strict transform
Z on X. Then, as in [Lo, Proof of Thm. 7.2], we have

0 < cn((WE)—tE)) - Z = ci(E) - Z — t* (2) mult, (2)

so that cx(€) # 0 and (i) is proved. To see (ii), assume that s = h%(£*) > 1. By Lemma 4.2(iii) we
have £ = O%° @ &, with & a globally generated bundle. Since € is nef and B4 (£) # X, it follows by
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[F'M, Prop. 6.9] that there is x € X such that £(£;x) > 0. However, as £(£1;2) > 0 by the nefness of
& [FM, Rmk. 3.10(a)], we get by [F'M, Lemma 3.31] that

0 <e(&z) = min{e(05%2),e(E1;2)} = e(OF%;2) =0

a contradiction. This proves (ii). As for (iii), assume that D, _p(¢) = 0. If & = 1 then ¢ is an
isomorphism and we get that ¢;(€) = 0, contradicting (i). If k& > 2, we have an exact sequence

0— 0% e s Foo
where F is a rank k£ — 1 bundle on X, hence ¢, (€) = ¢;(F) = 0, contradicting (i). This proves (iii). O
We add a calculation of the n-th Segre class. This will be useful to detect bigness in some examples.

Lemma 4.4. Let n > 2 and let £ be a globally generated bundle on X such that co(E)? = 0 and
c3(€) =0. Then

$p(E%) = c1(E)" — (n — D)er(E)" 2ex(E).
In particular € is big if and only if c1(E)" > (n — 1)c1 ()" 2e2(E).

Proof. For n > 2, consider the n x n determinant

Ir1 X2 0 0 ... 0 0 0
1 ¢y 2o 0 ... 0 0 O
Pn($1,$2): 0 1 ‘7?’1. .$2. 0 0 0
0 0 0 0 1 1 I2
0 0 0 O 0 1 x4

It is easily seen that Py(x1,22) = 23 — x9, P3(21,22) = 23 — 27129 and that, for n > 4,
(4.1) Py (x1,x9) = 21 Py—1(x1,22) — 29 Pp—o(1, 22).
Setting ¢; = ¢;(€) and using (4.1), it follows by induction on n > 2 that

Pu(c1,c2) = ¢} — (n— 1)c} 2ca.

On the other hand, we have that ¢;(£) = 0 for ¢ > 3 by Lemma 4.1, hence P,(ci,c2) is just the
Schur polynomial of £ associated to the partition 1™ = (1,...,1) and therefore (see for example [Laz2,
Exa. 8.3.5]), we get that

50(E%) = 511 (E) = Pu(c1,c2) = ¢ — (n — 1)} 2ea.
As is well-known (see for example [LM, Rmk. 2.2]), £ is big if and only if s,(£*) > 0, thus if and only
if c1(E)" > (n — 1)e1(E) 2e2(8). O

The following lemma, relating some degeneracy loci (see also [CFK, Rmk. 3.4]), will be crucial in
the proof of Theorem 1.

Lemma 4.5. Let n > 2 and let £ be a rank r globally generated bundle on X such that co(E) # 0. Let
V C HY(&) be a general subspace with dimV =1 — 1, let p : V ® Ox — &, so that Z = D,_5(p) # 0.
Then there is a normal irreducible Cartier divisor Y € |det(E)|, smooth if n < 3, such that Z C Y.
Moreover, if Y is smooth, we have an exact sequence

(4.2) 0= & = 0% = 0y(Z2) =0
and Oy (Z) is globally generated by at most r sections. Also, using, on the right-hand side, the inter-

section product on 'Y and a very ample divisor H, we have, if n > 3, that

(4.3) c3(E)H™ 3 = ZQH|”Y—3.

Proof. Note that Z # () by Lemma 4.1, so that Z is reduced of pure codimension 2 by Lemma 3.5.
Moreover, if Z is singular, then Sing(Z) = D,_3(yp). Also, the Eagon-Northcott complex gives is an
exact sequence

Choose a general subspace V! € H°(E) such that dimV’ = r and V C V’. Thus, we get a general
morphism ¢’ : V' ® Ox — £ and setting Y = D,_1(¢’) we see that Z C Y: If z € Z, then rank p(x) <
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r — 2, hence rank ¢/(z) < r —1, so that = € Y. In particular Y is nonempty and Lemma 3.5 gives that
Y is smooth if n < 3. Note that c;(£)? # 0, for otherwise co(€) = 0 by Lemma 4.2(i). Therefore the
morphism @gere 1 X — PH?(det £) is not composed with a pencil and Y € |det(£)| is connected by
Bertini’s theorem. Since Y is normal by Lemma 3.5, it is irreducible. Now assume that Y is smooth,
so that D,_2(¢') = 0 by Lemma 3.5. Moreover also Z is smooth, because, as above, we have that
D,_3(¢) C Dy_a(¢'). Using (4.4), we have a commutative diagram

0 0
0—>V®Ox ——>E&—>Tyzx(D) —0
|
0— V' eox 2 =¢ L 0
l
Ox 0 0
0

where £ is a sheaf supported on Y. The diagram shows that £ is a line bundle on Y, since rank ¢'(y) =
r — 1 for every y € Y. Also, we get an exact sequence

0—0x = Jz/x(D) = L0

and the map Ox — Jz/x(D) is given by the section defining Y. Therefore £ = Jz/y (D). We will
now use the well-known fact that the proof of [H1, Lemma III.7.4] works also for the sheaf version with
Hom and Ext. Using it, we get

Extp, (L,0x) = Extp (L, wx)(—Kx) = Homo, (L,wy)(—Kx) = Oy (Ky + Z — D)(—Kx) = Oy (2).
Hence, dualizing the exact sequence, obtained in the diagram above,

0=V 0x -E—-L—0
we get the exact sequence

0= & =0 = 0y(Z2) =0

showing (4.2) and that Oy (Z) is globally generated by at most r sections. Finally, to see (4.3), if n = 3,
weset X' = X, & =E&and Z' = Z. If n > 4, cutting down with n—3 general Hy, ..., H,_3 € |H|, we get
a smooth 3-fold X’ = X3 and a globally generated bundle £’ = &x,. Setting Z' = ZNHyN...NHy_3,
we have that

Z'=ZNX" =D, 5(p) N X" =D, 2(px')

so that, in particular, [Z'] = co(€’). Moreover, setting Y = YNHN...NH,_3, we see that Y’ € | det &’
is a smooth irreducible surface containing Z’' and (4.2) gives an exact sequence

(4.5) 0— (&) — 0% — Oy(Z') — 0.

We compute the Euler characteristics in (4.5). To this end, we set ¢; = ¢;(X’) and d; = ¢;(&'), for
1 <4 < 3. Now, Riemann-Roch on X’ gives

1

1 1
(4.6) X((gl)*) = TX(OX/) — Edl(c% + Cg) + 101(01% — 2d2) G(d? — 3dq1do + 3d3).

The exact sequence
(4.7) 0— OX/(*Y,) — OX/ — Oy/ — 0

gives, using Riemann-Roch on X',

(4.8) X(Oyr) = x(Ox1) = x(Ox:(=Y")) = %dl(dl —c1)(2dy — 1) + ledlcz-
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Moreover, by Riemann-Roch on Y/, we get, using adjunction, (4.8) and [Z'] = c2(&'),

1 1 1
(4.9) X(0y:(Z")) = x(Oy1) + 52/(2/ — Kyr) = x(Oy) + §d2(01 di) + §(Z )? =
1 1 1 1
= Edl(dl —c1)(2d1 — 1) + Edlcz + §d2(01 dy) + 5(2’)
Therefore (4.5), together with (4.6) and (4.9), gives
1 1 1
rx(Ox) = x((E')") + x(Oy(Z")) = rx(Ox') — Edl(cf +c2) + ch(d% —2ds) — g(dz{’ — 3dids + 3d3)+

1 1 1 1 1 1
+ Edl(dl — Cl)(2d1 - Cl) + —dlcg + *dz(cl — dl) + i(Z,)Q = T‘X(OX/) — §d3 + §(Z,)2
Hence c3(E)H" 3 = c3(&') = ds = (Z')? = ZZHG, 3 and (4.3) is proved. O

We now give a fact that will be useful to study Ulrich subvarieties in the case of a linear Ulrich triple.

Lemma 4.6. Let X, B be two projective varieties with X smooth and let m : X — B be a flat morphism
with m.Ox = Op. Let Eg be a rank r bundle on B such that £ = w*Ep is globally generated. Let
k € Z be such that 1 < k < r, let V.C HY(E) be a general subspace of dimension v + 1 — k and,
if o : V®0Ox — &, assume that Z := D,_p(p) is nonempty. Then there erists Vg C H°(Eg) a
general subspace such that V. = 7n*Vp and, if op : VB @ Op — Ep is the associated morphism and
Zp = Dy_i(¢B), we have that Oz = 1*Og,, Z is the scheme-theoretic inverse image of Zp under
and Zp has pure codimension k in B.

Proof. m is surjective being both open and closed. Note that B is smooth and Ep is globally generated
since X and & = 7*Ep respectively are (see for example [Li, Rmk. 4.3.25 and Exc. 5.1.29(b)]). Then,
by projection formula, we obtain

HY(&) = HY(Ep @ m,0x) = HO(ER).

Moreover, as the pull-back of sections 7*: H(£p) — HY(€) is injective by [G1, Cor. 2.2.8], the above
isomorphism is induced by 7*. We set Vg C H°(Ep) to be the subspace such that V = 7*Vg. Then
Ve C HY(Ep) is general and we get that Zp # (): In fact, if not, we would have that c;(€g) = 0 by
Lemma 4.1, and therefore also ¢ (£) = 7*c,x(Ep) = 0, giving, by Lemma 4.1 again, the contradiction
Z = (). Therefore Zg has pure codimension k in B by Lemma 3.5. It follows that we have the
Eagon-Northcott resolution

0S80 = = Vg A2 — A leg — Tz, /B(detEp) —
whose pull-back via 7 is, since V = Vg via pull-back of sections, the exact sequence

0= S W0y = 5 VA2 =5 AF1e - n%(Jy,, p(det Ep)) — 0.
On the other hand, we have the analogous resolution

0= S"" W0y = 2 VA2 =5 A1 - J,x(D) =0
where D = det & = n*(det ). We get that T/ x (D) = 7*(Jy,/p(det Ep)) and therefore
(4.10) Tz/x 7 Tz,/B-
Now, pulling back the exact sequence
0—>jZB/B—>(’)B—>OZB—>O

we get an exact sequence
0= 1Tz — Ox =70z, =0

and (4.10) shows that Oz = 7*Og,. Since 7 is flat, we also have (see for example [ST, Lemma 26.4.7,
Tag 01HQ)]) that Z is the scheme-theoretic inverse image of Zp. O


https://stacks.math.columbia.edu/tag/01HQ

ON THE CONNECTEDNESS OF SOME DEGENERACY LOCI AND OF ULRICH SUBVARIETIES 9

5. GENERALITIES ON ULRICH VECTOR BUNDLES

We will often use the following well-known properties of Ulrich bundles

Lemma 5.1. Let € be a rank r Ulrich bundle on X C PN. We have:

(i) & is globally generated.
(ii E‘X _, 18 Ulrich on a smooth hyperplane section X, _1 of X.

(iil) det & is globally generated and it is mot trivial, unless (X,0x(1),€) = (P", Opn (1), Opr).
(iv HO(E*) =0, unless (X,0x(1),€) = (P",Opn(1), Opr).

)
|
v) Ox(1) is Ulrich if and only if (X,O0x(1),1) = (P, Opn(1),0).
(vi) & is aCM.
(vii) h2(E) = rd.
(vil) If (X, O0x(1)) = (P, Opn(1)), then & = Opn.
(ix) £*(Kx + (n+1)H) is Ulrich.
(x) cl(E)H" ! = §[Kx + (n+ 1) H]H""".

Proof. For (i)-(vi) and (x), see for example [LR1, Lemma 3.1]. For (vii) see [ES, Prop. 2.1] (or [Be,
Thm. 2.3]) and for (viii) see [Be, (3.1)]. (ix) follows by definition of Ulrich and Serre’s duality. O

We also recall the following examples of Ulrich bundles.

Definition 5.2. For n > 2, we let Q, C P""! be a smooth quadric. We let S (n odd), and S, 5"
(n even), be the vector bundles on @, as defined in [O1, Def. 1.3]. The spinor bundles on Q,, are
§=8,=51)ifnisoddand ' =8, = 5'(1), 8" =8/ = 5"(1), if n is even.

Definition 5.3. Let &£ be a vector bundle on X € PY. We say that (X, Ox(1), &) is a linear Ulrich triple
if there are a smooth irreducible variety B of dimension b > 1, a very ample vector bundle F and a vector
bundle G on B such that (X, Ox(1),&) = (P(F), Op(x)(1), 7*(G(det F))), where 7 : X = P(F) — B is
the bundle map and H7(G ® S¥F*) =0 forall j > 0,0 <k <b— 1.

When (X,0x(1),€) is a linear Ulrich triple, then £ is an Ulrich bundle on X by [Lo, Lemma 4.1].
Next, we recall some definitions and facts in [LR1].

Definition 5.4. Let n > 2 and d > 2. Let £ be a rank > 2 Ulrich bundle on X c PV. Let
V C H°(€) be a subspace of dimension r — 1 such that, if ¢ : V ® Ox — &€ is the associated morphism
and Z = D,_s(yp), then Z satisfies the following conditions (in particular these hold, by Lemma 3.5, if
V is a general subspace of H°(€)):

(a) Z is either empty or of pure codimension 2,
(b) if Z # () and either » = 2 or n < 5, then Z is smooth (possibly disconnected),
(c) if Z# 0 and n > 6, then Z is either smooth or is normal, Cohen-Macaulay, reduced and with
dim Sing(Z) = n — 6.
We call Z an Ulrich subvariety associated to £. We say that Z is a general Ulrich subvariety associated
to £ if V is a general subspace of HO(E).

Remark 5.5. Let Z C X be any subvariety satisfying (a)-(c) above and (i)-(vi) of [LR1, Thm. 1]. It
follows from [LR1, Thm. 1] that there is an Ulrich bundle £ such that Z is associated to £.

We now prove Theorem 2.

Proof of Theorem 2. Ulrich subvarieties exist by [LR1, Thm. 1], therefore (i) implies (ii). If (ii) holds,
there is an empty Ulrich subvariety associated to £, hence ¢3(£) = 0 by Lemma 4.1, that is (iii). Next,
assume (iii). Let S = Xo,&" = &g, D’ € |det £'|. We have that £ is a rank r Ulrich bundle on S by
Lemma 5.1(ii) and &’ is globally generated by Lemma 5.1(i). Also, c2(€') = c2(€) s = c2(€)- H" % = 0.
Choosing r — 1 general sections in HY(£’) we get a general morphism ¢ : O?(T_l) — & and D,_5(p) =10
by Lemma 4.1 with k = 2. It follows that we have an exact sequence

(5.1) 0 — O?(T_l) — & — Og(D") = 0.

Now

(5.2) Ext! (0s(D'),05"~") = H'(O5(~ D).
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By Lemma 5.1(iii) we have that Og(D') is globally generated, hence nef. If (D')? > 0, then D’ is big
and Kawamata-Viehweg’s vanishing theorem shows that H'(Og(—D’))) = 0. Hence (5.2) implies that
(5.1) splits, & = (’)g(r_l) ® Og(D') and therefore Og is Ulrich. It follows from Lemma 5.1(v) that
(S,05(1)) = (P?,0p2(1)), hence d = 1, a contradiction. Therefore (D)2 = 0. Then ¢;(€)? - H" 2 =
(D)2 = 0, so that ¢1(€)? = 0 by Lemma 4.1(i). Note that ¢1(£) # 0, for otherwise d = 1 by [L.o, Lemma
2.1]. Hence v(det(€)) =1 and, if  : X — G(r — 1,PH?(£)) and F, = ®~}(®(z)), then dim F,, =n —1
for every € X by [LS, Thm. 2]. Therefore (X,0x(1),€) is as in (iv) by [LMS, Lemmas 2.10 and
2.12).

Finally, if (X,0x(1),€) is as in (iv), then c2(€) = 0 and therefore, if Z is any Ulrich subvariety
associated to £, we have that Z = D,_5(y) for some morphism ¢ : V® Ox — £ by Remark 5.4. Hence
Z = by Lemma 4.1. Thus (iv) implies (i) and we are done. O

We observe the following simple consequence of Theorem 2.

Remark 5.6. Let X C PV be a smooth irreducible variety of dimension n > 2, degree d > 2 and let £
be a rank r > 2 Ulrich bundle on X. If ¢;(£)? # 0 (hence, in particular, if £ is big), then all Ulrich
subvarieties associated to £ are nonempty.

Indeed, note that if £ is big, then ¢;(€)® > 0 by [LM, Rmk. 2.2]), hence also ¢;(£)? # 0. Now, if
there is an empty Ulrich subvariety associated to &, then Theorem 2 implies that (X,0x(1),€) is a
linear Ulrich triple over a curve, hence ¢1(£)? = 0, a contradiction.

6. CONNECTEDNESS OF DEGENERACY LOCI AND OF ULRICH SUBVARIETIES

We study in this section the connectedness of some degeneracy loci associated to a given globally
generated bundle. As a particular case, we will get connectedness of Ulrich subvarieties.
Our first observation is that they all have the same number of connected components.

Proposition 6.1. Let £ be a rank r globally generated bundle on X, let k > 1 and assume that

ck(€) # 0. Consider the set of morphisms @ : (’)i(rﬂ_k) — & such that the degeneracy locus D,_p(y)
is reduced of pure codimension k. Then the above set is open and all such degeneracy loci D,_(p) have
the same number of connected (or irreducible) components. In particular, if € is Ulrich with co(€) # 0,
then all Ulrich subvarieties associated to € have the same number of connected components.

Proof. Let W = Homp, ((’)?é(rﬂ_k),é'), let T = Spec (C[W*]) and consider X x T with projections

w1 XXT — X, mg : XxT — T. A (closed) point ¢t € T' corresponds to a morphism ¢ : O??(Hlfk) = €.
As is well-known (see for instance the proof of [Ba, Statement (folklore)(i), §4.1]), the degeneracy loci
D, (1), for ¢, € W, arise as fibers of a morphism 7z : Z — T, where Z C X x T is a certain closed
subscheme of codimension k and 7z = mgz. Since X — Spec (C) is proper, then so is 72 by base
extension. In particular 7wz is proper as well. We now observe that 7z is surjective. Indeed, we know
from Lemmas 4.1 and 3.5, that we can find an open subset U’ C T such that Z; := D,_,(¢:) C X,
for t € U’ is reduced of pure codimension k. This means that U’ C mz(Z). As T is integral and 7z
is closed, we conclude that mz(Z) = T. Next, let U C T be the (integral) open subscheme such that
fibers m5'(t) C X x {t} = X have the expected codimension, that is equivalent to say that ¢ € U if and
only if D,_j(¢¢) has codimension k. Then the base change p : Z x7 U = n;'(U) = Zy — U is proper
with geometric fibers being the degeneracy loci Z; C X of expected codimension k.

We claim that p is also flat. To see this, let Ox (1) be a very ample line bundle on X. First observe
that, since L = n{Ox (1) is T-ample by [GW1, Prop. 13.64], the restriction L,z is still T-ample by
[GW1, Rmk. 13.61(2)]. Therefore, again by [GW1, Prop. 13.64], the base change Ly = (LIZ)\w;(U) of
L,z is U-ample. On the other hand, (Ly) -1y = Oz,/(1) for all t € U and all p~(t) = Z, ¢ X Cc PV

have the same Hilbert polynomial with respect to Ox(1): In fact, their structure sheaf, fits, by the
Eagon-Northcott complex, into an exact sequence of the form

0 = Ox(—D)*(=0) = g(—p)®(=) & A26(—D)P00) &5 ... 5 ARIE(-D) = Ox — Oy — 0

where det & = Ox(D), hence x(Oz (m)) is independent of t. Then the claim follows from [GW?2,
Thm. 23.155]. Since p : Zy — U is proper and flat, the set of points V C U such that p~!(t) = Z; is
reduced for ¢t € V' is open (see [G2, Thm. 12.2.1] or [GW1, (E.1)(11)]). This proves the first part of the
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claim. Taking another base change, we get a proper flat morphism ¢ : Zy xg V = p~ 1 (V) — V over
an integral scheme such that every geometric fiber ¢~1(t) = D,_x(¢¢) C X is reduced of codimension
k. Then [ST, Lemma 37.53.8, Tag OEON] tells that the number of connected components of fibers is
constant. Since the degeneracy loci D, _j(¢) under consideration are reduced and have codimension k,
they arise as fibers over some t € V' and therefore they have the same number of connected components.
In particular this holds for Ulrich subvarieties by their definition and Lemmas 5.1(i) and 4.1. O

We now proceed with the proof of Theorem 1. We first study the case cx11(£) = 0, in which we can
actually say a bit more.

Lemma 6.2. Let £ be a rank r globally generated bundle on X with cx(E) # 0,ck11(E) = 0 for some
integer k and let s = h9(E*). Consider morphisms ¢ : O??(rﬂ_k) — & such that the degeneracy loci
D,_1(¢) are reduced of pure codimension k. If k € {1,2}, or if k > 3 and H'((A*'7tE)(—det £)) = 0
for 1 <t < k—2, then all degeneracy loci D,_(p) as above have at least ¥ + 1 — k — s connected
components.

Proof. Note that k < min{r,n} since cx(€) # 0. Let Vo C HY(£) be a general subspace of dimension
r+1—Fkandlet o9: Vop®O0Ox — & Ifr=k weset F=E. If r > k+1,let Vi C Vy be a general
subspace of dimension r — k. Consider ¢ : V1 ® Ox — &, set F = Coker ¢1, H = Coker g, so that we
have an exact sequence

(6.1) 0—-Vo®0x €& —-H—0

and a commutative diagram

0 0
0—>Vi®0x 2>¢€ F 0
0—=Vp®0x 25¢ H 0

Since c;4+1(€) = 0, we deduce by Lemma 4.1 when & < n — 1 and by Lemma 3.5 when k = n, that
D,_k_1(¢1) = 0, hence F is a rank k vector bundle on X and the snake lemma applied to the above
diagram gives an exact sequence

(6.2) 0—->0x > F—=H—0.

Note that the above holds also when r = k. Let W = D,_r(¢0), so that W is reduced of pure
codimension k by Lemmas 4.1 and 3.5. When r = k, we have that Vj = (¢) and W = Z(0). When
r>k+1,let {o1,...,0,_} be a basis of V; and let {o,01,...,0,_} be a basis of V. We claim that
(6.3) W = Z(a(0))

where a = H(3) : HY(E) — HY(F) is the map induced by the exact sequence

(6.4) 0= Vi®Ooxthe B .
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In fact, in a given point x € X, we have the commutative diagram of k(x) = Ox ,/m,-vector spaces

0 0

0— Vi @ Ox(2) 2% () " Fla) —0

Vo ® Ox(x)ME(w)

Ox(x) ——0

where the first row is exact since D,_j_1(¢1) = 0. Note that ¢(x)(c(x)) = (a(0))(z). Now z € W if
and only if rank o (x) < r—k, if and only if Impg(x) = Ime; (x), if and only if o(z) € Ker(z), if and
only if (a(0))(z) = 0, if and only if z € Z(a(o)). Thus, (6.3) is proved. Dualizing (6.2), we get the
exact sequence

(6.5) 0= H* = F* = Ox = Eaty (H,0x) = 0
so that, by (6.3), Ext%gx (H,Ox) = Ow. Therefore, dualizing (6.1), we find the exact sequence
0-H =& - Vyo0x - Ow —0

that splits into the exact sequences

(6.6) 0->H" =& —-G—0
and

(6.7) 023G —=Vy®0x - Oy —0.
Assume, for the time being, that

(6.8) HY(H*) = 0.

Then we have that h%(G) < h%(£*) = s by (6.6) and (6.8). But then (6.7) gives that
r+1—k—s<h (Ve 0x)-h(G) <h(Ow)

and therefore W has at least r4+1—k—s connected components. Hence the same holds for all degeneracy
loci D,_(¢) that are reduced of pure codimension k by Proposition 6.1.

It remains to show (6.8), for which we distinguish in cases, according to k. Let Ox (D) = det& =
det 7. If k = 1, we have that 7 = det& and (6.2) shows that H = (det ). Hence H* = 0 and
(6.8) holds in this case. If k& = 2, we have that dimVy = r — 1, so that H = Jy, x (D) by the
Eagon-Northcott resolution. Since Homoy (Jw/x,Ox) = Ox by [AK, Lemma IV.5.1], we have that
H* = Homoy (Tz/x(D),0x) = Ox(—D), and then (6.8) follows from Lemma 4.2(ii). As for the case
k > 3, we will use the hypothesis H!((A**=1€)(~D)) = 0 for 1 <t < k — 2 to prove (6.8). To this
end, we first prove the ensuing

Claim 6.3. We have:
(i) H*1(Ox(-D)) = 0.
(ii) H'(A*1F)(-D)) =0, for 1 <i <k —2.
Proof. Since ¢ (€) # 0, (i) follows from Lemma 4.2(ii). As for (ii), consider, for each i € {1,...,k —2},
the Eagon-Northcott-type exact sequence associated to (6.4):
0= Fr_j_1 — = F — Fy— (A""1F)(=D) =0

where F; = S7V; @ (Ak_i_j_lﬁ)(fD), 0<j <k—1i—1. In order to prove (ii), it will suffice, by [Lazl,
Prop. B.1.2(i)]), to show that H'*/(F;) =0forall 0 < j <k —i—1. Now,if 0 <j <k—1i—2, we



ON THE CONNECTEDNESS OF SOME DEGENERACY LOCI AND OF ULRICH SUBVARIETIES 13

have that H*(F;) = S7V; @ HH ((AkF==7=1€)(=D)) = 0 by assumption. If j = k —i — 1 we have
that H*=1(Fj,_;_1) = S*'V; ® H*'(Ox(—D)) = 0 by (i). This proves Claim 6.3. O

We now continue the proof of the lemma. By (6.3), we have the Koszul resolution
0= AFF* 5 AU o 5 N2 = F* = Fyyyx — 0
that, using (6.5) and the fact that Ea:t%,)x (H,Ox) = Oy, can be split into
(6.9) 0= Ox(=D) = AF1F* o ... 5 A2F* S H 0.
Again by [Lazl, Prop. B.1.2(i)], in order to prove (6.8), we will need to show that H*(A**!F*) = 0 for

1 <i < k— 1. Finally, the latter follows from Claim 6.3 since H'(A™'F*) = H((A*=1F)(-D)).
This concludes the proof of the lemma. O

Regarding the assumption H!((A*~*1€)(—det&)) =0 for 1 <t < k — 2 in Lemma 6.2, we can find
many examples of Ulrich bundles satisfying it.

Lemma 6.4. Let X C PV be a smooth irreducible variety of dimension n > 3 and degree d. Let £ be
a rank r Ulrich bundle on X. Let k € Z be such that 3 < k < r. Consider the following conditions:

(i) det & = Ox(u).

(ii) det & = Ox(u) and X C PV is subcanonical of degree d > 3.

(iii) det & = Ox(u),n > k —1 and X C PV is subcanonical with Kx = Ox(—ix) such that

ix <n+3—kand Ox(1) is 2n-Koszul (see [To] for the definition of M-Koszul line bundle).

Then HY((AFt718)(—det£)) = 0 for all 1 <t < k — 2 is implied by (i) if k = 3, by (i) if k = 4, by
(i) for any k > 5.

Proof. The condition for k = 3 is just H'(£(—u)) = 0 and it is immediately satisfied because £ is aCM
by Lemma 5.1(vi). Now let k& > 4 and suppose that X C PV is subcanonical with Kx = Ox(—ix).
Then H*=2(&(—u)) = 0 because £ is aCM by Lemma 5.1(vi) and n > k — 1 in any case. Using Serre
duality we get

(6.10) ht(Ak—t—lg(_u)) _ ht(Ar-‘rt—‘rl—kg*) _ hn_t(Ar+t+1_k5(—ix))

for all 1 < ¢ < k — 3. The claim for k¥ = 4 follows from [LR3, Lemma 4.2(iii)] since d > 3, hence
ix <n—1. For k > 5, consider the assumptions in (iii). Then A?€ is still O-regular for every ¢ > 1
by [To, Thm. 3.4] as Ox(1) is 2n-Koszul. It follows that H'((AY€)(1)) = 0 for i > 1,1 > —i,q > 1. As
—ix >-—n—3+k>-n+tforl<t<k—3, weobtain the conclusion by (6.10). O

We point out that, as shown in the proof of Theorem 1 below, to obtain, for any globally generated
bundle &, the vanishing H(£(—det£)) = 0, it is enough to suppose that c3(€) # 0 and H(Ox) = 0,
which is a much weaker assumption than Lemma 6.4(i). Anyway, triples (X, Ox(1),€) satisfying the
conditions in Lemma 6.4 exist. For (i) and (ii), the conditions hold for example if Pic(X) = ZOx(1)
and k =3, or k =4 and d > 3. As for (iii), some examples can be obtained in (G(1,7 4+ 1), Og(1)) by
[CMRPL, Thm. 7.2.5] and [Ra].

When k = 2, we can say more.

Lemma 6.5. In the case k = 2, further assume in Lemma 6.2 that c1(£)% # 0. Let h = h'(E*). Then:
(a) If h = 0, then the connected components of such Dy_a(p)’s are exactly r — s — 1.
(b) If h > 0,5 =0 and H'(Ox) = 0, then the connected components of such D,_o(p)’s are ezactly
r+h —1. Moreover there exists a globally generated vector bundle € of rank v+ h on X fitting
into a non-split exact sequence

00" -E—-E—0

with HO(E*) = HY(E*) = 0 and such that all reduced degeneracy loci Dyyp_o(@) of pure codi-

mension 2 for injective morphisms ¢ : O??(Hh_l) — & have exactly r + h — 1 connected compo-
nents. In addition to this, for any fivred such W' = D,_5(¢'), there exists an injective morphism
o Og’?(rﬂhl) — & such that Dyyp_o(@') = W',

(c) If r =2 and s =0, then H'(£(—=D)) = H'(£*) = HY(Jp, _,(4)/x) for any such degeneracy loci

D;_s(p).
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Proof. The assumption c1(£)% # 0 gives H/(Ox(—D)) = 0 for 0 < j < 2 by Lemma 4.2(ii). Also
we have that H* = Ox(—D). To see (a), since H'(£*) = 0, we get from (6.6) that h°(G) = s and
H'(G) = 0. Therefore, (6.7) implies that h°(Ow) = h°(Vi ® Ox) =7 — s — 1, as claimed.

As for (b), (6.6) yields h°(G) = 0 and H'(G) = H'(£*). Therefore, by (6.7), we obtain h%(Oy) =
7+ h — 1 as desired. Now, take = = H'(£*) and suppose that h = dim(Z) > 0. Since

Idz € Hom(E,2) 2 Z* @ E = Ext!(£,E* @ Ox)
this gives a non-split exact sequence of vector bundles
(6.11) 05 R0x—3E 350

with € of rank r 4 h. It follows that ¢;(§) = ¢;(&) for all i > 1 and that € is globally generated since
£ is and H'(Ox) = 0. Dualizing (6.11) and taking cohomology we get, using H(£*) = 0, an exact
sequence

0— H(E*) - 2-5E - H'(E) >0
where, by construction, § = Id=. It follows that h°(£*) = h'(£*) = 0. Now, the map on global sections
HO(E)-25HO(E) is surjective as H' (Ox) = 0. Let V! ¢ H(&) with dimV’ = r — 1 and such that
W' := D,_5(¢') is reduced of pure codimension 2, where ¢’ : V'@ Ox — €. Set V! = a1 (V') € HO(E).

Then V' = =* @ V' and there is a commutative diagram

0—=EZ00x —= V' @0x —=V'®Ox —=0

b b )

0—Z="®0x & ) 0.

To show that D, ,_2(@") = W', observe that, since £ never drops rank, the second row remains exact
after tensoring with k(z) = Ox,/m, for any point = € X. Hence we have £(z) = Z*(z) ® (x), where
=*(x) = (2* ® Ox)(z) is the isomorphic image of £(x). Therefore @' (x) = £(x) & ¢'(x). Since £(z) has
maximal rank, this says that @'(z) drops rank if and only if ¢'(z) does, which means that D, p_o(¢@’)
and D,_o(¢") coincide as subschemes of X, because they are locally defined by the vanishing of the
same minors (see Remark 3.4). By part (a) we get (b). Finally, to prove (c), observe that (6.1) twisted
by Ox(—D) reads
0= Ox(=D) =& = Jw/x =0

where we used £* & £(—D). Taking cohomology and recalling that H/(Ox(—D)) =0 for 1 < j < 2,
we get the claim. O

For k£ = 3 we have.

Lemma 6.6. In the case k = 3, further assume in Lemma 6.2 that X C PV is subcanonical with n > 4
and that € is aCM with det £ = Ox(u),u > 0. Then the connected components of such Dy,_3(p)’s are
exactly r — s — 2.

Proof. Since £ is aCM and X is subcanonical, we have that H (£(—u)) = 0 for 1 < i < 2 and
HY(EY) = H"1(E(—ix)) = 0. Now, c3(£) # 0, hence also c3(€) # 0 by Lemma 4.1. Choosing a
general subspace V C H%(E) of dimension r — 1, we get that (4.4) holds with Z # () by Lemma 4.1.
Hence (4.4) implies that H(£(—u)) = 0. Also, H (Ox(—u)) = 0 for 1 <4 < 3 by Kodaira vanishing.
Using the exact sequence (6.4) we deduce that H'(F(—u)) =0 for 0 < i < 2. Since F has rank 3, (6.9)
becomes
0— Ox(—u) = F(—u) > H" =0
and we find that H(H*) = 0 for 0 < i < 2. Now, (6.6) gives that H'(G) = 0 and h°(G) = s and then
(6.7) implies that h%(Ow) = r — s — 2 as required. O
We now prove Theorem 1.

Proof of Theorem 1. Let H be a very ample divisor on X. We have that » > k 4+ s by Lemma 4.2(iii)
and k < n since ¢x(€) # 0.

First, assume that & € {1,2}. The fact that (i) implies (ii) is the content of Lemma 6.2. Now assume
(iii). If kK = n we have obviously cx1(€) = 0, hence we can assume that k <n —1. Let Vo C H°(&) be
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a general subspace of dimension r + 1 — &k and let g : Vo ® Ox — €. It follows from Lemmas 4.1 and
3.5 that Z := D,_g(go) is reduced of pure codimension k and Z is not connected by hypothesis.

Ifn=k+1, weset X' =X, =€ and Z' = Z. If n > k + 2, cutting down with n — k — 1 general
Hy,...,H, 1 € |H|, we get a smooth (k+1)-fold X" and a globally generated bundle £ = & x+ with
cx(€) # 0 by Lemma 4.1(ii). Moreover, observe that

ZNHN..NH,_j_1= ZNX = D,«,k(goo) NX' = Dr,k(gaop(/)

is reduced of pure codimension k and disconnected. Let V' C H°(E’) be a general subspace of dimension
r+1—Fklet ¢ : V' @ Oxr — &', sothat Z' := D,_1(¢) is reduced of pure codimension k by Lemmas
4.1 and 3.5. Also, Z' is disconnected by Proposition 6.1.

If £ = 1, we have that X’ is a smooth surface and Z’ € |det £’| is disconnected, hence, since det &’
is globally generated, it follows from Bertini’s theorem that ¢1(£')? = 0, and therefore c2(£) = 0 by
Lemmas 4.2(i) and 4.1(ii).

If kK = 2, Lemma 4.5 gives a smooth irreducible surface Y’ € | det &’| containing Z', with Oy (Z")
globally generated. Since Z' € |Oy+(Z’)| is disconnected, Bertini’s theorem implies that |Oy-(Z')] is
composite with a pencil, and therefore (Z’)? = 0. Then, (4.3) gives that c3(E)H" 3 = c3(&') = (Z)? =
0, hence ¢3(€) = 0 by Lemma 4.1(ii).

Thus, (i) is proved in both cases k € {1,2}. Now, if r > k 4+ s + 1, then clearly (ii) implies (iii) and
therefore, if 7 > k 4+ s + 1, we have that (i), (ii) and (iii) are equivalent.

Next, we show that (i) implies (ii) when k = 3 and H'(Ox) = 0. To this end, setting Ox (D) = det &,
it is enough to prove by Lemma 6.2 that

(6.12) HY(E(-D)) =0.

Let V C HY(&) be a general subspace of dimension 7 — 1 and let Z = D,_5(¢), where ¢ : V@ Ox — &.
Since c3(€) # 0 by hypothesis, it follows from Lemma 4.1 that c3(€) # 0. Hence Z is connected, since
for k = 2 we have already proved that (iii) implies (i). Also, Lemma 4.2(ii) gives that H!(Ox(—D)) = 0.
Since H'(Ox) = 0, the exact sequence

O—>jz/X—>OX—>OZ—>0
shows that H'(Jz/x) = 0. Then (6.12) follows from the exact sequence
0=V ®O0x(=D)—&(=D)— Jz/x — 0.

Now, assume again that k € {1,2}. To see (iv), observe that if D,_j(¢) is disconnected, then (iii) holds

and therefore so does (i), contradicting Proposition 4.3(i). As for (v), assume that ¢ : (’)??(Hl_k) — &
is a general morphism and that D,_j(p) is singular. It follows from Lemma 3.5, that D,_;_1(p) =
Sing(D,_x()) # 0 of the expected codimension 2k+2. Then [D,_x_1(¢)] = cry1(E)? —ck(E)crra(E) by
Porteous’ formula (see for example [EH, Thm. 12.4]). Hence, if D, _j(yp) were disconnected, we would
have, by Theorem 1, that c¢;1(€) = 0 and also ¢x42(€) = 0 by Lemma 4.1, hence the contradiction

[Dr—k—l(()p)] =0. O

The following simple example shows that Theorem 1 (or any possible generalization to k > 3) is
sharp regarding the inequality » > s + k + 1.
Remark 6.7. Let 1 < k < min{r,n}, let G = Op(1)%* @ Oﬁ?k(r_k), let X =P % x PF and let £ = %G,
where 7 : P"F x P* — PF is the second projection. Then we have that £ is globally generated,
s = h%(E*) = r — k and, for any t € P*, (&) = [P" % x {t}] # 0,c141(6) = 0. Moreover, if
@ : (’)g’?(rﬂ_k) — & is general, then D, _;(€) = P"~* x {t} is connected.

Next, we prove Corollary 1.

Proof of Corollary 1. We have that & is globally generated by Lemma 5.1(i) and h%(E*) = 0, for
otherwise Lemma 5.1(iv) gives the contradiction c2(€) = 0. Hence Theorem 1 with & = 2 applies
to Ulrich subvarieties by their same definition and Lemma 4.1. Thus, we get (v) and the equivalence
of (i), (ii) and (iii). As for (iv), by [Bu, Thm. 2] we know that

(6.13) B.(&)=JL
L
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where L ranges over all lines L C X such that &7, is not ample. The assumption in (iv) and (6.13) say
exactly that B, () # X, therefore (iv) follows from Theorem 1(iv). O

Remark 6.8. Let n > 3,7 > 3, and let £ be a rank 7 Ulrich bundle on X ¢ PV¥. If X is not covered
by lines, then all Ulrich subvarieties associated to £ are connected by Corollary 1(iv). However, Ulrich
subvarieties can be connected even if X is covered by lines. For instance, there are varieties X c PV
covered by lines supporting very ample Ulrich bundles £ (see [L.S, Rmk. 4.3(i)]). Then &, is very ample
on all lines L C X, whence Corollary 1(iv) applies.

Remark 6.9. The converse of Theorem 1(iv) does not hold. For instance, as we will see in Proposition
9.1(i), all non-big Ulrich bundles £ on threefolds X c PV, thus having B, (£) = X, which satisfy
c1(£)3 > 0, have connected associated Ulrich subvarieties. Other examples are quadrics @, C P**! for
n > 3 with € being any Ulrich bundle: Indeed all Ulrich subvarieties associated to £ are connected by
Lemma 7.6(ii), but B4 (€) = @, by [O1, Cor. 1.6] and [Bu, Thm. 2], because all Ulrich bundles are
direct sum of spinor bundles.

Remark 6.10. If € is Ulrich with cp(€) # 0,c3(E) = 0 and X C PV is subcanonical of dimension
n > 4, then all Ulrich subvarieties associated to £ have exactly » — 1 connected components, unless
(X,0x(1),E) = (P? x P?,Op2(1) K Op2(1), 7*(Op2(2))®"), where m : P? x P2 — P? is a projection,
and, in the latter case, all Ulrich subvarieties have exactly 2r(r — 1) connected components. Indeed,
observe that s = h%(€*) = 0 by Lemma 5.1(iv) and h*(£*) = A" Y(€(Kx)) = 0 by Lemma 5.1(vi).
Hence, if ¢1(£)3 # 0, Lemma 6.5 applies. If ¢1(€)® = 0, we can repeat the proof of [LS, Cor. 4] using
now the fact that ¢;(£)* = 0 and that 3 < |2 + 1]. It follows from that proof that (X, Ox(1),&) is
a linear Ulrich triple over a surface, because c2(€) # 0. On the other hand, X is subcanonical, hence
the only possibility is that Kx = —(n — 1)H, so that X is a del Pezzo manifold. Since p(X) > 2, by
the classification of del Pezzo manifolds (see for example [LP, pages 860-861], [F, Table, page 710]),
we deduce the only possible case (X,0x (1)) = (P? x P2, Op2(1) X Op2(1)). Then, it follows from
[LS, Cor. 4.9] that & = 7*(Op2(2))®"). Therefore Lemma 4.6 implies that general Ulrich subvarieties
associated to & are a disjoint union of 2r(r — 1) = c2(Op2(2)®") planes. Hence all Ulrich subvarieties
have exactly 2r(r — 1) connected components by Proposition 6.1.

7. SOME CONNECTEDNESS STATEMENTS AND EXAMPLES

A special case in which degeneracy loci D,_,(y) associated to £ are connected is when ¢, (£) = 1.
We observe a few things about this.

Remark 7.1. (We thank F. Moretti for observing that we could use [M, Prop. 1.5].) Let £ be a rank r
globally generated bundle on X with ¢,(€) = 1. Then X is rational. Indeed, since ¢, (€) = 1, we have
that » > n. Now, if r = n, set F = &. If r > n, consider a general morphism ¢ : (’)??(T_n) =& It

follows from Lemma 3.5 that D,_,,_1(¢) = 0, hence we have an exact sequence
0—>(’)§'2(T_”)—>8—>]-'—>0

where F is a rank n globally generated bundle with ¢, (F) = c,(€) = 1. Now, in any case, H(F*) =0
by Lemma 4.2(ii). Note that h%(F) > n + 1: if h°(F) = n, then F =2 OF" and therefore c,(F) =0, a
contradiction. Let W C H?(F) be a general subspace of dimension n + 1, so that W generates F in
codimension 2, that is away from D,,_1(¢w ), where oy : W & Ox — F, by Lemma 3.5. Moreover, if
o € W is a general section, that is a general section in HY(F), we have that Z (o) is 0-dimensional of
degree ¢, (F) = 1. Therefore [M, Prop. 1.5] gives that X is rational.

In the case of Ulrich bundles, while the case n = 2 is treated in Theorem 3, here we give a few
examples in rank n and we prove that, in many cases, ¢,(£) = 1 cannot happen in rank r > n.

Remark 7.2. Let X C P?" be the rational normal scroll g¢(P(F)), where F = Op1(1)®"~1 & Op1(2)
and ¢ is the tautological line bundle. We have that £ = £ — 7*Op1(1) is Ulrich on X (see Example
10.1) and therefore so is &€ = L™ and ¢, () = L™ = 1. Case (iii) of Theorem 3 corresponds to n = 2.

On quadrics we have
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Lemma 7.3. Let n > 2 and let Q, C P! be a smooth quadric. The only rank n Ulrich bundles € on
Qn with ¢, (€) =1 are the following:
i)n=2E=8a8".
(i) n=4,& = (8)%? or (8")%2.
(i) n=8,E=8"or 8.
Proof. Since every Ulrich bundle on @, is direct sum of spinor bundles (see for example [BGS,

Rmk. 2.5(4)]), that have rank 2LHT_1J, we have that n is a multiple of 2LnT_1J, and it follows easily
that n € {2,4,8}. Using [O1, Rmk. 2.9], we obtain that the only cases are the ones listed. Case (i) of
Theorem 3 corresponds to n = 2. O

Remark 7.4. Assume that X C PV is not covered by lines. Let £ be a O-regular (in particular Ulrich)
rank r vector bundle with ¢, () = 1. Then r = n. Indeed, n < r since ¢,(€) # 0 and it follows from
[Lo, Rmk. 7.3], that ¢, () > () > 1if r > n.

In the next two lemmas we prove some connectedness statements. We set X C PV to be a smooth
irreducible variety of dimension n, £ a rank r globally generated bundle on X with c2(€) # 0, det £ =

(r=1)

Ox (D) and Z a normal pure codimension 2 degeneracy locus D,_s(p), where ¢ : (’);’2 — & is an

injective morphism.

Lemma 7.5. If £ is (n — 3)-ample (equivalently, when & is Ulrich, if either X C PN does not contain
a linear space of dimension n—2, or & does not have a trivial direct summand for every linear space
M C X of dimension n —2), then Z is connected.

Proof. The equivalence is the content of [LR2, Thm. 1]. Connectedness follows from [Tu, Thm. 6.4(a)].
U

Lemma 7.6. Assume that n > 3. Then Z is connected if one of the following holds:

(i) c1(€)® #0 and H'(£(—-D)) = 0.

(ii) & is Ulrich and Pic(X) = ZA, with A ample such that h°(A) > 2.

(iii) & 4s Ulrich, D — Kx — (n+ 1)H is ample and r < n — 1, where H is very ample (for example

when & is special and 4 <r <n —1,r even).

Moreover, if HY(Ox) =0 and Z is connected, then H'(£(—D)) = 0.
Proof. 1 (i) holds, we have that H*(Ox(—D)) = 0 by Lemma 4.2(ii), hence H'(J7,x) = 0 by the
Eagon-Northcott resolution

(7.1) 0— Ox(~=D)®"=Y — £(-D) — Jz/x — 0.

Therefore, the exact sequence

(7.2) 0—=>Jz/x +0x =070

shows that h?(Oz) = h°(Ox) = 1 and Z is connected. To see (ii), note that (X, Ox (1)) # (P", Opn (1)),
for otherwise £ = O by Lemma 5.1(viii) and then c2(£) = 0, a contradiction. Setting Kx = —ix A,

we deduce, as is well-known, that ix < n. Next, we can write D = aA with a > 0 by Lemma 5.1(iii).
Hence c1(£)" > 0. Let H = hA, so that, if h = 1, we have that H(£(-D)) = H'(£(—a)) = 0 by
Lemma 5.1(vi). Now assume that h > 2, so that

(7.3) (n+1—4>h2ix

r

holds, since ix < nand r > 2, because c2(£) # 0. It follows from Lemma 5.1(x) that a = §((n+1)h—ix)
and (7.3) implies that a = 5((n+1)h—ix) > 2h. But then H'(£(—D)) = 0 by Lemma 3.1(ii). Therefore
(i) holds and Z is connected by (i). If (iii) holds, we have that D = Kx + (n + 1)H + A for an ample
A, hence, as Kx + (n+ 1)H is nef, D" > 0. Let F = &*(Kx + (n+ 1)H) be the dual Ulrich bundle,
as in Lemma 5.1(ix). We have, by Serre’s duality

RYE(-D)) =h" Hwx @ E* (D)) =h" Hwux @ F(D - Kx —(n+1)H)) =0

by [Laz2, Ex. 7.3.17]. Thus, (iii) follows from (i). Finally, if H'(Ox) = 0 and Z is connected, (7.2)
shows that H'(Jz/x) = 0. Since ¢3(€) # 0, we have that H'(Ox(—D)) = 0 by Lemma 4.2(ii) and
(7.1) gives HY(E(—D)) = 0. O
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In the following standard examples we also have connectedness.

Lemma 7.7. Let B be a smooth irreducible curve and let F be a very ample rank n > 3 vector bundle
on B. Let m: X =P(F) — B and H € |Opx)(1)|. Let M be a line bundle on B and let G be a vector

bundle on B such that H'(M) = H'(G) = 0 for every i > 0. Let € be a rank r vector bundle that is an
extension of type

0— Qx/p(2H + 7" M) — & — 7(G(det F)) — 0.

Then & is an Ulrich bundle and H*(£(—D)) = 0, where det € = Ox (D). In particular any Ulrich
subvariety associated to € is connected.

Proof. Note that Qx,p(2H + 7*M) is Ulrich by [LM, Lemma 4.1] and 7*(G(det F)) is Ulrich by [Lo,
Lemma 4.1]. Therefore also £ is Ulrich. Also, ¢1(£)" > 0 by [LM, Lemma 4.1] and Lemma 5.1(iii).
Now, the last assertion follows from the first and Lemma 7.6(i). Next, we prove that H'(€(—D)) = 0.
Note that » > n—1. We have that D = (n—2)H +7*N, where N = (n—1)M +det G+ (r—n+2) det F.
Now

H'((n*(G(det F)))(=D)) = H'((n*(G(det F — N)))(2 = n)H)) = 0
since R/, (Op(x)(2 —n)) = 0 for every j > 0. Also, we have
Qx/p(2H +7*M)(=D)) = Qx/p((4 =n)H + 7" (M — N))
and it remains to show that
(7.4) H'(Qx/5((4—n)H + n*(M — N))) = 0.

If n = 3 we have RIm.(Qy/p(H + 7*(M — N))) = 0 for every j > 0 by [Laz2, Lemma 7.3.11(i), (iii)],
hence (7.4) follows. If n > 4 we use the exact sequence

(7.5) 0= Qx/p((4—n)H+7"(M—N)) = (7" F)((3—n)H+7*(M—N)) = (4=—n)H+7*(M—N) — 0.
Since RI, ((7*F)((3 — n)H + m*(M — N))) = 0 for every j > 0, we get that
H' ((7*F)((3 = n)H +7*(M — N))) = 0.
Hence, using (7.5), to see (7.4) and conclude the proof, it remains to show that
(7.6) H°((4 —n)H +7*(M — N)) = 0.
If n > 5 we have that H*(—H + 7*(M — N)) = H°((m«(—H))(M — N)) = 0, that is (7.6) holds. If
n = 4, to see that (7.6), we will show that deg(M — N) < 0. Now
M — N = —2M — det(G) — (r — 2) det F.
If g is the genus of B, we have from H'(G) = 0 for every i > 0 that degG = (r — 3)(g — 1), hence
deg(M — N)=—(r—1)(g —1) — (r — 2) deg F.

Since r > 3 and deg F > 0, we see that deg(M —N) < 0if g > 1. On the other hand, if g = 0 we have, as
F is very ample rank 4 on P!, that deg F > 4, hence deg(M —N) =r—1—(r—2)deg F < —3r+7 < 0.
This proves (7.6) and the lemma. O

On the other hand, many times, Ulrich subvarieties will be disconnected.

Remark 7.8. Note that, when c2(£) # 0,¢1(£)> = 0 and n > 4, then all Ulrich subvarieties are
disconnected. In fact, we can repeat the proof of [LS, Cor. 4] using now the fact that c1(€)3 = 0 and
that 3 < |5 +1]. It follows from that proof that (X, Ox(1),&) is a linear Ulrich triple over a surface,
because c2(€) # 0. Then Lemma 7.9 below shows that all Ulrich subvarieties are disconnected.

Lemma 7.9. Let (X,0x(1),€) be a linear Ulrich triple of dimension n > 3 over a smooth surface
B. Then the Ulrich subvarieties associated to £ are connected if and only if (X,0x(1),€) = (P! x
P2, Op1 (1) X Op2(1), ¢*(Op2(1)%2)), where q : P! x P2 — P2 is the second projection.
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Proof. Consider the case (X,0x(1),€) = (P! x P2, 0p1(1) K Op2(1), ¢*(Op2(1)%2)), that is a linear
Ulrich triple over P? by [Lo, Lemma 4.1] and cz(q*(Op2(1)%?)) = ¢*H2, # 0. Hence, for a general
Ulrich subvariety Z associated to & = ¢*(Op2(1)®2), we have that Z # () by Proposition 2. Therefore,
Lemma 4.6 gives that Oz = 7°Og,, where Zp> = D;_2(pp2) is 0-dimensional. But then [Zp:] =
c2(Op2(1)#2) = HZ, and we get that Zpz = {P} for some point P € P?, hence Z is connected and so
are all Ulrich subvarieties by Proposition 6.1.

Vice versa, suppose that (X, Ox(1),€) is a linear Ulrich triple of dimension n > 3 over a surface B
such that all Ulrich subvarieties associated to & = 7*(G(det F)) are connected, where 7w : X = P(F) —
B. We first prove that (X, Ox (1), &) is not a linear Ulrich triple over a smooth curve Bj. In fact, assume
that (X, 0x(1),&) = (P(F1), Opr,)(1), 71 (G1(det F1)), where mp : X = P(F;) — B;. Now, for any fiber
Fy of w1, we have a morphism 7|, : Pn~! = [y — B that is not constant, since the fibers of 7 are (n—2)-
dimensional. Hence 7 p, is finite-to-one onto its image and we get that n—1 < dim B = 2, so that n = 3.
Hence the fibers F' of 7 are lines and the fibers Fy of m; are planes in PV = PH 9(Ox(1)). Moreover it
cannot be that F' C Fi, for otherwise mp would contract F. Therefore F'N F} is a point and 7 p, is an
isomorphism. Hence B = P? and therefore h'(Op,) = h'(Ox) = h'(Op2) = 0, so that By = P'. Then
it follows from [S, Thm. A and Rmk. 1.6] that (X, Ox (1)) = (P! x P2, Op1(1) X Op2(1)) and m; is the
first projection, 7 the second. Thus, we get that F = Op2(1)®2 and F; =2 Op1 (1)®3. Then [Lo, Lemma
4.1] implies that G = Op2(—1)®" and G; = Op1(—1)®". But then 7§ (Op1 (2)%") = € = 7% (Op2(1)%7),
giving the contradiction

0= (71 (Op1 (2r))? = c1(€)? = 7" (Op2 (r))” = 1°.

This proves that (X, Ox(1),&) is not a linear Ulrich triple over a smooth curve.

By Proposition 2 we get that co(€) # 0 and, since c3(€) = 7*e3((G(det F))) = 0, we find by Corollary
1 that £ and then G have rank two. Let Z be an Ulrich subvariety arising from a general section of
E. It follows from Lemma 4.6 that Oz = 7*Oyz,, where Zp is the zero locus of a general section of
G(det F). Since G(det F) is globally generated (see for example [Li, Exc. 5.1.29(b)]) we have that Zp
is smooth and connected (since Z is) and therefore Zp = {P} for some point P € B. By Lemma
4.5, there is a smooth irreducible curve C € |det(G(det F))| such that P € C and O¢(P) is globally
generated, so that C' = PL. Moreover, H!(Op(—C)) = H'(Ox(—det&)) = 0 by Lemma 4.2(ii), hence
the exact sequence

0—=0p(-C) =0 —=0c—0
shows that H'(Op) = 0. Now, the exact sequence
0— Op — G(det F) = Jypy/p(C) — 0
gives, using Lemma 5.1(vii),
hW(Tpys) = h0(G(det F)) =1 =h"(€) =1 =2d — 1.
Then, the exact sequence
0= Op = JipyB(C) = Op (C* —1) = 0
shows, since C? > 0, that
c1(G(det F))* = C? = h?(Opa (C* — 1)) = BO(T(pyyp) — 1 = 2d — 2.

On the other hand, since £ is semistable by [CH, Thm. 2.9], it satisfies Bogomolov’s inequality 0 <
(4ca(E) — c1(E)?)H™ 2, that is

0 < 7*(4c2(G(det F)) — e1(G(det F))2)H™ 2 = 4eo(G(det F)) — c1(G(det F))? = 6 — 2d

that is d < 3. Since p(X) > 2 we deduce that d = 3 and (X, Ox (1)) = (P! x P2, Op1 (1) K Op2(1)) (see
for example [H2, Thm. 3.1]). Also, ¢1(€)" = m*c1(G(det F))" = 0 and we find that & = ¢*(Op2(1)%?)
by [LS, Cor. 4.9], where ¢ is the second projection. This concludes the proof. O
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8. SURFACES

In the case of surfaces, Ulrich subvarieties are 0-dimensional and smooth, hence we need to understand
when they can be a point.
Before giving a series of examples, we recall the following fact.

Remark 8.1. Let I' C P3 be a smooth cubic surface. Then there are 72 classes of twisted cubics on T,
listed in [CH, Ex. 3.5]. Note that, for any two twisted cubics T, 7" with T « T”, we have that T-T" > 2.
In fact, assume that m := T - T’ < 1. Since h°(Or(T)) = 3, the exact sequence

0— Or(T'—=T) — Or(T') = Op1(m) = 0

shows that hO(Op(T" — T)) > 3 — h%(Op1(m)) > 1. Hence T' — T is effective and H - (T" —T) = 0,
implying that T~ T".

Ezample 8.2. Let T' C P3 be a smooth cubic surface. All rank 2 Ulrich bundles £ on T’ with co(€) =1
are of type & = Op(T)%?, where T C T is a twisted cubic (as listed in [CH, Ex. 3.5]).
Indeed, it follows from [CH, Ex. 3.6] that £ is an extension of type

0—Op(T)—= & — Op(T) =0

where T and 7" are two twisted cubic curves contained in I'. Then 1 = ¢o(€) =T - T and Remark 8.1
implies that 7'~ T'. On the other hand Ext!(Op(T"), Or(T)) = H(Or(T — T")) = H'(Or) = 0 and
therefore the above sequence splits, hence & = Op(T)®2.

Next, we recall the notation for Hirzebruch surfaces X, = P(Op1 & Op1(—e)) with e > 0, f a ruling
and Cj an irreducible curve with Cg = —¢,Cp - f = 1. In particular, a smooth non-degenerate cubic
S C P* is isomorphic to the Hirzebruch surface X; embedded with H = Cj + 2f.

Ezample 8.3. Let X C P* be a smooth non-degenerate cubic surface. Then & = Ox(Cy + f)®? is a rank
2 Ulrich bundle with ¢2(€) = 1.

In fact, as said above, we have that (X, H) = (X1,Co + 2f). Now, H°(Ox,(Co + f — H)) =
HOx,(—f)) = 0 and, by Serre duality, H?(Ox,(Co + f —2H)) = H°(Ox, (—Cp))* = 0. Therefore
HO(E(—H)) = H?(E(—2H)) = 0. Moreover ¢1(€) = 2Cy + 2f and c2(&) = (Co + f)? = 1 satisfy [C,
(2.2)]. Hence & is Ulrich by [C, Prop. 2.2(4)].

As it turns out, the above examples are the only ones with connected Ulrich subvarieties, as we will
see in the proof of Theorem 3. Before proving the theorem, we need two lemmas.

Lemma 8.4. Let S C PN be a smooth irreducible surface of degree d > 2 and let £ be a rank r > 2
Ulrich bundle on S. Let Z be a nonempty Ulrich subvariety associated to £. Then Z is connected if
and only if co(€) = 1. In the latter case, we have that r = 2,¢1()? =2d — 2 and 2 < d < 3.

Proof. Since dim Z = 0, Z is smooth by definition and [Z] = ¢2(€), we have that Z is connected if and
only if Z = {P} is a point, that is, if and only if c2(£) = 1. For the rest of the proof we assume that
c2(£) = 1. Let V. C H°(E) be a general subspace of dimension r — 1 and let ¢ : V ® Og — £. It follows
from Remark 5.4 that Z = D,_s(p) is an Ulrich subvariety associated to £. In particular, Z # () by
Proposition 2 and since [Z] = ¢2(€) and Z is smooth, we have that Z = { P} for some point P € S. Now
Theorem 1 implies that r = 2 and Lemma 4.5 gives a smooth irreducible curve C € |det £| with P € C
and O¢(P) globally generated, so that C =2 P!. Note that C? = ¢;(€)? > 0, for otherwise we have
the contradiction cp(£) = 0 by Lemma 4.2(i). Therefore H!(Os(—C)) = 0 by Kawamata-Viehweg’s
vanishing and the exact sequence

0= 0s(—C) = O0s = Oc —0
implies that H!(Og) = 0. From the exact sequence
0—O0s =& — Jpys(C) =0
we deduce, using Lemma 5.1(vii), that h°(Jpy/s(C)) = h%(€) — 1 = 2d — 1. Therefore the exact
sequence
0— Og — j{p}/S(C) — O]P:1(C2 — 1) —0

gives that
c1(€)? = C? = h(Op (C? — 1)) = (T pys(C)) — 1 =2d — 2.
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On the other hand, since £ is semistable by [CH, Thm. 2.9], it satisfies Bogomolov’s inequality 4c2(E) —
c1(£)?2 >0, that is 0 < 2d — 2 = ¢1(£)? < 4, so that 2 < d < 3. O

Lemma 8.5. Let (S, H) = (X1,Co+2f) be a Hirzebruch surface. Then, the only rank 2 Ulrich bundle
E with c2(8) =1 is £ = Ox, (Co + f)®2.

Proof. We know by Example 8.3 that £ = Ox, (Cp + f)¥? is Ulrich on (X3, Co+2f). Now, assume that
€ is a rank 2 Ulrich bundle € with c2(€) = 1 and let det € = Ox (D). Then D = aCy+ [ f and it follows
from Lemma 8.4 that D? = 4, hence o > 1 since D is nef by Lemma 5.1(iii) and 4 = D? = (28 — a)
implies that o = 8 = 2. It follows from [A, Thm. 1.1(1)] that £ = Ox, (Co + f)2. O

We now prove Theorem 3.

Proof of Theorem 3. We know by Lemma 8.4 that Z is connected if and only if co(£) = 1. In the cases
(i)-(iii) we therefore have that Z is connected by Lemma 7.3(i) and Examples 8.2, 8.3. Vice versa,
assume that Z is connected, so that c2(£) = 1 and r = 2,2 < d < 3 by Lemma 8.4. If d = 2 we
conclude by Lemma 7.3(i) that we are in case (i). If d = 3 we have that N < 4. If N = 3 we get by
Example 8.2 that we are in case (ii), while if N = 4 we know by Lemma 8.5 that we are in case (iii). O

9. THREEFOLDS

In the case £ is an Ulrich bundle on a threefold, we have a lot of information about connectedness
of Ulrich subvarieties.
First, we can characterize precisely the non-big case.

Proposition 9.1. Let X C PV be a smooth irreducible threefold and let £ be a non-big Ulrich bundle
on X with c2(E) # 0. Then:

(i) If c1(£)% > 0, every Ulrich subvariety associated to £ is connected.
(ii) Ifc1(€)® = 0, the Ulrich subvarieties associated to € are connected if and only if (X, 0x(1),E) =
(P! x P2, Op1 (1) K Op2(1), ¢*(Op2(1)®?)), where q : P! x P2 — P2 is the second projection.

Proof. Let det & = Ox (D). If ¢1(£)® > 0, it follows from [LM, Thm. 2] that either £ is as in Lemma
7.7 and we are done, or (X,0x(1),&) = (Q,0q(1),S) where Q = Q3 and S is the spinor bundle. In
the latter case, we have that D = H, hence H'(£(—D)) = H'(£(—1)) = 0, hence any Ulrich subvariety
is connected by Lemma 7.6. This proves (i). In case (ii), we have by [LM, Thm. 2] and c2(€) # 0 that
(X,0x(1),€) is a linear Ulrich triple over a surface and we conclude by Lemma 7.9. O

In the big case, even though our results are not conclusive, they strongly restrict the possibilities, as
follows.

Proposition 9.2. Let X C PN be a smooth irreducible threefold, let € be a big rank v > 2 Ulrich bundle
on X and let Z be an Ulrich subvariety associated to £. Then Z is nonempty and we have:

(i) If € is V-big and r > 3, then Z is connected.
(ii) If € is not V-big, then (X,Ox(1)) is one of the following:
(a) A linear P2-bundle over a smooth curve.
(b) A del Pezzo 3-fold of degree d with 3 < d < 7.
(¢) A quadric fibration over a smooth curve.
(d) A linear P*-bundle over a smooth surface.

Moreover, in case (b), then Z is connected if 3 < d <5 and ifr =2 and 6 <d < 7.

Proof. Ulrich subvarieties associated to £ are nonempty by Remark 5.6 and Lemma 5.1(viii). Also,
c1(£)3 > 0 by [LM, Rmk. 2.2]. First, (i) follows from Theorem 1(iv). If £ is not V-big, that is
B, (£) = X, then X is covered by lines by [Bu, Thm. 2] and it follows from [LP, Thm. 1.4] (for (d) use
also [SV, Thm. 0.2]) that (X,Ox(1)) is as in (a)-(d) above. In case (b), consider the classification of
del Pezzo threefolds (see for example [LP, pages 860-861], [I', Table, page 710]). If 3 < d < 5, we have
that Pic(X) = ZH, hence Z is connected by Lemma 7.6(ii). To do the case r =2 and 6 < d < 7, we
will use Lemma 5.1(vi). Suppose that X = P(7Tp2). Then Z is connected by [CEFMI, Main Thm. for F]
if £ is indecomposable. If £ is direct sum of two Ulrich line bundles, it is easy to show, using [CFMI,
Cor. 2.7], that the only possibility is when ¢;(£) = 2H and then Z is connected by Lemma 7.6(i). When
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X is the blow-up of P? at a point, it follows from [CFiM, Prop. 2.7 and Thm. A] that Z is connected.
Finally, when X = P! x P! x P!, denote by H; the pull-back of Op1 (1) by the i-th projection, 1 <1 < 3.
We have that either £ is indecomposable and Z is connected by [CFM2, Thm. B], unless we are in
[CFM2, Thm. B, case (5)] or £ is decomposable. Now, in case (5), ¢1(€)H? = 10, while Lemma 5.1(x),
gives that ¢;(€)H? = 12, hence this case does not occur for Ulrich bundles. If £ is decomposable, then
it is direct sum of two Ulrich line bundles and we easily deduce, from [CFM2, Lemma 2.4], that each
direct summand must be of type 2H; + H;, for i # j. It follows that H'(—2H; — H;) = 0 and hence
HY(E(-D)) = H'(E*) = 0. Hence Z is connected by Lemma, 7.6(i). O

We remark that examples as in (a) with Z disconnected do exist, see Example 10.1. We do not know
if there are others.

10. SOME EXAMPLES

We give some explicit examples, with various vanishings of Chern classes.
The following is an example of a big rank » > 2 Ulrich bundle £ with c2(&) # 0,c2(£)? = c3(€) =0
and disconnected Ulrich subvarieties (even in rank 2).

Ezample 10.1. Let B be a smooth irreducible curve of genus g, let F be a rank n > 2 very ample bundle
on B, let X = P(F) with bundle map 7 : X — B and let H = £ be the tautological line bundle on X.
Note that " > 2, otherwise X = P, a contradiction since p(X) = 2. Let M (respectively G) be a line
bundle (resp. a rank r — 1 vector bundle, with » > 2) on B such that H (M) = H(G) = 0 for i > 0. Let
L =¢+7"M. Then L is an Ulrich line bundle for (X, Ox(1)): In fact L(—pH) = (1 —p)§+7*M. Since
R ((1-=p)§) =0forj > 1,1 <p<mnand for j =0,p > 2, we get, for i > 0, that H*(L(—pH)) =0
for 2<p<nand H(L(—H)) = H'(M) = 0. Let £ be any bundle sitting in an extension of type
0—L—E&— " (G(det F)) — 0.
It follows from [Lo, Lemma 4.1] that £ is an Ulrich bundle for (X, Ox(1)). Setting
N = ¢1(G(det F)) = ¢1(G) + (r — 1)1 (F)
we have
(&) =L+ 7"N,c2(E) = c1(L)er(n*(G(det F)) = (§ + 7" M)n*N = {n™N.
Since £ and 7*(G(det F)) are Ulrich, we have that £ and 7*N are globally generated. Moreover, 7*N
is not trivial by Lemma 5.1(iii). Therefore co(€) = &n*N # 0. Also, we have that £ + £~ La* M > 0:
In fact, if ¢ > 1, we have that 7*M is nef, hence £" + "~ In*M > &" > 0. If g = 0, we have that
M = Op1(—1), hence & + " In*M = £" — 1 > 0. Therefore

(10.1) A" =L+ LN = e M LN > M > 0.
Moreover c3(€)? = €27*N? = 0, and, for i > 3,
¢i(€) = ch([,)ci,j(w*(g(det F)) =ci(7*(G(det F)) + ci—1 (7" (G(det F))er (L) =
§=0
=1"¢;(G(det F)) + 7 c;—1(G(det F))c1 (L) = 0.
Now, assume that n > 3 and let Z be any Ulrich subvariety associated to £. Then Z is nonempty by
Proposition 2. Let D = £ + n*N and consider the exact sequence

0= Ox(~=D)*""Y — £(~D) — Jz/x — 0.

Since D is big by (10.1) and nef by Lemma 5.1(iii), we have that H!(Ox(—D)) = H?*(Ox(-=D)) =0
by Kawamata-Viehweg. Thus,

h'(Tzyx) = ' (E(~=D)) = h' (7" (G(det F))(~D)) + h'(L(~D)

F) )-
Now, hl(7*(G(det F))(—D)) = h(n*(G(det F — N — M))(—£)) = 0, since R/, (—&) = 0 for j > 0. Also,
0=x(G) =degG+ (r—1)(1—g), hence degG = (r—1)(g—1) and deg N = (r — 1)(deg F +g—1) > 0,
since F is very ample. Therefore h%(—N) =0 and h'(~N) =degN +g—1= (r—1)deg F +r(g —1).
It follows that
h'(L(=D)) = h'(7*(=N)) = h'(=N) = (r = 1) deg F + (g — 1)
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so that
W (Jzyx) = (r—1)deg F +1(g = 1).
Now the exact sequence
0—=>Jz/x +0x >0z—0

and h'(Ox) = h1(Op) = g show that
h(0z) > b (Tz/x)+1—g=(r—1)(degF+g—1) >2
hence Z is disconnected. Finally we show that £ is big. In fact, using Lemma 4.4, we have
$p(E) = [+ 7" (M + N)" — (n— D[ +7*(M + N)|"2%61*N = " + " Ha*N + nr* M) =

=degF +deg N +ndegM =rdegF +degG+ndegM =rdegF + (r+n—1)(g—1) >0
both if ¢ > 1 and if g = 0 since in this case deg F > n. Thus £ is big but not V-big if » > 3 by Theorem
1(iv).
For an explicit instance of the above, let X = P! x P"~! ¢ P embedded with the Segre embedding
and let £ = Ox(n — 1,000~ @ Ox(0,1).

The following is an example of a rank € {2, 3} globally generated bundle £ with c3(£) = 0, c2(€)? #
0, HY(£*) = 0 and disconnected degeneracy locus D, ().

Example 10.2. Let Q C P* be a smooth quadric, let W = P2 x @ and consider the Segre embedding
W C P given by L = Op2(1) K Og(1). Note that Ky = —3L, so that W is a Mukai 5-fold that
is scheme-theoretically cut out by quadrics in P (see for example [Ru, Rmk. 26]. Let X € |L| be a
general hyperplane section of W and let H = L|x. It follows from [BS, Ex. 14.1.5] that X contains
exactly two fibers, that are a linear P? in P14, say F; = P? x {z;},i = 1,2, with Np,x = Qp2(1). Note
that W = P(Og(1)®3) and X = Z(0), with 0 € H°(Og(1)®3) a general section. In particular we can
assume that z1, 22 are general points of Q. Let Z = I LU F; C X. We first observe that Jz, x(H) is
globally generated. In fact, we have a surjection Jzw (L) — Jz/x (H), hence it is enough to prove that
Jz/w (L) is globally generated. On the other hand, we have that the linear span (Z) is a linear P in P
and of course Jz) /p14(1) is globally generated. Since we have a surjection Jzy /p14(1) = Jizynwyw (L),
we just need to prove that (Z) "W = Z. To this end, let w € (Z) N W. Then w € (f1, f2), with
fi,foe Z. If fi,fo e I} (OI‘ in FQ), then w € <f1,f2> CF,CZ 1If fi € Fi and fy € F5, then we
observe that the line (fi, f2) is not contained in W. In fact, it is well-known that the only lines in W
are of type R x {p}, with R C P? a line, or {p} x R, with R C @ a line. Both cases are excluded
since f; = (x;, z;) with &1 # x9,21 # 2z2. Therefore (f1, fo) ¢ W and since W is scheme-theoretically
cut out by quadrics, we can find a quadric Q' C P such that W C @’ and (fi, f2) ¢ @Q'. But then
w € (f1, fa) "W C (f1, fo) N Q" = {f1, fo} C Z. Thus, we have proved that J;,x(H) is globally
generated. Now we have

(AQNZ/X)(—H|Z) =0z(Kx — Kz —H)=20z(-3H — Kz) = Oy

since, on each F; = P? we have that Op, ® Oz(—3H — Kz) = Op2. Moreover, H?>(Ox(—H)) = 0 by
Kodaira vanishing and therefore the Hartshorne-Serre correspondence gives a rank two vector bundle
F on X, with det F = H, sitting in an exact sequence

(10.2) 0—0x = F = Jz/x(H)—0.
Also, note that H'(Ox) = 0 by the exact sequence
0= Ow(—L) - Ow — Ox =0

and the facts that H'(Oy) = 0 by Kiinneth, since H*(Op2) = H'(Og) = 0 and H?(Ow (—L)) = 0 by
Kodaira vanishing. Hence F is globally generated. Moreover F* = F(—H) and twisting (10.2) we get

0= Ox(-H) = F = Jz/x =0

and Kodaira vanishing gives H(F*) = 0,h' (F*) = h*(J/x) = h°(Oz) — h°(Ox) = 1. Also, we have
c2(F) = [Z] = [F1] + [F2] and therefore co(F)? = [F}]? + [F]? = 2, since the self-intersection formula
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[H1, Appendix A, C.7] shows that [F}]* = c2(Np,/x) = c2(Qp2(1)) = 1. Finally, if r = 2 we set £ = F.
If r =3, let 0 # e € HY(F*) and consider the associated extension

0—-0x & —F—0.
Since Ox and F are locally free, we have that so is £: In fact Sxtlbx (€,0x) =0 for i > 0 because the
same holds for Ox and F. Moreover, & is globally generated since H!(Ox) = 0 and c3(€) = c3(F) =
0,c2(8)? = ca(F)? = 2. Moreover, dualizing the above exact sequence we get

0>F" =& -0x—0
with cohomology sequence, using H(F*) = 0, H'(F*) = Ce,

0 — HOE") — H(Ox)-SH'(F*)

where, by construction, §(1) = e, so that § is an isomorphism and H°(£*) = 0. The fact that D,_»(¢y)

is disconnected for any ¢ : (’)?z(r_l) — & such that D,_2(y) is reduced of pure codimension 2, follows
from Theorem 1. As a matter of fact, one of these degeneracy loci is just Z.

The following is an example of a rank 4 Ulrich bundle & with c3(€) # 0,c2(€)? # 0,c4(E) =
0, HY(£*) = 0 and disconnected degeneracy locus D,_3(¢).

Ezample 10.3. Let Q C P? be a smooth quadric and let £ = S’ @ §”. It is easily checked, using [O1,
Rmk. 2.9], that co(€) = 2(e2 + €b), where e, ¢, generate H*(Q,Z). Also, c3(€) = 2H3,¢4(€) = 0 and
2(£)? = 8. Now, for any ¢ : OF® — & such that D;(y) is reduced of pure codimension 3, we have that

D1 (p) has exactly two connected components: it has at least two by Theorem 1 and no more since
[D1(9)] = e5(€) = 2H7.

11. RESULTS IN RANK 2

We can give a precise result when H'(Ox) = 0. In particular, the next lemma shows that, in rank
2, connectedness of degeneracy loci (or of Ulrich subvarieties), in the case k = 2, is not governed by
Chern classes as in the case of higher rank.

Lemma 11.1. Let X be a smooth variety with H'(Ox) = 0. Let £ be a globally generated vector
bundle of rank 2 on X with co(£) # 0 and H°(E*) = 0 (which holds, in particular, if £ is Ulrich). Let
h = h'(E*) and let o € H(E) be a general section. Then we have:

(i) Z(o) has h+1 connected components. In particular Z(o) is connected if and only if Hl(c‘:*)~: 0.
(ii) If H'(E*) # 0, there is a globally generated bundle € of rank h+2 on X with H*(£*) = H(E*) =
0, such that € arises as a quotient, with Z (o) = Dp (),

0 0%-E g0
Vice versa, given a globally generated bundle € as in (ii), then Z(o) has h + 1 connected components.

Proof. Note that Z(c) # by Lemma 4.1 and h = h'(£*) = h'(Jz(s)/x) by Lemma 6.5(c). On the
other hand, as H'(Ox) = 0, we have the exact sequence

0— HO(O)() — HO(OZ(U)) — Hl(jz(a)/x) —0

showing that h®(Oz(y)) = h+ 1, that is (i). Now (i) follows from Lemma 6.5(b). Vice versa, given a
globally generated bundle € as in (ii), then Z(o) has h+ 1 connected components by Lemma 6.5(a). [

We also have the following.

Lemma 11.2. Let £ be a rank 2 globally generated bundle on X C PN with c2(£) #0 and n > 3. Let
o € H(E) be a general section and set Z = Z(a). Then:
() If c1(€)2 # 0 and H' (E*) = 0, then Z is connected.
(ii) LetY be as in Lemma 4.5 and assume that'Y is smooth (which holds, for ezample, if n < 3 or if
c2(£)? = 0 by Porteous’s formula), h°(Oy(Z)) = 2, ¢1(€)2 # 0, H*(E*) = 0 and H'(Ox) = 0.
Then Z is connected.
(iii) If n >4, & is Ulrich and c1(£)% = 0, then Z is disconnected.
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(iv) If n > 4,c3(E) = 0, & is Ulrich and X is subcanonical, then Z is connected unless
(X,0x(1),E) = (P2 xP?, Op2(1)XOp2 (1), 7* (Op2(2))9?), where 7 : P2 xP? — P? is a projection,
and, in the latter case, Z has exactly 4 connected components.

Proof. If we set det £ = Ox (D), then, since £ has rank 2, we have that £(—D) = £*. Now (i) follows
from Lemma 7.6(i). Under hypothesis (ii), the exact sequence (4.2) becomes

0—=E& = 0P = 0y(Z) =0

and it follows that H!(£*) = 0, so that Z is connected by (i). This proves (ii). (iii) is just Remark 7.8.
Finally, (iv) follows from Remark 6.10. O

Note that (iii) and (iv) above are not in conflict, even though if ¢;(£)? = 0, then c3(€) = 0 by Lemma
4.2(i). In fact, as proved in Remark 6.10, if ¢1(€)3 = 0 and X is subcanonical, then (X,Ox(1),€) =
(P2 x P2, Op2(1) K Opa2(1), 7 (Op2(2))¥2).

On the other hand, when ¢1(€)3 # 0, we have that Z can be both connected (for example on a linear
Ulrich triple over a threefold) or disconnected (even when ¢;(£)™ > 0), as in Example 10.1.
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