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ABSTRACT. We give an almost complete classification of Ulrich bundles £ with c2(£)* = 0 on a variety
X of dimension n > 4. Moreover, we show that there are strong constraints on the geometry of X and
we study disconnected Ulrich subvarieties.

1. INTRODUCTION

Let X C PN be a smooth irreducible variety of dimension n and let £ be an Ulrich bundle on X, that
is such that H*(£(—p)) = 0 for 1 < p < n. It is nowadays well-known that, in the presence of an Ulrich
bundle, several geometric consequences can be deduced about X, see for example [Be, ES, CMRPL, LS].
A classical way to study vector bundles is through their degeneracy loci, see for example [Ful, §14].
In the spirit of the Hartshorne-Serre correspondence, in [CFK, Thm. 3.1], [LR1, Thm. 1], [Vac, §2.2]
was considered a family of subvarieties, called Ulrich subvarieties, having several special properties and
whose existence is equivalent to have an Ulrich bundle. As Ulrich subvarieties are codimension two
degeneracy loci of an Ulrich bundle &£, hence their class in the Chow group of X represents c2(€), it is
not a surprise that their geometrical properties are related to vanishing of suitable Chern polynomials.
For example, as seen in [BLV, Cor. 1], their connectedness is controlled by the non-vanishing of c3(€).

The leitmotif of our work is to show that non-connectedness of Ulrich subvarieties poses very severe
restrictions on X, to the point of reaching classification results. As it will turn out, an important family
of Ulrich bundles & to be studied is the one with c2(€) # 0 and c2(£)? = 0. In the latter case, Ulrich
subvarieties move on a smooth divisor on X (as shown in [BLV, Lemma 4.5]) and very often cover X,
see Lemma 4.4. Moreover, we will be able to give several geometrical information about them.

In order to study Ulrich bundles £ on X with c2(€)? = 0, the condition being obvious for n < 3, the
first case to be considered is when n > 4 and ¢ (€)% = 0. The latter, in fact, turns out to be stronger
than c2(£)? = 0, as shown in the following classification. We will use the notion of linear Ulrich triple,
see Definition 5.2.

Theorem 1.
Let X C PN be a smooth irreducible variety of dimension n > 4 and let € be a rank r bundle on X.
Ifn > 5, then & is Ulrich with c1()* = 0 if and only if (X,0x(1),€) is one of the following:
(i) (P",Opn(1), O).
(ii) A linear Ulrich triple over a variety of dimension b with 1 <b < 3 and c2(€)? = 0.
Now assume that n = 4 and & is Ulrich with c1(£)* = 0. Then c2(€)? = 0 and:

(iii) If c2(€) = 0 and r > 2, then (X,0x(1),€) is either (P*, Opa(1),05) or a linear Ulrich triple
over a curve.

(iv) If ca(E) # 0, then (X,0x(1),E) is one of the cases (iil) and (iii)-(z) of [LMS1, Thm. 1].

For examples of linear Ulrich triples as in the above theorem, see [Lo, LMS1] and Example 8.1. An
example of (iv) in Theorem 1, such that (X, Ox(1)) is not a linear P*-bundle, is given in 8.2.

Theorem 1 is also of independent interest, as it contributes to the study of non-big Ulrich bundles
[LM, LMS1, LMS2], because when n > 4 and ¢1(£)* = 0, then £ is not big by [LM, Rmk. 2.2].
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Next, to consider the general case in which c2(£)? = 0. Since the case ca(€) = 0 has been already
analyzed in [BLV, Thm. 2|, we suppose that c3(£) # 0. As we will see below, Ulrich bundles with
c2(£)? = 0,c2(€) # 0 do not occur if p(X) = 1 and give several restrictions on the geometry of X.
When c3(€) # 0, we can actually classify them as follows.

Corollary 1.
Let X C PN be a smooth irreducible variety of dimension n > 4 and let € be a rank r Ulrich bundle
on X. Assume that c2(£) # 0 and c2(£)? = 0. Then p(X) > 2 and one of the following occurs:

(i) det& is not (n — 4)-ample, & is not (n — 4)-ample and X contains a linear space M C PN with
dim M =n — 3 such that &y is trivial.

(i) det& is (n — 4)-ample, ¢;(E) = 0 for i > 3 and £ is not (n — 4)-ample if r > 3. Moreover,
X has a morphism with connected fibers onto a smooth curve, and a general Ulrich subvariety
associated to £ is a complete intersection of two divisors on X.

Also, if c3(€) # 0, we have:
(il) If n > 5, (X,0x(1),€) is a linear Ulrich triple over a smooth threefold.
(i2) If n =4, (X,0x(1),€&) is as in one of the cases (iil), (iv), (v1), (v3) and (vi)-(x) of [LMSI,
Thm. 1] with r > 3.

For an example that is not linear Ulrich triple but X has a morphism with connected fibers onto
a smooth curve, see [BLV, Ex. 10.1] (or Lemma 7.3). On the other hand, in Example 8.2, we have
that (X, 0x(1)) is not P¥-bundle over another variety, but there are several linear spaces M C X as in
Corollary 1.

Next, we consider the case of an Ulrich bundle with ¢3(£) = 0 (this case always occurs when c3(£)? =
0,c1(£)* # 0 by Lemma 4.6(ii)). Except for case (a) below, we do not have a classification result here,
but we can show that the pair (X, Ox(1)) belongs to some well-known classes of varieties covered by
lines.

Theorem 2.
Let X C PN be a smooth irreducible variety of dimension n > 3, degree d > 2 and let £ be a rank
r >3 Ulrich bundle on X. If c3(€) =0, then (X, Ox (1)) is one of the following:
(a) A linear P"~'-bundle over a smooth curve.
(b) A linear P"~2-bundle over a smooth surface.
(¢) A hyperquadric fibration over a smooth curve.

If c2(€)? = c3(E) = 0 and n > 4, we have:

—~

(al) In case (a), either (X,0x(1),E) is a linear Ulrich triple over the curve or £ is as in Lemma
7.3(i).

(bl) In case (b), either (X,O0x(1),E) is a linear Ulrich triple over the surface or n =4 and det £ is
not ample.

(c1) In case (c), n =4,B = P! and det £ is not ample.

Putting together the above results, we have the following almost complete classification of Ulrich
bundles with c2(£)% = 0.

Theorem 3.
Let X C PN be a smooth irreducible variety of dimension n > 4, degree d > 2 and let £ be a rank
r > 2 Ulrich bundle on X with co(£)? = 0. Then we have:
(i) c2(&€) =0 if and only if (X,0x(1),&) is a linear Ulrich triple over a curve.
Now assume that co(E) # 0. Then:
(ii) If c1(E)* = 0 then (X,0x(1),&) is as in Theorem 1(ii) and (iv).
(iii) If c1(E)* # 0 and c3(£) # 0, then (X, Ox(1),€) is as in Corollary 1(i1)-(i2).
(iv) If c1()* # 0,¢c3(6) = 0 and r > 3, then either (X,0x(1),€) is as in Lemma 7.3(i), or is a
linear Ulrich triple over a smooth surface, unless possibly n = 4 and det £ is not ample.

We point out that, while a triple (X, Ox(1),€) is as in Lemma 7.3 exists even when r = 2,2 <n <4
(see [BLV, Ex. 10.1]), we have no examples in the two cases excluded in (iv) above.
We now consider the geometry of Ulrich subvarieties associated to € (see Definition 5.3).
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First, Theorem 2 allows to show that Ulrich subvarieties are often irreducible.

Corollary 2.

Let X C PV be a smooth irreducible variety of dimension n > 3 and let € be a rank r > 3 Ulrich
bundle on X with c3(E) # 0. Then all Ulrich subvarieties associated to € are irreducible under one of
the following hypotheses:

(1) (X,0x(1)) is not one of the following:
(a) A linear P"~'-bundle over a smooth curve.
(b) A linear P"~2-bundle over a smooth surface.
(¢) A hyperquadric fibration over a smooth curve.
(2) c2(£)2=0,n>4 and
(al) (X,0x(1)) is as in (a) and & is not as in Lemma 7.3(i).
(b1) (X,0x(1)) is as in (b), (X,0x(1),&) is not a linear Ulrich triple over the surface and
eithern > 5 orn =4 and det £ is ample.
(cl) (X,0x(1)) is as in (c) and either n > 5 or n =4 and either B 2P or B~ P! and det &
18 ample.

When (X, Ox(1)) is of type (a)-(c) above, Ulrich subvarieties might be both reducible and irreducible,
see Examples 10.1, 10.2, 10.3. On the other hand, when c3(€)? = 0, we can give a description of reducible
(or equivalently disconnected, since they are normal) general Ulrich subvarieties, as follows.

Corollary 3.

Let X C PN be a smooth irreducible variety of dimension n > 4 and let £ be a rank r Ulrich bundle
on X with ca(E) #0 and c2(£)? = 0 and let Z be a general Ulrich subvariety associated to £. Assume
that (X,0x (1)) is as in (a)-(c) of Corollary 2 and, if n =4, in case (b), det& is ample, in case (c),
either B % P! or B = P! and det & is ample (in particular this assumption holds if Z is disconnected,
r >3 and (n, B,det &) satisfy the above). Then, either

(i) (X,0x(1),&) = (P* x P3, Ops (1) K Ops (1), 75 (Ops(1))97), s € {1,2} and Z is a P*-bundle over
a smooth irreducible curve Zg C P3 defined by the (r — 2) x (r — 2)’s minors of an r x (r — 2)
matriz of general linear forms, or

i) (X,0x(1)) is as in (a)-(b) and Z is a disjoint union of P2,
s VX ] f

Moreover, if r > 3, any Z in (ii) is disconnected.

2. NOTATION
Unless otherwise specified, we henceforth establish throughout the paper the following:

Notation 2.1.

e X C PV is a smooth irreducible variety of dimension n > 1 and degree d.

H €|0x(1)] is a very ample divisor.

p(X) is the Picard number of X.

v(L) is the numerical dimension of a nef line bundle £ on X.

P(F) = Proj(Sym(F)), where F is a vector bundle on X.

For 1 <i<n-—1,let H; € |H| be general divisors and set X,, := X and X; = HyN... N Hy,_;.
For n > 2, we let Q,, C P**! be a smooth quadric and we let S,S’,S” be the spinor Ulrich
bundles on Q.

We denote by G(k,P(V)) the Grassmannian of k-dimensional projective subspaces of a projec-
tive space P(V).

We work over the complex numbers.

3. DEFINITIONS AND PRELIMINARY RESULTS
3.1. g-ample bundles. We recall, and we will often use, the following definition and fact.

Definition 3.1. Let ¢ > 0 and let £ be a line bundle on X. We say that L is g-ample if for every
coherent sheaf F on X, there exists an integer mg > 0 such that H*(F(mL)) = 0 for m > mg and
1 > q. Let £ be a vector bundle on X. We say that £ is g-ample if Op(g)(l) is g-ample.
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Remark 3.2. Let £ be globally generated bundle. It follows from [So, Prop. 1.7] that £ is g-ample if
and only if it is g-ample in the sense of [BS, §2.1, page 43|, [So, Def. 1.3], that is if every fiber of the
morphism associated to Op(g)(1) is at most g-dimensional. Moreover, if £ is g-ample, then det € is
g-ample by [So, Cor. 1.10].

3.2. Varieties covered by lines. We study here some families of varieties covered by lines. Even
though this subject has been widely studied, we could not locate in the literature some of the ensuing
results.

A tool that we will use is the Fano variety of lines in X.

the variety of lines

Definition 3.3. Let X C PV and let z € X be a point. We denote by Fy(X, )
) # 0 for a general point

L c PV such that + € L € X. We say that X is covered by lines if F1(X,x
rxeX.

Remark 3.4. When X is covered by lines, then F; (X, z) is smooth on a general x and dimz) F1 (X, r) =
—Kx - L —2 for every [L] € F1(X,z) (see for example [Rus, Prop.s 2.2.1 and 2.3.9]).

Among varieties covered by lines, we have the following (see for example [I, Def. page 461], [L.P]).

Definition 3.5. Let X € PV be a smooth irreducible variety of dimension n > 2.

e We say that (X,0x(1)) is a linear P¥-bundle over a smooth variety B if (X,0x(1)) =
(P(F), Op(r)(1)), where F is a very ample vector bundle on B of rank k + 1.

e We say that (X, Ox(1)) is a hyperquadric fibration over a smooth curve B, if there exists a surjective
morphism f : X — B such that every closed fiber is isomorphic to a quadric Q@ C P" and O X(1)|Q =

Oq(1).
Consider now the following classes of pairs (X, Ox (1)), with X covered by lines:

(a) A linear P"~!-bundle over a smooth curve.

(b) A linear P"~2-bundle over a smooth surface.

(¢) A hyperquadric fibration over a smooth curve.

(d) A Del Pezzo n-fold (that is —Kx = (n — 1)H), except (P3, Ops(2)).
We have

Proposition 3.6. Let X C PN be a smooth irreducible variety of dimension n > 3, degree d > 3 and
such that Xs is covered by lines. Then (X,Ox (1)) is one of (a)-(d).

Proof. Since X3 is covered by lines, it follows from [LP, Thm. 1.4] (for (b) use also [SV, Thm. 0.2])
that (X3, Ox,(1)) is one of (a)-(d) with n = 3. Moreover, if we are not in case (a), [LP, Thm. 4.1] also
gives that dim Fy (X3, x) = 0 for a general point = € X3.

We will prove inductively that if (X3,Ox,(1)) is of one type in {(a),(b),(c),(d)}, then so is
(X;,0x;,(1)) for all4 < i <mn.

Assume that (X3,Ox,(1)) is a Del Pezzo 3-fold. For i > 4, if (X;_1,0x, ,(1)) a Del Pezzo (i — 1)-
fold, we have that (Kx, + (i — 1)H|x,)|x,_, = Kx,_, + (i —2)H|x,_, = 0. Since Pic(X;) — Pic(X;-1)
is an isomorphism by Lefschetz’s theorem, we find that Ky, + (i — 1)H|x, = 0, that is (X;, Ox,(1)) is
a Del Pezzo i-fold.

Therefore, we can suppose that (X3, Ox,(1)) is one of (a)-(c) with n = 3, that is there is a morphism
p3 : X3 — B as in (a)-(c). We now claim that, for each i such that 3 < i < n, there is a morphism
pi : Xi — B so that (X;,Ox, (1)) is as in (a) (respectively (b); respectively (c)) as long as (X3, Ox,(1))
is as in (a) (respectively (b); respectively (c)) and, if i >4, pi—1 = pi|x, ;-

We first assume that (X3,Ox,(1)) is as in (a) or (c), so that dim B = 1, and we prove the claim
by induction on i¢. The claim being trivially true for ¢« = 3, suppose that ¢ > 4 and that there is a
morphism p;—1 : X;—1 — B so that (X;_1,0x, ,(1)) is as in (a) or (c) and, if i > 5, pi2 = pi—1x, ,-
Note that ¢+ — 1 — dim B > 2, so that p;_1 : X;_1 — B extends to some morphism p; : X; — B by
[BS, Thm. 5.2.1]. Now, in the embedding X; C PH?(Ox, (1)) = P™ we have that X; ; is a hyperplane
section of X; and each fiber F;_; of p;_1 is a linear (possibly degenerate) PI=2 C PM in case (a) or a
linear (possibly degenerate) (i —2)-dimensional quadric Q@ C PM in case (c). Moreover, since p; extends
pi—1, each fiber F; of p; is a variety in P™ whose hyperplane section is F;_;. Therefore also Fj is a
linear (possibly degenerate) P'~! C PM in case (a) or a linear (possibly degenerate) (i — 1)-dimensional
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quadric Q" € PM in case (c). Since Ox,(1)x, , = Ox,_, (1), it follows that (X, Ox,(1)) is as in (a) or
(c).

Now assume that (X3,Ox,(1)) is as in (b) but not as in (a), (c), so that dim B = 2, and we prove
the claim by induction on ¢. The claim being trivially true for ¢ = 3, suppose that ¢ > 4 and that there
is a morphism p;_; : X;_1 — B so that (X;_1,0Ox,_,(1)) is as in (b) but not as in (a), (c) and, if i > 5,
Pi-2 = Pi-1|x,_,- Note that i — 1 — dim B = i — 3. We have that [BS, Conj. 5.5.1] is true: if ¢ > 5
by [BS, Thm. 5.5.2], while, if i = 4, by what is explained on [BS, page 118]. We are certainly done by
[BS, Conj. 5.5.1] if X; 1 2 P! x P2 or if X; 1 =2 P! x P"~2 but p;_1 : X;_1 — B is not the second
projection. It remains to study the case in which X;_; 2 P! x P2 and p;_; = m : X;_1 — B =P2
is the second projection, so that i = 4 and X3 =2 P! x P2. We will prove that this case does not occur.

Since [BS, Conj. 5.5.1] is true, if we set p§ = m; the first projection, we have that (X4, Ox, (1)) is as in
(a) over P! and the bundle map p/, : X4 — P! extends p}. Now, in the embedding X4 C PH(Ox, (1)) =
PM we have that X3 is a hyperplane section of X4 and each fiber of Pl is a linear P3 ¢ PM. Moreover,
since p) extends pj, each fiber F’ = {z} x P? of pj is isomorphic to P? and is a hyperplane section of
a fiber of p), that is of a linear P3, hence each fiber of pj is a linear P? in PM. Since, by definition,
OX3(1) = OX4(1)\X37 we deduce that OX3(1)|F’ = OP2(1). Let H1 = WTOI[Dl(l),HQ = WSOPz(l). If
G € |Ox;(1)], we can write G = uH; +vHj for some positive integers u, v. Now, Op2(1) = Ox,(1)|pr =
Ox,(uHy + vHz) ) xp2 = Op2(v), so that v = 1. Let x = (z1,72) € X3 & P! x P? be a general point
and let [R] € Fy(P?, x3). Then

{1} xR)-G= ({z1} X R) - (uH1 + H2) =1

so that [{z1} x R] € F1(X3,x). Therefore, F;(P? x3) C F(X3,7), and we get the contradiction
dim F} (X3, 2)) > 1. This proves the claim and concludes the proof. 0

We also observe that (a)-(d) cannot mix when n > 4, with one well-known exception.

Lemma 3.7. Let X C PV be a smooth irreducible variety of dimension n > 4. Then (X,Ox (1)) can
be only one of (a), (b), (c) in Proposition 3.6. Moreover, if (X,Ox(1)) is as in (d), then it is not as
in (a) or (c), while it is as in (b) if and only if (X,O0x (1)) = (P? x P?, Op2(1) X Op2(1)).

Proof. Assume that (X,Ox(1)) is as in (a) and as in (b) (or (c)). Let p : X — B be the morphism
giving the P"~2-bundle over a smooth surface in case (b) or the hyperquadric fibration over a smooth
curve in case (c). Let # € X be a general point and let z € P"~! C X. Then we have that the morphism
pjpr-1 P! — B must be constant because dim B < 2 < n — 1. Therefore P* ! is contained in a
fiber of p, a contradiction both in case (b) and in case (c), since a general fiber is a smooth irreducible
quadric.

Now, assume that (X,Ox(1)) is as in (b) and (c). Let p : X — B be the morphism giving the
P"~2-bundle over a smooth surface, let © € X be a general point and let € Q,—1 C X. Then we have
that the morphism pyg,_, : @n—1 — B must be constant because dim B = 2 < n — 1. Therefore Q1
is contained in a fiber of p, a contradiction.

Finally, if (X,Ox(1)) is as in (d) and one of (a), (b) or (c), then p(X) > 2, hence the classification
of Del Pezzo manifolds (see for example [LP, pages 860-861], [Fujl, Table, page 710]) implies that
(X,0x(1)) = (P? x P2, Op2(1) X Op2(1)). O

3.3. Fivefolds and adjunction theory. We now collect some definitions and standard facts in ad-
junction theory, that we recall for completeness’ sake.

Definition 3.8. Let X C PV and assume that there exists a surjective morphism with connected fibers
¢ : X — B, over a normal variety B of dimension m such that Kx + (n —m + ¢)H = ¢*L and L is
ample on B. We say that (X, Ox(1)) is a scroll over B if ¢ = 1, a quadric fibration over B if ¢ =0, a
Del Pezzo fibration over B if ¢ = —1.

It is well known that, when n > 4, the definition of quadric fibration coincides with the one given in
Definition 3.5, see for example [Lan, Lemma 1 and Prop. 2].
If Kx is not nef, consider the nef value of (X, H) (see [BS, Def. 1.5.3])

T=7(X,H)=min{t € R: Kx + tH is nef}
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and the nef value morphism, defined for m > 0 by
Or = ¢T(X7 H) = Pm(Kx+rH) ¢ X - X"
We recall that (¢,).Ox = Ox, see [BS, Def. 1.5.3].

In dimension 5 we have.

Lemma 3.9. Let X C PV be a smooth irreducible fivefold such that dim Fy(X,z) > 1 on a general
point x € X. Let H € |Ox(1)|, let T be the nef value of (X, H) and let ¢, be the nef value morphism.
Then (X,0x (1)) is only one of the following:

( (P, Ops(1)).

(@5,00;(1)).

A linear P*-bundle over a smooth curve.

A Del Pezzo 5-fold, that is Kx = —4H.

A quadric fibration under ¢, : X — X' over a smooth curve.

A linear P3-bundle over a smooth surface.

A Mukai variety, that is Kx = —3H.

A Del Pezzo fibration under ¢, : X — X' over a smooth curve with 7 = 3.

A quadric fibration with equidimensional fibers under ¢, : X — X' over a smooth surface.
A linear P?-bundle under ¢. : X — X' over a smooth threefold with T = 3

EEE’&’«?????

Hp, = O]p4(1), 1<i<t.
Moreover, in cases (d.1)-(d.4) we have that ¢, contracts any line L such that x € L C X.

Proof. Let x € X be a general point and let [L] € F} (X, z). By hypothesis we have
1 S dim[L] Fl(X,a:) = —KX -L -2

so that Kx - L. < —3. Hence Ky is not nef and then 7 > 3. Also, if 7 = 3, then Kx - L. = —3, hence
m(Kx +3H) - L = 0 for every m > 1. Therefore Kx + 3H is nef and not big, since the associated
morphism contracts L to a point. In particular also ¢, contracts L to a point. This proves the last
assertion of the lemma.

We now continue the proof.

By [BS, Prop. 7.2.2] we have that either we are in case (a), or 7 = 5 and we are in cases (b.1) or
(b.2) or 7 <5 and Kx + 5H is big and nef. In the latter case Kx + 5H is ample by [BS, Prop. 7.2.3]
and 7 < 4 by [BS, Prop. 7.2.4]. Moreover [BS, Prop. 7.3.2] gives that Kx + 4H is ample unless 7 = 4
and either we are in one of the cases (c.1)-(c.3) or (e) (for (c.3) use also [SV, Thm. 0.2] and for (e) use
also [SV, Thm. 0.3 and Rmk. 1]). Next if Kx +4H is ample then 7 < 4 and (X, Ox(1)) is isomorphic
to its first reduction (see [BS, Def. 7.3.3]). Therefore [BS, Prop. 7.3.4] implies that 7 = 3, so that, as
above, Kx + 3H is nef and not big. It follows from [BS, Prop. 7.5.3 and Thm. 14.2.3] that either we
are in one of the cases (d.1)-(d.3) or (X, Ox(1)) is a scroll under ¢, : X — X’ over a normal threefold.
Finally, in the latter case, we are in case (d.4) by [BS, Prop. 14.1.3 and Prop. 3.2.1]. O

4. GENERALITIES ON GLOBALLY GENERATED BUNDLES

We collect here some notation and results about globally generated bundles, that will be used through-
out.

Definition 4.1. Let £ be a rank r globally generated vector bundle on X. We define the map deter-
mined by £ as

d=dc: X - G(r—1,PHE)).
For any point x € X, we will denote the fiber of ® by
Fp =271 ((x))

and we set ¢(€) for the dimension of the general fiber of ®g¢.
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We recall that, considering the map g : A"H9(£) — H°(det &), one gets a commutative diagram

(4.1) X % Gr—1,PHO(E))

l‘ﬂlm)\éﬂ \L\Pg

PImAeC——= PA"HO(€)

where Pg is the Pliicker embedding. In particular this implies that
(4.2) d(€) =n—v(det€)

where v(det £) is the numerical dimension of det €.
We will also use degeneracy loci.

Definition 4.2. Let ¢ : £ — F be a morphism of vector bundles of ranks e, f on X. For any k € Z
with 0 < k < min{e, f} we denote the k-th degeneracy locus of ¢ by Dy (), that is

Di(p) ={x € X :rankp(z) < k}.

Remark 4.3. Degeneracy loci have a natural scheme structure, given locally by the vanishings of the
(k4+1) x (k4 1) minors of the matrix defining ¢(x). Equivalently [Las, §(2.1)], the ideal sheaf of Dy ()
is the image of the morphism A*T1€ @ AFH1F* - Oy induced by A**le.

We observe that, in the cases we are interested about, degeneracy loci move on X.

Lemma 4.4. Let € be a globally generated rank r vector bundle on X with c,(E) # 0, for some k > 1.
Let x € X be a general point. Suppose that either k =1 or k <r —1 and H'(Ox) = 0. Then there is

(r4+1—k)

a morphism ¢ : (’)?? — & such that D,_i(p) is reduced of pure codimension k and x € Dy_i(p).

Proof. Since ci(E) # 0, we have that k < min{r,n}. When k = r we will call it the top case. Suppose
first that we are in the top case and consider the incidence correspondence

T ={(y,[0]) € X xPH (&) :y € Z(0)} € X x PH(E).

Set t = hO(€). Since € is globally generated, we have that ¢ > r+1, for otherwise &€ = OF", contradicting
c-(£) # 0. Also, for every y € X, we get that h® (JT1yy/x ®E) = t—r and every fiber of the first projection
m : J — X is isomorphic to PH 0(j{y} /x ® £) = P!="=1. Hence 7 is surjective and J is irreducible
of dimension n + ¢ —r — 1. Now, the second projection 73 : J — PH?(E) = P! has general fibers
isomorphic to Z (o), which is reduced of pure codimension r by [BLV, Lemmas 4.1 and 3.5]. Therefore
also my is surjective and it follows that we can find a general ¢ € H%(E) with x € Z(o) = Dy(i), where
p: O;.?(Hl_k) — £ is the morphism associated to . Thus, the top case is proved.

Now assume that &k < r—1and let &’ = min{l > k : ¢;11(€) = 0}, so that ¢/ () # 0, cpr41(E) = 0 and
k' <r. Let V' € H°(E) be a general subspace with dim V/ = r+1—&’. Choose a general subspace V' with
V'cV c H%&) and dimV = r +1 — k. Then we have morphisms ¢’ : V'@ Ox — £, ¢: V@ Ox — &,
and clearly D,_x/(¢") C D,_i(¢). Hence we will be done if we prove that

(4.3) for a general subspace V' as above, we have that z € D,_p(¢').

In fact, (4.3) implies that D,_j(¢) is nonempty, hence reduced of pure codimension k by [Ba, Statement
(folklore)(i), §4.1] and = € D,_(¢).
We now prove (4.3). If ¥’ = r we are done by the top case. Next, assume that £’ < r — 1. Choose
a general subspace V" ¢ H%(&) with dim V" = r — k’. We get a morphism ¢” : V' ® Ox — &£ and an
exact sequence
0-V"'®0x -E—-F—=0

where F is a rank &’ vector bundle on X, since cp1(€) = 0, hence D, _p_1(¢”) = 0 by [BLV, Lemma
4.1]. Moreover, since H'(Ox) = 0, we have an exact sequence
0— V"= HE)-SHYF) — 0.

Now, ci(F) = ¢ (E) # 0, hence, by the top case applied to F, we can find a general 7 € H°(F) with
r € Z(1). Now let ¢ € H°(E) be such that a(c) = 7 and let V' = (V" o) ¢ H°(E). We have by
construction that Z(7) = D,_j/(¢') and we are done. O
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In the sequel, we will be interested in vanishing of some Chern classes. We first show the following,
probably well-known, fact.

Lemma 4.5. Let £ be a globally generated vector bundle on X. Then the classes Hle ci(E)™ are
effective for all integers k> 1,m; > 1,1 <13 <k.

Proof. We argue by induction on m := Zle m;. If m = 1, the claim is known. For the inductive

step, we consider the class ¢;(£) - Hle ¢i(E)™ for some integer j > 1 and we can assume that o :=

Hle ci(E)™ is effective. If o = 0, then ¢j()a = 0 is effective. Otherwise, we have that a =
S L an[Wh], where a;, > 1 and each W}, is an integral codimension m subvariety. Since ¢;(€) - a =
S _Lanci(E) - [Wy], it is enough to show that ¢;(£) - [Wy] is effective for each h. To this end, set
W = W, and let i : W < X be the inclusion. Since i*€ is globally generated, we have by [Ful,
Ex. 14.3.2(d)] that ¢;(i*€) is effective on W, hence so is i, (¢;(i*E)) on X. Now, the projection formula
[Ful, Thm. 3.2(c)] gives

ix(¢; (7)) = ix(c; (I7E) - [W]) = ¢5(&) - is([W]) = ¢;(E) - [W]
hence our claim. O

Lemma 4.6. Let £ be a globally generated bundle on X. We have:

(i) If c1 () =0, then c1(E)%ca(E) = c1(E)e3(E) = ca(E) = c2(E)? = 0.
(ii) If(CQ)(5)2 = 0, then c1(£)e3(E) = 0. Moreover, if c3(E) # 0, then c1(E)* = c1(E)%ca(€) =
Cq 8 =0.

Proof. Let H be a very ample line bundle on X and let r be the rank of £. To prove (i), we can assume
that n > 4, otherwise (i) clearly holds. Restricting to X4 = HiN...NH,_4, for H; € |H| general divisors,
we get a globally generated bundle £ := &x, on Xy with ¢1(€')* = c1(Ex,)* = c1(E)*H"* = 0. It
follows from [DPS, Cor. 2.7] that ¢1(E')%e2(E") = c1(E)e3(E) = c2(E')? = c4(E') = 0. Thus,

c1(E)2c(E)H ™ = c1(E)e3(E)H" 4 = p()2H" = c4(E)H" 4 =0

hence (i) follows from Lemma 4.5. Next, to prove (ii), the conclusion being obvious if n < 3, we assume
that n > 4 and that cp(€)? = 0. With the above notation, we have that co(€’)2 = 0. Consider the Schur
polynomial $(2,2.0,0)(E") = c2(E')* — c1(E)es(E') = —c1(E')es(E'). We have by [DPS, Thm. 2.5] that
5(2,2,0,0)(E") > 0, hence ¢1(€")c3(£') < 0. On the other hand, ¢1(£)e3(E’) > 0, since det £ is globally
generated. Therefore ¢1(E')e3(E’) = 0 and, as in the proof of part (i), we get that ¢1(&)c3(E) = 0. Now,
assume that c3(£) # 0, so that 7 > 3 and c3(&’) # 0: In fact if c3(£’) = 0, then c3(£)H™* = 0, hence
c3(€) = 0 by Lemma 4.5. We first show that there is a rank 3 globally generated bundle G on X’ such
that c3(G) = c3(£). In fact, if r = 3, we just set G = £". If r > 4, let V' € H°(E') be a general subspace
of dimension r — 3 and let ¢’ : V' @ Ox — &’ be the associated morphism. Since c¢4(E’) = 0, we have
that D,_4(¢’) = 0 by [BLV, Lemma 4.1]. Hence rank ¢'(z) = r — 3 for every z € X’ and we get an
exact sequence

(4.4) 0>V ®0x =& —-G—0

where G is a rank 3 bundle on X’. It follows that G is globally generated and c3(G) = ¢3(£’). In
particular, ¢3(G) # 0 and Lemma 4.4 implies that, given a general point z € X', we can find a general
o € H°(G) with € Z(o). On the other hand, we have by [BLV, Lemma 4.1] that [Z(0)] = c3(G) =
c3(&') and therefore det & - Z(o) = ¢1(E")e3(E') = 0. Since det &’ is globally generated, this means
that the curve Z(o) is contracted by the morphism pgeer : X' — PH?(det £'). Therefore, the general
fiber of @get e has positive dimension and this implies that ¢1(£”)* = 0, hence ¢;(£)* = 0. Finally, we
conclude by applying (i). O

Remark 4.7. Even in the Ulrich case, Lemma 4.6(ii) is sharp, in the sense that there are Ulrich bundles
£ (hence, in particular, globally generated bundles) with c2(£)? = ¢c3(€) = 0 and ¢ ()" > 0. See
Lemma 7.3 or [BLV, Ex. 10.1].
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5. GENERALITIES ON ULRICH VECTOR BUNDLES

We will often use the following well-known properties of Ulrich bundles

Lemma 5.1. Let £ be a rank r Ulrich bundle on X C PN. We have:
(i) & is globally generated and aCM.

(ii) det& is globally generated and it is not trivial, unless (X, Ox(1),€) = (P™, Opn(1), Opr).
(ili) If (X, 0x(1)) = (P",Opn(1)), then € = OF .
(iv) &x,_, is Ulrich on a smooth hyperplane section X, 1 of X.
(v) a(E)H" ' =5[Kx + (n+ 1)H]H" L.
(vi) If n > 2, then ca(E)H" % = L[c1(€)* — c1(E)Kx]H" 2 + LK% + ca(X) — %HQ]H"_Q.
(vii) If n > 3, then
n—3 n—3 1 3n—3 1 2 n—3
Cg(g)H :Cl(S)CQ(S)H — gcl(ﬁ) H + 5[61 (5) — 202(5)]Kxﬂ
2
— %61(5)[K§( + CQ(X)]HTL_?) + %Kch(X)Hn_S + Tn(nQ—Zl)d

(viii) EY(Kx + (n+ 1)H) is Ulrich on X.

Proof. For (i)-(ii) and (v)-(vi), see for example [LR1, Lemma 3.1], for (iii)-(iv) see [Be, (3.1), (3.4)], for
(viii) see [BLV, Lemma 5.1(ix)]. As for (vii), we have Kx, = Kx|x, + (n —i)H|x,. Moreover, using the
exact sequences, for 3 < i <n —1,

0— TXi — (TXi+1)|Xi — H\Xi —0
we get by induction that
(n—i+1)(n—1)

e(Xi) = e2(X)yx, + (n — ) Kx|x, Hix, + 5 Hi,
hence
(n—2)(n—3)
(5.1) CQ(Xg) :CQ(X)|X3 —|—(TL—3)KX|X3H|X3 —l-lesz.
Now (vii) follows from [BMPT, Prop. 3.7(b)], (5.1), (v), (vi) and Riemann-Roch x(Ox,) =
— 51 K x,c2(X3). O

Definition 5.2. Let £ be a vector bundle on X C PV. We say that (X,0x(1),€) is a linear Ulrich
triple if there are a smooth irreducible variety B of dimension b > 1, a very ample vector bundle F and
a vector bundle G on B such that

(5.2) (X,0x(1),&) = (P(F), Op(r)(1), 7 (G (det F)))
where 7 : X = P(F) — B is the projection and
(5.3) HI(G®S*F*)y=0forallj >0,0<k<b—1.

Note that when (X,0x(1),€) is a linear Ulrich triple, then £ is an Ulrich bundle on X by [Lo,
Lemma 4.1].
Next, we recall some definitions and facts in [LR1].

Definition 5.3. Let n > 2 and d > 2. Let £ be a rank r > 2 Ulrich bundle on X < PV. Let
V C H°(€) be a subspace of dimension r — 1 such that, if ¢ : V ® Ox — & is the associated morphism
and Z = D,_2(yp), then Z satisfies the following conditions (in particular these hold, by [Ba, Statement
(folklore)(i), §4.1], if V is a general subspace of H°(£)):

(a) Z is either empty or of pure codimension 2,

(b) if Z # () and either r = 2 or n < 5, then Z is smooth (possibly disconnected),

(c) if Z # 0 and n > 6, then Z is either smooth or is normal, Cohen-Macaulay, reduced and with

dim Sing(Z) = n — 6.

We call Z an Ulrich subvariety associated to £. We say that Z is general if V is a general subspace of
HY(E).
Remark 5.4. Let Z C X be any subvariety satisfying (a)-(c) above and (i)-(vi) of [LR1, Thm. 1]. It
follows from [LR1, Thm. 1] that there is an Ulrich bundle £ such that Z is associated to £.
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We include two useful lemmas on the g-ampleness of the determinant of an Ulrich bundle.

Lemma 5.5. Let & be an Ulrich bundle on X C PN. Then det& is not g-ample if and only if X
contains a linear space M C PN with dim M = ¢+ 1 and & is trivial.

Proof. Observe that det £ is globally generated by Lemma 5.1(ii). If X contains a linear space M C PV
with dim M = ¢ + 1 and &) is trivial, then (det &)y, is trivial, hence the morphism pgere @ X —
PHO(det £) has a fiber F containing M. Therefore, dim F' > ¢ + 1 and det £ is not g-ample by Remark
3.2. Vice versa, assume that det £ is not g-ample. Then, again by Remark 3.2, pg4et ¢ has a fiber M’ with
dim M' > ¢ + 1. Now det(&p) = (det £)|pp is trivial, hence so is &)y, since it is globally generated.
Consider the map A\g : A"H?(E) — HY(det £) and the factorization

X 2L e e(X) C PHO(det &)

PlImAg| if
Plimre|(X) C [ImAg]

where f is a finite projection. It follows from [LMS1, Lemma 2.10] and (4.1) that the fibers of o)y |
are linear spaces, hence in particular they are connected. Therefore f is a bijection and the fibers of
®m»g| coincide with the fibers of pqete. Then, we have that M "is a linear space in PV contained in
X and choosing a linear space M C M’ with dim M = ¢ + 1, we find that &\ n s trivial. g

Remark 5.6. In the Ulrich case, one can recover the last statement of Remark 3.2 in the following way:
If £ is g-ample, then det £ is also g-ample, for otherwise, by Lemma 5.5, X contains a linear space
M c PN with dim M = ¢+ 1 and &y s trivial, contradicting [LR2, Thm. 1].

Lemma 5.7. Let X C PN be a smooth irreducible variety of dimension n, let B be a smooth irreducible

variety of dimension m and let 1 : X — B be a flat morphism with connected fibers. Assume that
Pic(F) = ZOp(1) for every fiber F' of . Then Pic(X) = ZOx (1) @ 7* Pic(B).

Also, if € is an Ulrich bundle on X, we have:

(i) If det & is not m-ample, then m < "T_l and there is a vector bundle H on B such that £ = 7*H.

(i) If det & is not (m — 1)-ample, then m < 5 and either there is a vector bundle H on B such that

= 1*H or B =2 P™. Moreover, in the latter case, there is a linear space M = P M C X

such that M is a k-section of m with k < deg F' for every fiber F' of m and &y is trivial.

Proof. Since 7 is flat and the fibers F' are connected, we have that dim F' = n — m > 1. Moreover, if
F' is another fiber, we have that deg F = H" ™F = H" ™F’ = deg F'. Now let £ € Pic(X), so that
Lip = Op(lF) for some lp € Z. We have

lpdeg F = H" ™ ILF = HV ™ 1LF = lp deg F'

and therefore Ip = lpr. Setting | = lp, we get that (£ — ZH)|F =~ Op for every fiber F' and then
[Vak, Prop. 25.1.11] implies that there is a line bundle L on B such that £ — [H = 7*L. Thus
Pic(X) = ZOx (1) + n* Pic(B). Also, if Ox(a) € 7" Pic(B), then Ox (a)r = OF and therefore a = 0.
This proves the first statement of the lemma. Now assume that det £ is not m-ample. Then Lemma 5.5
gives a linear space M = P™*! M C X such that & n is trivial. Since )y, ¢ M — B must be constant,
there is a fiber F' such that M C F. In particular we have that m +1 < n —m, that is m < "Tfl Also,
we can write det & = aH + 7*L, for some a € Z, L € Pic(B). Now

Onm = (det &)y = ((det &) ) v = Onr(a)

and therefore ¢ = 0. Hence det £ = 7* L and, since det £ is globally generated and non trivial by Lemma
5.1(ii), [Lo, Lemma 5.1] shows that there is a vector bundle H on B such that £ = 7*#. This proves
(i). Next, to see (ii), suppose that det & is not (m — 1)-ample. Then Lemma 5.5 gives a linear space
M = P" M C X such that &y is trivial. Then 75 : M — B is either constant or finite-to-one onto
B. In the first case, arguing as in the proof of case (i), we reach the same conclusion. In the second
case, we get from [Laz, Thm. 4.1] that B = P™ and, if k = deg s, then M N F consists of k points
and therefore, being M a linear space, k < deg F'. O
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We record the following simple consequence of Lemma 5.7 and [Lo, Lemma 4.1].

Remark 5.8. Assume, in the above lemma, that X is a linear P"~"*-bundle over B. We have:

(i) If det £ is not m-ample, then (X, Ox(1),€) is a linear Ulrich triple over B.

(ii) If det & is not (m—1)-ample, then either (X, Ox (1), ) is a linear Ulrich triple over B or B = P™
and there is there is a linear space M = P™, M C X such that M is a section of m and &)y is
trivial.

6. ULRICH BUNDLES WITH ¢1(£)* =0
In this section we will prove Theorem 1.

Proof of Theorem 1. If (X,0x(1),&) is as in (i) or (ii) of Theorem 1, then ¢;(£)* = 0 and £ is Ulrich in
the first case by [ES, Prop. 2.1] (or [Be, Thm. 2.3]), in the second case by [Lo, Lemma 4.1]. Moreover
c2(£) = 0 in (i) and ¢2(£)? = 0 in (ii) since, by definition of linear Ulrich triple, £ is pull-back of a
bundle on a variety of dimension at most 3.

Now assume that & is Ulrich and ¢;(€)* = 0.

In particular £ is globally generated by Lemma 5.1(i). If (X, Ox(1)) = (P™, Opn (1)), we are in case
(i) by Lemma 5.1(iii). Thus, we assume from now on, that (X, Ox (1)) # (P", Opn(1)). In particular, we
have that p(X) > 2, for otherwise ¢1(£)* = 0 implies that ¢;(€) = 0 and then (X, Ox (1)) = (P, Opn (1))
by [Lo, Lemma 2.1].

If n > 6, we can repeat the proof of [LS, Cor. 4] using now the fact that c;(€)* = 0 and that
4 < [§] + 1. It follows from that proof that (X,Ox(1),£) is as in (ii).

Next, suppose that n = 5.

If ¢1(€)3 =0, [LS, Cor. 4] implies that (X, 0x(1),€) is as in (ii).

Therefore, we can henceforth assume that ¢;(€)% # 0 and then v(det£) = 3. By (4.2) we get that
(&) = 2. Recall that, in the notation of Definition 4.1, for every u € X, the fiber F;, C X of ® is a
linear subspace of PV by [LMS1, Lemma 2.10]. Moreover, dim F,, > ¢(£) = 2 for every u € X. We
have

Claim 6.1. If dim F,, = 2 for every u € X, the (X,0x(1),&) is as in (ii).
Proof. Follows from [LMS1, Lemmas 2.10 and 2.12]. O

We can therefore assume that
(6.1) Jup € X : Fy, is a linear P*0. for some kg such that 3 < ko < 4.
Let z € X be general point. Since dim F, = ¢(€) = 2 we get that
(6.2) dim Fy (X, ) > 1

hence Lemma 3.9 applies and we are in one of the cases (a)-(e) of Lemma 3.9. Since p(X) > 2, cases
(a) and (b.1) are excluded. In case (b.2), [Lo, Lemma 5.2] gives that (X,Ox(1),€) is as in (ii). Case
(c.1) does not occur, since the classification of Del Pezzo manifolds (see for example [LP, pages 860-
861], [Fujl, Table, page 710]) implies, in the case of dimension 5, that p(X) = 1. Also, case (c.2)
can be excluded: In fact, it follows from [LMSI, Prop. 2.17] that (X, Ox(1),€) = (P! x Q,Op:(1) K
Oo(1),p*(G(1))), where p : P x @ — Q = Q4 is the second projection and G is a direct sum of
spinor bundles on Q. But [O, Rmk. 2.9] gives that any spinor bundle S on @ has ¢;(S) = M with
M € |Oq(1)|. Hence ¢1(G(1))* # 0, and therefore also ¢1(€)? # 0, a contradiction. As for case (c.3),
let h: X = P(F) — B be the bundle map and consider f, = h=(h(u)) for any u € X, so that f, is
a linear P? contained in X. We apply the Dichotomy Lemma [L.MS1, Lemma 2.14] to h. Note that
case (fact) of that lemma does not occur, for otherwise [LMS1, Lemma 2.16(iii)] gives the contradiction
P2 =~ [, = f,. Therefore we are in case (fin) of the Dichotomy Lemma, that is dim F, N f, = 0 for
every u € X. Consider Fy, in (6.1). Since Fy, ¢ fu,, we have that hp, @ Fy, = Pk — B is not
constant, thus it is finite-to one, a contradiction. In case (d.1), we have that (X,0x(1),€) is as in
[LMS1, Cor. 2(ii-2) or (ii-3)]. It follows from the proof of [LMS1, Cor. 2] in these cases that we have
anyway a linear Ulrich triple over P2 or @3, thus again case (ii). Observe now that case (e) does not
occur by [LMS1, Prop. 2.18].
Hence, we are left with cases (d.2)-(d.4).
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In order to study them, we will apply the Dichotomy Lemma [LMS1, Lemma 2.14] to h = ¢.. We
first observe the following.

Claim 6.2. In cases (d.2), (d.3) and (d.4), case (fin) of the Dichotomy Lemma [LMS1, Lemma 2.14]
does not hold for ¢.

Proof. Suppose that case (fin) holds for ¢, and let L be any line such that x € L C F,. We know by
Lemma 3.9 than h(L) = ¢,(L) is a point, so that L C f, N F,, a contradiction. O

Therefore the Dichotomy Lemma [LMS1, Lemma 2.14] with h = ¢, gives that
(6.3) F, C f, for every u € X

and we have a commutative diagram

P

(6.4) X 2. 5(X)

| A

X/

For any u € X, set T\, = L (h(u)) \ {®(u)}. Note that, for every u € X, dimT, = 2 in case (d.2) and
dim 7}, > 1 in case (d.3). We also get that, set-theoretically,

(6.5) fu=F,u || o7'@).

teTy

Now,
Claim 6.3. Cases (d.3) and (d.4) do not occur.

Proof. In case (d.3), if € X is a general point, we have by (6.3) that F,, C f;. On the other hand,
F, is a linear plane and f, is a smooth quadric of dimension 3, a contradiction. In case (d.4), consider
F,, in (6.1), so that F,, C f,, by (6.3), a contradiction since dim f,,, = 2. O

It remains to exclude case (d.2).
Claim 6.4. Case (d.2) does not occur.

Proof. Let f, be a smooth fiber of h = ¢,, so that f, is a smooth Del Pezzo 4-fold. If Pic f, = Z,
it follows from [LMSI, Lemma 2.16(iii)] that F,, = f,, a contradiction since F, is a linear space.
Therefore, the classification of Del Pezzo manifolds (see for example [LP, pages 860-861], [Fujl, Table,
page 710]) implies, in the case of dimension 4, that f, = P? x P? and H|;, = Op2(1) K Op2(1), that is
fu is embedded in P® by the Segre embedding, hence with deg f, = 6.

Consider (6.1) and set V = f,, and N = F,,. It follows from [Fuj2, (1.5)] that V is embedded by
Hyy in P® with degree 6. Hence [Fuj2, (4.6)] gives that V' is a reduced, irreducible normal 4-fold and it
is of type (vu) in [Fuj3, Thm. (2.9)]. Moreover (6.3) gives that

(6.6) NcVcp®

hence, in particular, since V is irreducible, N is a linear space of dimension 3. Consider (6.5) and set
T =Ty, P = ®~(t), for any ¢ € T. Then P, is a linear space of dimension k; with k; € {2,3} (since V
is irreducible) and there is a nonempty open subset U C T such that k; = 2 for every t € U. Moreover,
set-theoretically, we have

(6.7) V=Nul| |P.

teT
Since P2 x P? does not contain any subvariety isomorphic to P3, it follows from (6.6) that V is singular.
The plan is to reach a contradiction by applying to V' the arguments in [Fuj3].

Note that V' is not a cone by [Fuj2, page 232]. Since V is of type (vu) in [Fuj3, Thm. (2.9)], it follows
from [Fuj3, (6) and (10)] that V' C W, where W is a cone, with vertex a plane R, over a 2-Veronese
surface M = W N L, with L a linear space of dimension 5 disjoint from R. We consider the projection
7 : P8\ R — L and the corresponding morphism 7 : P® — L obtained by blowing up R. Given any
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subvariety G C P8, we will denote by 7(@) the image 7(G) of the strict transform of G. Note that,
when G is a linear space, so is m(G). Let t € U, so that we know that P, is a plane. If R C P,, we
have that R = P; and this can happen for at most one ¢t € U, since the F;’s are disjoint. We get a
surface U = {t e U : R # P;}. Let now t € U'. If RN P, = (), then 7(F;) is a plane contained in M, a
contradiction. If RN P, is a point, then 7(P;) is a line contained in M, again a contradiction. Therefore
RN P, is aline for every t € U'. But if t’ € U’,t' # t, the two lines RN P;, RN Py are both contained
in the plane R, giving rise to the contradiction § # (RN P) N (RN Py) C P,N Py = 0.

Therefore case (d.2) is excluded. O

This concludes the proof of the theorem for n > 5.

For (iii)-(iv), assume n = 4 and ¢;(€)* = 0, so that c2(£)? = 0 by Lemmas 5.1(i) and 4.6(i). If
c2(€) = 0 and r > 2, then we are in case (iii) by [BLV, Thm. 2]. Now suppose that c3(€) # 0. Since
c1(£)* = 0, then & is not big by [LM, Rmk. 2.2]. Therefore [LMS1, Thm. 1] applies and we get cases
(ii1) and (iii)-(x) of [LMSI1, Thm. 1], hence (X, Ox(1),€) is as in (iv).

This concludes the proof of the theorem. O

7. IMPORTANT RESULTS WHEN c3(£)? =0

In this section we will prove several technical results that constitute the heart of the paper.
The following lemma will be crucial in several proofs.

Lemma 7.1. Let n > 4,d > 2 and let € be a rank r globally generated bundle on X C PN. Assume
that co(E) # 0,c2(E)? = 0 and det £ is (n—4)-ample. Then ¢;(€) = 0 fori > 3 and there is a morphism
with connected fibers p : X — C onto a smooth curve C. Moreover, we have:

(i) Let Z = Dy_a2(yp), for a general morphism ¢ : (’)g’?(rfl) — &. Then Z = ZNY is a smooth
complete intersection of two divisors on X, with Y € |det &| smooth irreducible and Z = p*A
for some effective globally generated divisor A on C.

(ii) If € is Ulrich and Z is a general Ulrich subvariety, then

H(Ox(Y —jH—-2))=0forj>1,0<i<n-2.

Moreover, if H(Ox (=Y + Z)) = 0, then H*(E(=Y + Z)) # 0 and if H*(Ox (=Y + Z)) = 0,
then hO(E(-Y + Z)) = 1.

Proof. Since det & is globally generated and (n—4)-ample, using Remark 3.2, we have that ¢; (£)*H" 4 >
0 by [BS, (2.1)], hence ¢3(£) = 0 by Lemma 4.6(ii) and then ¢;(£) = 0 for ¢ > 3 by [BLV, Lemma 4.1].
Note that r > 2, since c2(€) # 0. Using [BLV, Lemmas 4.1 and 4.5], we find that Z is nonempty and
there is an irreducible divisor Y € |det &| containing Z. Since Y = D,_1(v), where ¢ : W ® Ox —
E,W c H°(E) a general subspace of dimension 7, it follows that both Z and Y are smooth. In fact,
suppose that Z (respectively V) is singular. Then [Ba, Statement (folklore)(i), §4.1] implies that r > 3
and D,_3(p) (respectively D,_o(1))) is nonempty of the expected codimension. On the other hand,
Porteous’ formula (see for example [EH, Thm. 12.4]), gives that [D,_3(p)] = c3(E)? — c2(E)ca(E) = 0
(respectively [Dy_o()] = c2(£)? — ¢1(€)e3(€) = 0), a contradiction. Therefore Z and Y are smooth.

Hence, [BLV, Lemma 4.5] also gives that Oy (Z) is globally generated and Z? = 0 so that we get,
upon passing to the normalization if needed, a morphism p’ : ¥ — C’ onto a smooth curve C’ and
Z = (p')*A’ for some effective globally generated divisor A’ on C’. Now, p’ extends to a morphism
p1: X — C" by [BS, Thm. 5.2.1] since Y is (n — 4)-ample. Moreover, passing to the Stein factorization
p: X — C,g:C — C' of p, we have that p has connected fibers, and then, if we set Z = p*(g*A’), we
also get that Z = Z N'Y is a smooth complete intersection of two divisors on X. This proves (i). As
for (ii), assume now that & is Ulrich, let j > 1 and let ¢ € {0,...,n — 2}. Then the Eagon-Northcott
complex gives an exact sequence

0 — O (—j) = E(=f) = Tpyx (Y — jH) =0

where we have H“’l(Og?(T*l)(—j)) = 0 by Kodaira vanishing and H*(€(—j)) = 0 for i = 0 by definition
of Ulrich and for ¢ > 1 since € is aCM by Lemma 5.1(i). It follows that

(7.1) H(T/x(Y — jH)) =0.
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Now, the exact sequence

0= Ox(—jH —Z) = Ox(—jH) = O5(—jH) = 0
shows that H'(O5(—jH)) = 0 since H"(Ox(—jH — Z)) = H(Ox(—jH)) = 0 by Kodaira vanishing
because Ox(Z) is globally generated. We deduce from the exact sequence

0= Ox(Y —jH—-Z) = Jzx(Y — jH) = O4z(—jH) = 0

that H/(Ox(Y — jH — Z)) = 0. To finish the proof of (ii), assume that H'(Ox(-Y + Z)) = 0. From
the exact sequence
0= Ox(=Y +2) = Tzx(Z) = Oy =0

we deduce that H(7,x(Z)) # 0. Now, the exact sequence
0= Ox(=Y +2)%0 Y 5 &(-Y +Z) - Tyx(Z) > 0

allows to conclude that HY(£(-=Y + Z)) # 0. Also, if H*(Ox (=Y + Z)) = 0, then h°(E(-Y + Z))
h(Tz/x(Z)) = h%(Oy) =1, that is (ii).

Ol

We now prove Corollary 1.

Proof of Corollary 1. First note that d = deg X > 2 by Lemma 5.1(iii), since co(€) # 0. Moreover, & is
globally generated by Lemma 5.1(i) and det £ is globally generated and non trivial by Lemma 5.1(ii),
since c2(€) # 0. Suppose first that det € is (n — 4)-ample. Then £ is not (n — 4)-ample if r» > 3, for
otherwise, since ¢3(€) =0, if ¢ : (’)??(T_Q) — £ is a general morphism, then D,_3(¢) = (. On the other
hand, the same proof of [Tu, Thm. 6.4(a)] gives that D,_3(p) # (. Moreover, we are in case (ii) by
Lemma 7.1(i) and p(X) > 2. If det £ is not (n — 4)-ample, we are in case (i) by Lemma 5.5. It follows
that £ is not (n — 4)-ample by Remark 3.2 and p(X) > 2, for otherwise det £ is ample, a contradiction.
Next, suppose that c3(€) # 0. To see (i1)-(i2), note that ¢1(€)* = 0 by Lemmas 5.1(i) and 4.6(ii). Now,
if n > 5, Theorem 1 applies with b = 3 since c3(€) # 0, hence we are in case (il). If n = 4, we get by
Theorem 1 that we are in one of the cases (iil) and (iii)-(x) of [LMS1, Thm. 1]. Moreover the cases
(iii) and (v2) of [LMS1, Thm. 1] are excluded since ¢3(€) # 0. This gives (i2). O

We now study the case on P*- bundles.

Lemma 7.2. Let B be a smooth irreducible variety of dimension b > 1 and let F be a rankn — b+ 1
very ample bundle on B with n > max{4,b + 2}. Let X = P(F) c PH°(H), where H = £ is the
tautological line bundle and let m : X — B be the bundle map. Let € be a rank r Ulrich bundle with
c2(E) # 0,c2(£)? = 0 and let det & = a& + 7* My for some My € Pic(B). If det & is (n — 4)-ample, then
c3(€) =0 and we have:

(i) 0<a<hb.

(ii) Ifa =0, (X,0x(1),E) is linear Ulrich triple over B.

(iii) If a = b, then b = 1 and there are a line bundle M and a rank r — 1 bundle G on B with
HY (M) = H(G) =0 fori >0, such that, if L =&+ m*M, then £ sits in an evact sequence of
Ulrich bundles

0—L—E&— " (G(det F)) — 0.

Vice versa, any vector bundle € in (iii) is a rank v Ulrich bundle with c2(€) # 0 and co(E)? = 0.

Proof. Note that d = deg X > 2, for otherwise c2(£) = 0 by Lemma 5.1(iii). Moreover, £ and det £
are globally generated by Lemma 5.1(i)-(ii), hence a > 0. If a = 0, then det £ = 7*M; so that [Lo,
Lemmas 5.1 and 4.1] imply that (X, Ox(1),&) is linear Ulrich triple over B. This proves (ii) and the
first inequality in (i). As for the rest, we will apply Lemma 7.1. We get that c¢3(£) = 0 and there is a
morphism with connected fibers p : X — C onto a smooth curve C. If F = P"~? is any fiber of 7, then
pir ¢ F'— C must be constant because n — b > 1, hence we can apply [D, Lemma 1.15(b)] and get a
morphism v : B — C such that p = v om. Also, it follows from Lemma 7.1 that, if Z is a general Ulrich
subvariety associated to £, there are divisors Y € |det £] and A on C such that, if Z = p*A, then

H (Ox(Y —jH—-2Z))=0for j>1,0<i<n-—2.
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Hence, setting My = ¢*(Oc(A)) and M = M; — Ma, we find

(7.2) H'(Opry((a— j)é+7*M)) =0for j >1,0<i<n-—2.

For any j < n + a—b, we have that a — j > b — n, hence Rim,(Opr)((a — j)§)) = 0 for ¢ > 0, so that
(7.3)  H'(Opz)((a— j)& +7*M)) = H (m.(Op(r((a — §)§))(M)) for i > 0 and 1 < j < n+a—b.
Hence, observing that the latter vanish for ¢ > n — 1, combining with (7.2) we have that

(7.4) H'(Opry((a—j)é+7*M)) =0fori >0and 1 < j<n+a—b.

This implies that x(Op(r)((a — j)§ +7"M)) =0 for 1 < j <n+a—b. Now assume that b < a. Since
X(Op(r)((a —m)§ +m*M)) is a non-zero polynomial in m, it has at most n roots, while n +a —b > n,
a contradiction. This proves (i). If a = b, (7.4) shows that £ is Ulrich and (7.3) together with (7.2)
give that H'(M ® S*=7F) =0 fori > 0 and 1 < j < b. Moreover, observe that £ = Ox(Y — Z) and
HY(-L) = H'(—=b¢ — 7*M) = 0 because Rim,(—b¢ —7*M) = 0 for ¢ < 1. Hence Lemma 7.1(ii) gives
that H°(E(—L)) # 0 and we get an exact sequence

0=-L—=E—0—0

where Q is the quotient sheaf. Since £ and & are Ulrich vector bundles for (X,¢), then so is Q by
[CMRPL, Prop. 3.3.1]. Moreover, det @ = 7*Ms and then it follows from [Lo, Lemmas 5.1 and 4.1]
that Q = 7*(G(det F)), where G is a rank r — 1 vector bundle on B such that H*(G ® S*F*) = 0 for
alli > 0,0 <k <b—1. Also, ¢1(G(det F)) = My and ¢1(G(det F))? = M2 = 0. If b > 2, [LS, Cor. 5]
gives a contradiction. This proves (iii). The last assertion follows from [BLV, Ex. 10.1]. O

When (X, 0x(1)) is a linear P"~1-bundle over a smooth curve and n > 4, we will see that the Ulrich
bundles with c3(&) # 0, c2(£)? = 0 can be precisely classified.

Lemma 7.3. Let B be a smooth irreducible curve of genus g and let F be a rank n > 4 very ample
bundle on B. Let X = P(F) C PHY(H), where H = £ is the tautological line bundle and let 7 : X — B
be the bundle map. Let £ be a rank r Ulrich bundle with co(E) # 0 and co(E)? = 0. Then we have:

(i) If n>5 orifn =4 and det & is ample, there are a line bundle M € Pic9™*(B) with H'(M) =0
fori >0 and a rank r — 1 bundle G on B with H*(G) = 0 for i > 0 so that, if L =& +7*M,
then £ sits in an exract sequence

0—=L—E&—=n"(G(det F)) — 0.
Moreover, c¢3(€) =0 and (X,0x(1),€&) is as in [BLV, Ex. 10.1].

(ii) If n =4 and det & is not ample, then (X, 0x(1),E) = (P x P3, Op1 (1) K Ops (1), w3 (Ops (1)) "),
where w3 : X =2 P! x P3 — P3 s the second projection and c3(E) # 0.

Vice versa, any vector bundle £ in (i) or (i) is a rank r Ulrich bundle with co(E) # 0,c2(£)? = 0.

Proof. Note that c2(€) # 0 implies that (X,0x(1),€) is not a linear Ulrich triple over B and, by
Lemma 5.1(iii), that d = £” > 2. To see (i), assume that either n > 5 or that n = 4 and det £ is ample.
Observe that det £ is (n — 4)-ample, for otherwise n > 5 and det £ is not 1-ample, but then Remark
5.8(i) would give that (X,Ox(1),€&) is a linear Ulrich triple over B. Hence, we can apply Lemma 7.2
and we get that c3(€) = 0 and that (i) holds. Now, suppose that n = 4 and det £ is not ample. It follows
by Remark 5.8(ii) that B = P! and there is a line L C X such that mr L — P! is an isomorphism
and &, is trivial. Letting f be the class of a fiber we have that d = {" = deg F, f2=0,"1f=1and
Kx = —né+ (d—2)f. Writing det & = a§ + m; f, for some my € Z, and using £ - L = f- L =1 and
(det &) - L =0, we get that m; = —a. Now, Lemma 5.1(v) gives that

a(d—1) = a(§ = )" = e(€)¢" " = S(Ex + (n+ DO = S(E+ (@ - DN =r(d—1)

and therefore a = r and det £ = r({ — f). Note that £*(Kx + (n+ 1)) is Ulrich by Lemma 5.1(viii)
and

det(E(Kx + (n+1)§)) =r(d—1)f = 7" (Op1(r(d — 1)).
Since det(E*(Kx + (n + 1)&)) is globally generated and non trivial by Lemma 5.1(ii), it follows from
[Lo, Lemmas 5.1 and 4.1] that

(7.5) E'(Kx + (n+1)§) =7 (G(det F))
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where G is a rank r vector bundle on P! such that H(G) = 0 for every i > 0. Therefore G = Op1(—1)®"
and we deduce from (7.5) that

E=(E- )

0= = (3) € 1= (]) @

so that d = 4. Since F & @?:1 Opi(a;) with a; > 1 for every i, we get that a; = 1 for every i
and then (X,0x (1)) = (P! x P3,Op1(1) X Ops(1)). Now & — f = 75(Ops(1)) and we conclude that
£ = 75(Ops(1))®". Also, e3(€) = (3) [P x {z}] #0.

The last assertion follows from [BLV, Ex. 10.1] and [Be, (3.5)]. O

Hence

When n > 4 and (X, Ox(1)) is a quadric fibration over a smooth curve B, we will see that there are
no Ulrich bundles with cy(€) # 0, ca(E)? = 0, unless n = 4 and B = PL.

Lemma 7.4. Letn > 4 and let (X,Ox (1)) be a hyperquadric fibration w : X — B over a smooth curve
B. Let € be an Ulrich bundle with c2(£) # 0,c2(£)2 = 0. Then n = 4,det £ is not ample and B = P!,

Proof. First, observe that if n > 5, then det £ is (n — 4)-ample. In fact, if not, det £ is not 1-ample and
Lemma 5.7(i) implies that £ = 7*H and therefore c3(£) = 0, a contradiction.

Now assume that either n > 5 or n = 4 and det & is ample. Then det £ is (n — 4)-ample, hence
Lemma 7.1 gives a morphism with connected fibers p : X — C onto a smooth curve C. Let F' be any
fiber of m, so that Pic F' = ZOp(1) (see for example [BS, Cor. 2.3.4]). Then pp : F' — C must be
constant, otherwise there would be a non trivial line bundle N on F with N? = 0, a contradiction.
Hence p contracts all fibers of 7 to a point, so that [D, Lemma 1.15(b)] gives a morphism ¢ : B — C
such that p = 1 o w. Since p has connected fibers, it follows that v is an isomorphism and we can
assume that © = p.

Using Lemma 5.7, we have that

det& = cH + n*M;

for some M; € Pic(B) and set m; = deg M;. Since det & is globally generated and non trivial by
Lemma 5.1(ii), we have that ¢ > 1: Indeed, if L is any line in a fiber F', then 0 < det& - L = ¢ and if
c = 0 we have that ¢;(£)? = 0, giving, by [BLV, Lemma 4.2(i)], the contradiction cp(€) = 0.

Recall now from [Lan, §2] that F = m,Ox(H) is a rank n+ 1 vector bundle on B such that X can be
embedded fiberwise in P(F) as a divisor of numerical class 26+ (d—2e) F, where ¢ is the tautological line
bundle of P(F), F is a fiber of the morphism P(F) — B, §x = H,e =deg F and d = H". Moreover, if
g is the genus of B, we have as in [Lan, §2], that

F2=0, H"'F=2and Kx = —(n— 1)H + (d+ 29— 2 — e)F.

Furthermore, F is globally generated by [LMP, §3], hence, in particular e > 0.

We now claim that ¢ = 1. To this end, Lemma 7.1 gives that, if Z is a general Ulrich subvariety
associated to &, then Z = ZNY, for two divisors Y € |det & and Z € |7* M|, for some My € Pic(B).
Also, we have by Lemma 7.1(ii) that

H(Ox(Y —jH—-Z))=0for0<i<1landj>1
that is, setting M = My — Mo,
HY(Ox((c—j)H+r*M))=0for 0<i<1andj>1.
Since R'm.(Ox((c — j)H + 7*M)) = 0 because H'(Og(c — j)) = 0 on any fiber @, we find that,

(7.6) H'(m(Ox((c = j)H))(M)) =0 for 0 <i<1andj>1.
Setting j = ¢ in (7.6), we get that
(7.7) H'(M)=0fori>0

and in particular, setting mqo = deg My,

(7.8) my —mg =degM =g — 1.
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If ¢ > 2, setting j = ¢ — 1 in (7.6), we have that H*(F(M)) = 0 for i > 0 and therefore x(F(M)) = 0,
that is, using (7.8), e+ (n+1)(g—1) = (n+1)(g — 1), so that e = 0. Then, being F globally generated,
we have that F = Og(nﬂ), P(F) = B x P" with 7 = m; the first projection and { = 750pn (1),
where 79 is the second projection. Now let y € P and consider the section B x {y} C B x P". We
claim that B x {y} can meet X in at most one point. In fact, consider the restriction map H O(5)
HO(H). Since X ~ 2¢£ +7*N for some N € Pic(B), we have that H(¢ - X) = HY(—¢ — ) =
Moreover, h°(¢) = h%(F) = h(n H) = h°(H) and therefore the restriction map H°(¢ ) — HO( )
an isomorphism. It follows that the restriction to X of the morphism ¢ : P(F) — PHO(€) is the
embedding ¢p : X — PHY(H). Since ¢¢ contracts B x {y} to a point, it follows that B x {y} can meet
X in at most one point. Therefore

= (26 +dF)- (Bx{y}) =X (Bx{y}) <1
a contradiction since then d = 1 and therefore c3(£) = 0 by Lemma 5.1(iii). This proves that ¢ = 1.
Now, Lemma 5.1(v) gives

d+2my = (H+m F)H" ' = ¢ (§)H" ! = g(KX +(n+1)H)H" ! =
= S(@H+(d+29—2—)F))H" ' =r(2d+2g—2—¢)

and therefore

(7.9) my = §(r(2d+29—2—e) —d).
We now compute co(€)H" 2 using Lemma 5.1(vi). First

Using the standard exact sequences for Qp(r),p and Qp(r), we find that
(E)PH" 2 =d+4my, c1(E)KxH" 2 = —(d+2my)(n—1)+2(d +29 — 2 —¢)
K3H" 2=(n—-1)2d—4(d+29—2—¢)(n—1)

2
-3 4
(X)) = %fﬂ 4 (—243d—4de+2g+2n —dn+en — 2gn)HF
and then )
d(n®—3 4
co(X)H" 2 = din” —3n+4) — 4+ 6d — 8¢+ 4g + 4n — 2dn + 2en — 4gn.

2
Using the above, (7.10) and Lemma 5.1(vi), we find

1
2my = moH" 'F = c(E)H" % = 5(4 —3d+ 2e — 49 — 4r + 4dr — 3er + 4gr)

so that )
1(4 —3d + 2e — 49 — 4r + 4dr — 3er + 4gr).
Hence, using the above, (7.8) and (7.9), we see that

mo =

1 1
§(T(2d—|—2g—2—e)—d)—g+1:m1—g+1:mQ:1(4—3d+2e—4g—4r+4dr—3e7“+4gr)

that is d + e(r — 2) = 0, a contradiction since r > 2 because c2(&) # 0.
We therefore deduce that n = 4 and det £ is not ample. Now, observing that, as above, we cannot
have that £ 2 7*G, Lemma 5.7(ii) implies that B = P!. O

In the case n = 4, det £ is not ample and B = P!, we do have an example, that is the unique one if
c1(£)* = 0 by [LMS1, Prop. 2.17]. We don’t know if there are examples with ¢1(£)* > 0.

Ezample 7.5. If (X, 0x(1)) = (P! x Q3,0p1(1) K Og,(1)), then the first projection 71 : X — P! gives
a hyperquadric fibration. Let H be a direct sum of spinor bundles on @3 and let £ = 73(#(1)), where
7 : X — Q3 is the second projection. Then & is an Ulrich bundle on X with ¢;(€)* = 0 and c3(€) # 0.

When (X,0Ox(1)) is a linear P3-bundle over the plane, we will see that the Ulrich bundles with
c2(€) # 0,c2(£)? = 0 and det € is not 1-ample can be precisely classified.
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Lemma 7.6. Let F be a rank 4 very ample bundle on a smooth surface B. Let X = P(F) C PH°(H),
where H = £ 1is the tautological line bundle and let m : X — B be the bundle map. Let £ be a rank r Ul-
rich bundle with ca(E) # 0,c2(E)? = 0 and assume that det £ is not 1-ample. Then either (X, Ox(1),E)
is a linear Ulrich triple over B or B = P2, (X,0x(1),€) = (P? x P3, Op2(1) K Ops (1), 75 (Op3(2))®7),
where w3 1 X =2 P2 x P3 — P3 is the second projection and c3(E) # 0.

Proof. Assume that (X,O0x(1),€) is not a linear Ulrich triple over B. Since det & is not l-ample, it
follows from Remark 5.8(ii) that B = P? and there is a linear space P =2 P2, P C X such that P is a
section of 7 and &|p is trivial. Set ci(F) = ciHﬂim, 1 <i<2and R=7"Opz2(1), so that, if f is the
numerical class of a fiber of 7, we have

d=8 = ¢y, R®=0, R?=f, &f =1, ¢ R=¢; and Kx = —4¢ + (¢; — 3)R.

Write det £ = a§+bR. If L C P is aline, then, being (det £);p = Op, we see that 0 = det £- L = a+b,
and therefore b = —a. Since det £ is non trivial by Lemma 5.1(ii), we have

(7.11) det & = a(§ — R), with a > 1.

Now consider a line L C P2, so that FiL = @j‘:o Opi(a;) with a; > 1 for all ¢ since JFir is ample and
a1 +ag+az+as=cy (]-'|L) = c¢1(F) - L = ¢1. Therefore ¢; > 4 and equality holds if and only if a; = 1
for all 4. From (7.11) we find that
2

(712) (€)' = a'(¢ - Ry'e = A= VB8]
If ¢ = 4, then F = @?:0 Op1 (1) for any line L. It follows from [OSS, Thm. 1.3.2.1] that F =
Op2(1)®* and therefore co = 6 and (X, 0x(1)) = (P? x P3, Op2(1) K Ops(1)). Moreover (7.12) gives
that c1(£)* = 0 and then ¢;(£)* = 0, hence det & is not big. Since c1(£)3¢? = a®(€ — R)3¢? = a® > 0,
it follows from [LS, Cor. 4.9] that £ = 73 (Ops(2))®". Also, c3(€) = 8(5) [P? x {z}] # 0.

Next, we will show that we reach a contradiction if ¢; > 5.

Write co(€) = a€? + BER + ~f, for some «, 3,7 € Z. Since c2(£)? = 0 we get

(7.13) a%et 4+ B2 f + 20BE3 R + 20762 f = 0.

Intersecting in (7.13) with R, we deduce that

(7.14) alac; +268) =0

while, intersecting in (7.13) with &, we find, using (7.14), that

(7.15) 8%+ 2ay — c2a® = 0.

From (7.14) we have that either o = 0 or a # 0 and = —“* and therefore, using (7.15), either
c2(€) =f

or

e2(€) = (86 — derR + (4es = ) ).

On the other hand, from cy(€p) = 0, we get that c2(€)[P] = 0. Since [P]f = 1, it cannot be that
c2(&) = 7 f, for otherwise 0 = c2(€)[P] = 7, and therefore c2(€) = 0, a contradiction. Hence a # 0,
2(€) = $(86% —4c1€R + (4cy — 1) f) and, using ¢2(E)[P] = 0,£?P = 1,6RP = 1, we get that

%(8 —dey + 4 —3) =0
that is
2
(7.16) 3 = % Yo -2

and therefore
a
(7.17) (&) = 5(252 — &R+ (a1 —2)f).
Using (7.16), we get
(3¢2 — 8¢y + 8)
4

cl(€)¢ = a(¢ — R)e = 2
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and
r(5¢2 — 10¢1 + 8)
4

(Kx +6)¢" = %(25 + (1 —3)R))EH =

r
2
5.1(v) gives that

and therefore Lemma

_ r(5c} —10¢1 + 8)

7.18
(7.18) 3¢ — 8¢, + 8
We now compute cz(£)&3 using Lemma 5.1(vi). Using the exact sequences for x/p2 and Qx, we get
2
—8 4
e2(X) = 662 + (12 — 3¢1)ER + %f:

Moreover, we have
1 (E)Kx€ = a(—2¢2 + 4¢y — 5)

7¢2 +16¢1 + 52

K26 =562 4 21 + 41, p(X)€E3 = I

Using the above, (7.17) and Lemma 5.1(vi), we find

a(c? —2¢; +4)
4
and therefore

1
= 2(6)3 = §(20a + 12a® — 16ac; — 12a%¢; + 8ac? 4 3a%c} — 32r + 38¢yr — 21c3r)

_ 20a + 12a® — 16ac; — 12a?c; + 8aci + 3a*c] — 32r + 38cyr — 21cir
B 2(c? — 2¢1 +4) '

It follows from (7.12) that c;(£)* # 0, hence Lemma 4.6 gives that c3(€) = 0. We have

(E)a€)? = WD gy e =2 Z 10
c1(E)?Kx&* = —a*(c; — 2)(2¢c; — 3), co(E)Kx&* = _04(61—261+8)
(EVKEER = a(563 — 6er +17), e1(E)ea(X)E? = AT +4461 +4)

Kxca(X)E? = —4c — 13¢; — 88.
Applying Lemma 5.1(vii) we get, dividing by r(c; — 2),
32768 — 79872¢; + 32256¢7 + 141824¢3 — 289536¢] 4 277920¢; — 1594008 + 56064c]
— 112145 4 972¢) — 368647 + 73728¢, 7 + 37632¢3r — 317184¢3r 4 524064¢r — 4728005
+ 263112cSr — 90516¢]r + 176405 — 1485¢)r + 409612 + 7168c11? — 68864cir? 4 164416¢51>
— 212480c¢r? + 171280c5r2 — 88400cSr? + 28300c] 7% — 5000572 4 375¢]r? = 0.

But this equation has no integer solutions when r > 2,¢; > 5 (see [M, Out(13)]). This proves the
lemma. O

We end the section by studying the case of a P 2-bundle over a surface.

Lemma 7.7. Let B be a smooth irreducible surface and let F be a rank n —1 > 3 very ample bundle
on B. Let X = P(F) C PH°(H), where H = £ is the tautological line bundle and let 7 : X — B be
the bundle map. Let € be a rank r Ulrich bundle with c2(€) # 0,c2(£)* = 0. Then one of the following
occurs:

(i) (X,0x(1),&) is a linear Ulrich triple over B.
(i) B=P?, (X,0x(1),&) = (P2 xP3, Op2 (1)K Ops (1), 75 (Op3(2))®7), where m : X = P2xP3 — P3
is the second projection and c3(E) # 0.
(iii) n =4 and det £ is not ample.
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Proof. Arguing by contradiction, assume that we are not in any of the three cases (i)-(iii).

We can write, for some M; € Pic(B),
(7.19) det & = a& + M.
Note that a > 1 because det & is globally generated by Lemma 5.1(ii), hence a > 0. If a = 0 then
det & = 7*M; and [Lo, Lemmas 5.1 and 4.1] imply that (X,Ox(1),€) is linear Ulrich triple over B,
that we have excluded.

Now, observe that det £ is (n —4)-ample. In fact, this is just the assumption if n = 4 while, if n = 5,
it follows from Lemma 7.6. When n > 6, if det € is not (n — 4)-ample, then it is not 2-ample and
Lemma 5.7(i) implies that £ = 7*H and therefore [L.o, Lemmas 5.1 and 4.1] give that (X, Ox(1),€) is
a linear Ulrich triple over B, that we have excluded.

Hence det £ is (n — 4)-ample and Lemma 7.2 applies, so that ¢3(€) = 0 and a = 1. Since d > 2, for
otherwise c2(£) = 0 by Lemma 5.1(iii), Lemma 7.1 applies and there is a morphism with connected
fibers p : X — C onto a smooth curve C. If ' =2 P"~2 is any fiber of , pr + £ — C must be constant,
hence p contracts all fibers of 7 to a point and [D, Lemma 1.15(b)] gives a morphism v : B — C' such
that p = ¢ om. Also, it follows from Lemma 7.1 that, if Z is a general Ulrich subvariety associated to
&, there is a smooth irreducible divisor Y € |det £| and a globally generated divisor A on C' such that
if Z=p*A =7m*(¢*A), then Z = ZNY. Furthermore, Lemma 7.1(ii) gives that

H(Ox(Y -H—-2Z))=0for 0<i<2.
Since Y ~ & + 7*M; and Z ~ My, with My = 9*Oc(A), we have that M2 = 0 and, setting
M = My — Mz, we see that H'(Opr)(7*M)) = 0 for 0 < i < 2. Hence H'(M) = 0 for 4 > 0 and, in
particular,
(7.20) x(M) = 0.
We now compute the various identities as in Lemma 5.1(v)-(vii). We will perform the calculations in
Mathematica. In the Mathematica code [M1], we have set the following notation:
ml12 = M2, mim2 = MMy, c12 = ¢1(F)?, 2 = co(F), k2 = K3,
kel = Kpey(F), kml = KgpMi, km2 = KgMa, clml = ¢1(F)Mi, clm2 = ¢1(F)Ma.

Observe that, from

é-n gn 2 *Cl( ) gn 3 *CQ(J—_-)
we see that the following hold, for any line bundles N, N’ on B:

d=¢"=c1(F)? = co(F), € '*N = ¢ (F)N, " ?7*Nr*N' = NN'.

Now, since

Kx=—-(n—-1)¢+n"Kp+ n*c1(F)
using (7.19), we get that ¢ ()" = (£ + m*M1)" ™ = d + e1(F)M; and 5(Kx + (n+ 1)) =
£(3d + Kpci(F) 4 ¢1(F)?). Thus, Lemma 5.1(v) gives (see [M1, Out(1)]) that

1
e1(F)My = o (-2d + rei(F)? + 3rd + rK ey (F)).
We now calculate c2(£)€"~2. First observe that
(721) 02(5) = [Z] = [Y] [7] = (f + 7T*M1)7T*M2 = fﬂ'*MQ + Myt Mo

so that
c2(E)E" 2 = ¢ (F)My + My M.

Next, using the standard exact sequences for Qy,p and Q2x, we find that
n—1

(7.22) co(X) =7"ca(B) + ¥ co(F) — (n — 2)¢m*cr (F) + < 5

)fQ + W*(KBcl(F» - (n - 2)§7T*KB.
Moreover, we have
c1(E)%€" 2 =d + M? + 2¢,(F)M,
l(E)Kx€" 2 = —d(n —2) + Kpcy(F) 4+ c1(F)? + (3 = n)er (F)My + KpM;
K262 = (n—2)2d+ K% + (6 — 2n)Kpcy (F) + (5 — 2n)c (F)?
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n—1
2

Using the above, (7.21) and Lemma 5.1(vi), we find an identity [M1, Out(3)] from which, replacing
replacing c; (F)M;, we get the identity Out(7) = 0 [M1, Out(7)].
We now compute c3(€)¢" 3. We have, using also (7.21) and (7.22):

c1(E)ea(E)E"3 = ¢y (F)My + 2My Mo, ¢ (£)3¢"3 = d + 3¢y (F) My + 3M?
c1(E)?Kx&" 3 = —(n—2)d+ Kpei(F) + c1(F)? = 2(n — 3)ey (F)My + 2K M, — (n — 2)M?
co(E)Kx€" 3 = —(n — 3)c 1 (F)My + KpMy — (n — 2) My M,

c1(E)K%E" 3 =(n —2)%d+ K% + (5 — 2n)c1(F)? + 2(3 — n)Kpey (F) + (n — 2)(n — 4) ey (F)M;
— 2(n - Q)KBMl

(X)W = ¢3(B) + co(F) — (n — 2)er (F)* + ( )d—i— (3 —=n)Kpcr(F).

01(5)62(X)§"73 =co(B) + co(F) — (n — 2)01(.7:)2 + <n ; 1>d + (3—n)Kpgci(F)

+[2-n+ (n ; 1)]01(.7:)M1 —(n—2)KpM

n

Kxc(X)E3 = — (n—2)ca(B) — (n— 2)ca(F) + [(n — 2)(n — 3) + < ; 1)]61(]:)2

—(n—2) (" ; 1>d+ ((n—2)(n—5) + <”;1)]K361(f) — (- 2K

Using the above, ¢3(€) = 0 and Lemma 5.1(vii), we find an identity Out(11) = 0 [M1, Out(11)] from
which, replacing c;(F)Mi, we get the identity Out(15) = 0 [M1, Out(15)]. From Out(7) = 0, we
compute MMy [M1, Out(17)] and replacing it into Out(15) = 0, we get the new identity Out(18) =0
[M1, Out(18)]. Now, (7.20) is

1 1
x(Op) + 5M2 — KM =0

that is ) ) ) )

E(Kg +ca(B)) + 5Ml2 — MM, = SKpMy + 5Ky = 0.
This identity is [M1, Out(19)] and, replacing M; M, as above, we get the identity Out(23) = 0 [MI,
Out(23)], from which we compute co(B) [M1, Out(24)]. Replacing co(B) into the identity Out(18) =0
[M1, Out(18)] and substituting cz(F) = c1(F)? — d, we get a new identity Out(29) = 0 [M1, Out(29)],
namely

(7.23) —2¢1(F)* + 2d — 15dr + 3dnr = 0.
Next, we observe that
(7.24) H'(Ox(~Y +Z)) =0 for all i > 0.

In fact —Y +Z = —¢—7*M and Rim,(—&—7*M) = 0 for every ¢ > 0. Therefore, setting L' = &+7*M,
Lemma 7.1(ii) gives that

(7.25) RO(E(-L)) =1
and we find an exact sequence
(7.26) 0—-L —-E—-Q9—0

where Q is the quotient sheaf. We will now prove that, for any fiber F' =2 P"~2 of 7, we have
(7.27) gr = 0"V o 0p(1).
In fact, note that &5 is globally generated and c2(&|r) = 0 by (7.21). Therefore, a general morphism

—1 . .
Y O%(T N &|F gives rise to an exact sequence

(7.28) 0— Of(r_l) —&p—G—0
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where G is the quotient sheaf. Since ca(&p) = 0, then D, _o(p) = 0 by [Ba, Statement (folklore)(i),
§4.1] and [BLV, Lemma 4.1], hence G is a line bundle on F'. Also, ¢1(r) = & by (7.19), gives that
G =~ Op(1) and then the sequence (7.28) splits because Hl((’);‘?(r_l)(—l)) = 0. This proves (7.27).

Next, we claim that the quotient Q in (7.26) is a vector bundle. To see the latter, since the map
L' — € in (7.26) is given by a nonzero section o € H(£(—L')), we need to show that o never vanishes.
Suppose that o vanishes at a point z € X and let I’ be a fiber passing through x. Then also oy
vanishes at z. On the other hand, ojp € HY(E(-L')F) = HY(Op(-1)20=1) @ Op) by (7.27), that
s op = (0,...,0,A) for some A € C. Since o|r vanishes at  we get that A = 0, hence op = 0.
Now, consider the diagram, obtained from the Eagon-Northcott resolution of J7,x, where ¢ is an
isomorphism by (7.24) and h°(£(—L")) =1 by (7.25):

Co = HO(E(~L') —— HO(jZ/X(7

HO(E(-L")p) HY(Jz/x(Z) © OF).

Cy(o)

Since o|p = 0, we get that rr(1)(c)) = 0. On the other hand, the exact sequence
0= Ox(-Y+2Z)—= Tzx(Z) = Oy =0

gives another diagram, where ry is an isomorphism by (7.24),

Cy(0) = H(Jzx(2)) = H*(Oy) = Cry (¢(0))

lTF lr}?
f

H(Jz/x(Z) ® OF) H%(Oynr)

where 7. (ry (¢(0)) = f(rr(¢(o)) = 0 and therefore the map r} is zero. But this is a contradiction
since Y N F, being a hyperplane in F', is nonempty. We have thus proved that Q is a vector bundle.

Since det @ = det & — L' = 7* M, and Q is globally generated since £ is, it follows from [Lo, Lemma
5.1] that Q = 7*H, where H is a rank r — 1 vector bundle on B. Also, H is globally generated by [Li,
Exc. 5.1.29(b)], c1(H) = My and c¢;(H)? = M3 = 0, hence co(H) = 0 by [BLV, Lemma 4.2(i)]. Now,
we obtain from (7.26) the following exact sequence

0= L'((1=n)§) = E((1—n)§) = ("H)((1 = n)§) = 0
and we note that, for each i > n—2, we have H' ' (L/((1-n)¢)) = 0 because L' ((1—n)¢) = (2—n)é+m* M
and Ri7,((2 —n)¢) = 0 for every ¢ > 0 and H*(£((1 — n)¢)) = 0 because & is Ulrich. It follows that
H{((7m*H)((1 = n)¢)) = 0 for i > n — 2. Since RIm,((1 —n)¢) = 0 for every ¢ > 0,¢ # n — 2 and
R" 21, ((1 — n)¢) =2 Op(—det F), we deduce that H =" 2(H(—det F)) = 0 for i > n — 2. Hence
X(H(—det F)) = 0 that is, by Riemann-Roch,

r—1 r—1 1 r—1
13 (KB —|—c2<B)) + 5 Cl(f)z — Cl(]:)MQ — iKBMQ + TKBCl(.F) =0.

Finally, we use (7.29), that is the identity Out(33) = 0 [M1, Out(33)]. From the latter, replacing
c2(B) and again co(F) = c1(F)? — d, we get the identity Out(37) = 0 [M1, Out(37)], that is
(7.30) (c1(F)* 4 6d — dn)r = 0.
In particular, the above implies that n > 7, for if n < 6, then (7.30) is (¢1(F)%? + (6 — n)d)r = 0, a

contradiction since F is very ample and therefore ci(F)? > 0. Combining it with (7.23) we find that
d(14 — 2n — 157 + 3nr) = 0, that is n(3r — 2) = 15r — 14, a contradiction since n > 7. O

(7.29)

8. EXAMPLES

We give here some examples of the cases appearing in Theorem 1 and Corollary 1.
There are many examples Ulrich bundles £ with ¢;(£)* = 0, both linear Ulrich triples and not, see
[Lo], [LMS1, Thm. 1]. We give here one that is also a Del Pezzo fibration.
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Ezample 8.1. Let B be a smooth irreducible curve and let L be a very ample line bundle on B. Let
X = B xP? xP? with projections m; : X — B, m : X — P2xP? and let Ox (1) = LK (Op2(1)XOp2(1)).
We have that Kx +3H = 7j(Kp + 3L), hence m = ¢k, y3m. Since Kp + 3L is very ample, we see
that ¢r,+3m gives a Del Pezzo fibration on X over B with all fibers P2 x P2. Let H be any Ulrich
bundle for (B, L) and let & = H(4L) X ¢*(Op2(2)), where ¢ : P2 x P? — P? is a projection. Then & is
an Ulrich bundle on X by [Be, (3.5)] and [LS, Cor. 4.9]. Moreover, c1(£)* = 0,c1(€)? # 0. However
note that (X,Ox(1),€) is also a linear Ulrich triple over B x P2, as £ = (71 x q)*(G(det F)) where
F=(LXOp2(1))®3 and G = H(L) X Op2(—1).

We also have the following.

Ezample 8.2. Let T be a smooth irreducible 3-fold, let L be a very ample line bundle on 7' such
that T C PH°(L) does not contain lines and let G be a rank r > 2 Ulrich bundle for (T,L). Let
X = (P? x T) N H be a hyperplane section of the Segre embedding of P? x T'c PV, that is embedded
with Ops2 (1) X L. Let Ox (1) = (Op2(1) X L) x and p := max : X — T be the restriction of the second
projection.

We claim that:

(i) p : X — T exhibits (X,Ox(1)) as a scroll over T' (that is such that Kx + 2H; = p*L, with
Hy € |Ox(1)] and £ ample on T - in this case £ = K7 + 3L) with general fiber a linear P!, but
having L3 fibers equal to a linear P2,

(ii) X is not a linear P*~*-bundle over a variety of dimension b with 1 < b < 3.
(iii) £ := p*(G(2L)) is an Ulrich bundle on X such that ¢;(€)2 # 0,¢1(E)* = 0,c2(E) # 0, (€)% = 0.

Proof. Note that that K7 + 3L is ample by [BS, Prop. 7.2.2 and 7.2.3], since T" does not contain lines.
Then (i) follows from [BS, Ex. 14.1.5]. To see (ii), let z = (2,9) € X and set f, = p~(p(z)) = p~ ()
for the fiber of p passing through =. Note that f, is either a line of type (P? x {y})NH or a plane of type
P2 x {y}. Assume that X is a linear P*~®-bundle 7 : X — B over a smooth variety B of dimension b
with 1 < b < 3. Let z € X be general and let F,, = P4~? be the fiber of 7 passing through 2. Now, any
line R contained in F, and passing through z is such that R C P2 x T' C PV, hence, as is well-known
and using the fact that 7" does not contain lines, R = R’ x {y} with y = p(z) € T and R’ C P? is a line.
Hence R = R’ x {y} C (P? x {y}) N H. Since this is true for every R such that x € R C F,, we deduce
that F, C f,. But f, is a line, hence so is F, and therefore b = 3. Let M = P? x {yo} be a linear P?
contained in X and let zp € M be a general point. Since F,, C M and 7 contracts Fy, to a point,
while 7 does not contract M to a point, we have that (M) is a curve and we get a surjective morphism
w2 M — m(M). But there is no surjective morphism from P? to a curve. This contradiction proves
(ii). To see (iii), setting &’ = 73(G(2L)), we get that £ is an Ulrich bundle on P? x T by [Lo, Lemma
4.1(ii)]. Hence & =p*(G(2L)) = 5\/)( is an Ulrich bundle on X such that

c1(8)? = p*((c1(G) + 2rL)*) = p*(c1(G)* + 6rc1(G)?L + 12r2¢1 (G)L* + 8r°L3) # 0
since L is very ample, and c¢1(£)* = 0. Clearly c2(£)? = p*(c2(G(2L))%) = 0. On the other hand,
c2(€) # 0 by (ii) and [BLV, Thm. 2]. This proves (iii). O

Note that, in the above example, we might have either that c3(£) = 0 or that c¢3(€) # 0.

To see this, let T C PY be the Veronese 3-fold, that is (T, L) = (P3,Ops(2)). Let N be the null-
correlation bundle on P3, that is (see for example [OSS, §4.2]) the rank 2 bundle sitting in the exact
sequence

0—>N— Tpa(—l) — Opa(l) — 0.
It is known (and also easy to check) that G := N(2) is a rank 2 Ulrich bundle for (T, L) (see for example
[Be, Ex. 6.5]). Now we have
& =p"(G(2L)) = p"(N(6))
hence
c1(€) = 12p* Hps, c2(E) = 3Tp* Hps, c3(E) = 0.
On the other hand, also £%? is Ulrich with

62(5@2) = 61(5)2 + 262(5) = 218p*H§3 7& 0, 62(5@2)2 =0
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and
c3(EP%) = 2¢3(E) + 2¢1(E)c2(E) = 888p* Hps = 888F # 0

where F' is a general fiber of p.

9. ULRICH BUNDLES WITH c¢3(€) =0

In this section we study Ulrich bundles with c3(€) = 0.
First, we take care of the case c1(€)® = 0, that is a simple consequence of the results in [LS].

Lemma 9.1. Let X C PV be a smooth irreducible variety of dimension n > 3 and let € be a rank
r vector bundle on X. Then & is Ulrich with c1(£)3 = 0 if and only if (X,O0x(1),E) is one of the
following:

(i) (P", O (1), OF).

(ii) A linear Ulrich triple over a curve or a surface.

In particular we have that c3(£) = c2(€)? = 0.

Proof. If (X,0x(1),€) is as in (i) or (ii), then £ is Ulrich in the first case by [ES, Prop. 2.1] (or [Be,
Thm. 2.3]), in the second case by [Lo, Lemma 4.1]. Moreover ¢;(€)? = c3(£) = c2(€)? = 0 since, by
definition of linear Ulrich triple, £ is pull-back of a bundle on a variety of dimension at most 2.

Now assume that & is Ulrich and ¢;(€)3 = 0. If (X,0x(1)) = (P, Opx (1)), we are in case (i) by
Lemma 5.1(iii). Thus (X, Ox(1)) # (P", Opn (1)) and p(X) > 2, for otherwise ¢1(£)% = 0 implies that
c1(€) = 0 and then (X,O0x(1)) = (P", Opn(1)) by [Lo, Lemma 2.1].

If n > 4, we can repeat the proof of [LS, Cor. 4] using now the fact that c;(£)3 = 0 and that
3 < [5] + 1. Tt follows from that proof that (X,0x(1),€) is as in (ii). If n = 3, [LM, Rmk. 2.2 and
Thm. 2] give that (X,0x(1),€) is as in (ii). O

We now prove Theorem 2.

Proof of Theorem 2. Observe that Pic(X) 2 ZOx(1), for otherwise [BLV, Lemma 7.6(ii) and Cor. 1]
imply that ¢3(€) # 0. In particular d = deg X > 3 and, if (X, Ox(1)) is a Del Pezzo n-fold, then, using
the classification of Del Pezzo manifolds (see for example [LP, pages 860-861], [Fujl, Table, page 710])
we see that only the cases d € {6,7} are possible. But, in these cases, (X, Ox(1)) is anyway as in (b).

In order to prove the first assertion of the theorem, namely that (X, Ox(1)) is one of (a)-(c), it is
therefore enough, by Proposition 3.6, to show that X3 is covered by lines. Indeed, set & = & x5 SO
that also £ is Ulrich and then globally generated by Lemma 5.1(iv)-(i). Since c3(€’) = ¢3(€)x, = 0, it
follows from [BLV, Prop. 4.3(i)] that B4 (€’) = X3. On the other hand, we know by [Bu, Thm. 2] that

(9.1) B, (&)=L
L

where L ranges over all lines L C X3 such that &’ iz = & 1s not ample and this proves that X3 is
covered by lines, hence the first part of the theorem.

Suppose now that c2(€)? = ¢3(€) = 0 and n > 4, so that we have a morphism 7 : X — B as in (a),
(b) or (c).

First, consider the case c2(€) = 0. It follows from [BLV, Thm. 2] that (X, Ox(1),€) is a linear Ulrich
triple 7' : X — B’ over a smooth curve B’. Now, the fibers of 7’ are P~ 1’s, hence they are contracted
by m, that is they are contained in a fiber of . This implies that we are in case (a) and, similarly, the
fibers of 7" are contracted by 7/, hence m = 7’ and (X, Ox(1),€) is a linear Ulrich triple over B.

Now assume that c3(€) # 0. If we are in case (a), we conclude by Lemma 7.3, if we are in case (b),
we conclude by Lemma 7.7, while if we are in case (c), then n = 4 and B = P! by Lemma 7.4. O

Remark 9.2. In rank 2, we have that c3(€) = 0 and if (€)% = 0, it might well be that (X, Ox(1))
is not as in (a)-(c) of Theorem 2. In fact, if we pick X as in Example 8.2 with 7' C P? the Veronese
3-fold, it is easy to show that there are no line bundles £ on X with £2 = 0, hence X does not have a
morphism onto a curve and (X, Ox (1)) is not as in (b) by Example 8.2(ii).
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10. ON CONNECTEDNESS OF ULRICH SUBVARIETIES
In this section we will prove Corollary 2, Corollary 3 and we will give some related remarks.

Proof of Corollary 2. By hypothesis we have that co(€) # 0, hence d = deg X > 2 by Lemma 5.1(iii).
Since Ulrich subvarieties associated to £ are normal (see Definition 5.3), they are irreducible if and
only if they are connected. Now, if there is a disconnected Ulrich subvariety, then c3(€) = 0 by [BLV,
Prop. 6.1 and Cor. 1] and we get a contradiction by Theorem 2. O

In cases (a)-(c) of Theorem 2, the situation is more variegated, as Ulrich subvarieties may be both
all connected and all disconnected.

Ezample 10.1. In case (a), let (X,0x(1)) be (P(F),Op(F)(1)), where F is a very ample rank n > 3
vector bundle on a smooth curve C of genus ¢g. In [BLV, Ex. 10.1] there is an example where all Ulrich
subvarieties are disconnected. On the other hand, let M be a general divisor of degree g — 1 on C' and
let £ = (Op(z)(1) @ 7*M)®", where 7 is the bundle map. Then & is Ulrich and very ample, so that all
Ulrich subvarieties associated to £ are connected by [FL, Thm. II(b)].

Ezample 10.2. In case (b), let S C PV be any smooth surface not containing any line and let
(X,0x(1)) = (P2 x S,0pn—2(1) X Og(1)). Let G be a rank r > 3 Ulrich bundle on S and let
E = Opn—2(2) K G. Then £ is a very ample Ulrich bundle on (X, Ox (1)) by [LS, Rmk. 4.3(i)], hence all
its associated Ulrich subvarieties are connected by [FL, Thm. II(b)]. On the other hand, in case (b),
one can take a linear Ulrich triple over the surface and then c3(€) = 0 and all Ulrich subvarieties are
disconnected by [BLV, Prop. 6.1 and Cor. 1].

Ezample 10.3. In case (c), one can take @ = Qn_1,(X,0x(1)) = (P! x Q,0p (1) K Og(1)) and
E =m5(S(1)¥",r > 3, where 12 : X — @Q is the second projection and S is a spinor bundle on (. Then
& is Ulrich by [Be, (3.5)] and, if n > 4, then ¢3(&) # 0, hence all Ulrich subvarieties are connected by
[BLV, Prop. 6.1 and Cor. 1]. If n = 3, then ¢3(£) = 0, hence all Ulrich subvarieties are disconnected by
[BLV, Prop. 6.1 and Cor. 1].

When c3(€)? = 0, we can prove that, in many cases, Ulrich subvarieties are disconnected.

Lemma 10.4. Let n > 2 and let € be a rank r Ulrich bundle on X C PN such that ca(E) # 0 and
either one of the following is satisfied:

(i) c2(€)? = 0 and one of {c1(E), c1(E)?ca(E), ca(E)} is not zero, or

(ii) e1(£)% = 0.
Then c3(E) = 0 and all Ulrich subvarieties associated to £ have at least r — 1 connected components.

Proof. Since co(€) # 0, then r > 2 and if » = 2 the conclusion is obvious. Now suppose that r > 3.
If (i) holds, then ¢3(£) = 0 by Lemmas 5.1(i) and 4.6(ii), while if (ii) holds, then c3(€) = 0 by [BLV,
Lemma 4.2(i)]. Hence we can apply [BLV, Cor. 1] to conclude. O

We can now prove Theorem 3.

Proof of Theorem 3. (i) follows from [BLV, Thm. 2|, (ii) from Theorem 1, (iii) from Corollary 1 and
(iv) from Theorem 2. O

Finally, we prove Corollary 3.

Proof of Corollary 3. It follows from Corollary 2 that if Z is disconnected and r > 3, then (X, Ox(1))
is as in (a)-(c).

Now assume that (X, Ox (1)) is as in (a)-(c) of Corollary 2 and, if n = 4, in case (b), det £ is ample,
in case (c), either B % P! or B = P! and det & is ample. In particular, case (c) is now excluded by
Lemma 7.4, while, in case (b), only (i)-(ii) of Lemma 7.7 remain.

Observe that if (X,0x(1),€) is a linear Ulrich triple over B, then ¢3(£) = 0 and we are in case (b),
for in case (a) we would have the contradiction c2(€) = 0. Moreover, [BLV, Lemma 4.6] implies that Z
is a disjoint union of linear P"~2’s and, if » > 3, Z is disconnected by [BLV, Cor. 1].

Next, consider the cases (X,0x(1),€) = (P* x P3, Ops(1) K Ops (1), 75 (Ops(s))®"), s € {1,2}. Note
that (X,0x(1),&) is a linear Ulrich triple over P? and, since c3(£) # 0, Z is irreducible by [BLV,
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Prop. 6.1 and Cor. 1]. It follows by [BLV, Lemma 4.6] that Z is a P*-bundle over a smooth irreducible
curve Zp C P? defined by the (r — 2) x (r —2)’s minors of an r x (r — 2) matrix of general linear forms.

To conclude, we can assume that (X,0x(1),€) is not a linear Ulrich triple over B and
(X,0x(1),&) 2 (P x P3, Ops (1) K Ops (1), 75 (Ops(s5))®"), s € {1,2}. Therefore, only case (a) remains.

It follows from the proof of Lemma 7.3 that det& is (n — 4)-ample, hence Lemma 7.1 gives that
c3(€) = 0, so that Z is disconnected when r > 3 by [BLV, Cor. 1], and there is a morphism with
connected fibers p : X — C onto a smooth curve C. Moreover, there is a smooth irreducible divisor
Y € |det&] with Z C Y and a divisor A on C such that if Z = p*A, then Z = ZNY and Z is smooth.
Hence A is reduced and therefore Z is a disjoint union of fibers of p. Now, for any fiber P*~! of 7, we
have that the morphism pjpn-1 : P~ — C must be constant, hence p contracts all fibers of 7 to a point
and [D, Lemma 1.15(b)] gives a morphism 1 : B — C such that p = ¢ o 7w. On the other hand, p has
connected fibers and therefore 1) must be an isomorphim and we have that p = 7. Since Y ~ £ + "M
by Lemma 7.3, Z = 7*A and Z = ZNY, we get that Z is a disjoint union of linear P"~2’s. O

Remark 10.5. Let X C PV be a smooth irreducible variety of dimension n > 3 and let £ be a rank
7 > 3 Ulrich bundle on X with c2(£) # 0 and c3(€)? = 0 and let Z be a disconnected general Ulrich
subvariety associated to £. Even when n € {3,4}, in many cases, we can give the same description of
Z as the one in Corollary 3. In fact, if ¢1(€)® = 0, then Z is a disjoint union of linear P"~2’s by Lemma
9.1 and [BLV, Lemma 4.6]. Next, assume that ¢1(£)% # 0. Since c3(€) = 0 by [BLV, Prop. 6.1 and
Cor. 1], the proof of Lemma 7.1 shows that there is a morphism with connected fibers Y — C onto a
smooth curve, coming from to the linear system |Oy (Z)|. If C is not rational, then, we can repeat the
proof of [BS, Thm. 5.2.3], using only the fact that Y is smooth irreducible and (n — 3)-big, because
k(det &) > 3. We get that the map ¥ — C extends to X and we can reach the same conclusion on
Ulrich subvarieties as the one in Corollary 3.

There is one case when we know that the curve C' in the above remark is rational: if » = 2 and
H(E*) = 0, then [BLV, (4.2)] implies that h°(Oy(Z)) = 2 and the morphism is Y — PH?(Oy (Z)) =
P'. This is exactly what happens in Example 8.2 when r = 2, since in the exact sequence

0— (EN'(-X)—= (&Y =& =0
we have that H'((')*) = H%((£')*(—X)) = 0 by Kiinneth’s formula, hence H!(£*) = 0.
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